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Algorithms for Optimization of the SatelliteAntennaCornel Marius MUREA(Reeived June 1, 1998)Abstrat - The aim of this paper is to show some numerial proeduresfor solving a problem onerning a satellite antenna. Numerial resultsare presented.Key words and phrases : Nondi�erentiable Optimization, MinMaxproblemMathematis Subjet Classi�ation: 65K051 IntrodutionWe study a geostationary satellite antenna used only for emission, not forreeption.This kind of anthena is omposed of many elementary soures of eletro-magneti waves. For a partiular diretion pointed to a station on the Earth'ssurfae, the global eletro-magneti �eld must be borned by the given min-imal and maximal gouges. Eah elementary soure is haraterized by twophysial parameters.The problem is to set the both parameters of eah elementary soures,suh that the global �eld on the Earth's surfae for all diretions respet thegauge onstraints.Let us introdue the following notations:ns = no. of soures, quad nd = no. of diretions,Gj , gj = maximal and minimal gabarits for j = 1; : : : ; nd;Rjm= elementary oeÆients; j = 1; : : : ; nd and m = 1; : : : ; ns:The both parameters of eah elementary soure ould be assoieted tothe omplex parameter zm = xm + iym207



208 C. M. Mureaand we denote z = (z1; : : : ; zm; : : : ; zns) 2 Cnsn f0g :Let us onsider the appliations:Fj (z) = 1qPnsl=1 jzlj2 nsXm=1 zmRjm; fj = 20 log10 jFj (z)j :We set the below problem:Find z 2 Cnsn f0g suh thatgj � fj (z) � 0; fj (z)�Gj � 0; 8j = 1; : : : ; nd: (1)In this paper, we shall present three approahes in order to solve the aboveproblem: Unonstrained Optimization, Augmented Lagrangian Method andNondi�erentiable Optimization.2 Unonstrained OptimizationLet us onsider the ost funtionJ (z) = 12 ndXj=1 h(max f0; gj � fj (z)g)2 + (max f0; fj (z)�Gjg)2iand the unonstrained optimization problem( inf J (z)z 2 Cnsn f0g : (2)This Least Squares type problem is introdued to solve the system (1).Proposition 1 The unonstrained optimization problem (2) has at leastone solution.Proof. We use the hange-of-variableZm = zm=vuut nsXl=1 jzlj2:The new problem is to minimize a ontinuous funtion over a ompat set(the unit irle of Cns). 2Proposition 2 For all z in Cnsn f0g, we have the equalities:



Optimization of the Satellite Antenna 209�J�xm (z) = (�max f0; gj � fj (z)g+max f0; fj (z)�Gjg) �fj�xm (z) ;�J�ym (z) = (�max f0; gj � fj (z)g+max f0; fj (z)�Gjg) �fj�ym (z) ;�fj�xm (z) = 20ln10 1jFj (z)j � jFj (z)j�xm ;�fj�ym (z) = 20ln 10 1jFj (z)j � jFj (z)j�ym ;� jFj (z)j�xm = 12 jFj (z)jRjm �Pnsl=1 zlRjl�+ �Pnsl=1 zlRjl �RjmPnsl=1 jzlj2� 12 jFj (z)j �Pnsl=1 zlRjl ��Pnsl=1 zlRjl� 2xm�Pnsl=1 jzlj2�2 ;� jFj (z)j�ym = 12 jFj (z)j �iRjm� �Pnsl=1 zlRjl �� �Pnsl=1 zlRjl ��iRjm�Pnsl=1 jzlj2� 12 jFj (z)j �Pnsl=1 zlRjl ��Pnsl=1 zlRjl� 2ym�Pnsl=1 jzlj2�2 :These formulas permit us to solve numerially the unonstrained opti-mization problem by the gradient type algorithms, where the gradient isomputed analytially..3 Augmented Lagrangian MethodWe set L : Cnsn f0g � �Rnd+ �Rnd+ �! R as followL (z; (�; �)) = ndXj=1 [�j (gj � fj (z)) + �j (fj (z)�Gj)℄+r2 ndXj=1 h(max f0; gj � fj (z)g)2 + (max f0; fj (z)�Gjg)2i ;where the real number r � 0 is the penalization parameter.We onsider the problem:



210 C. M. MureaFind a saddle point �z; ��; ��� 2 Cnsn f0g � �Rnd+ �Rnd+ � suh thatfor all z 2 Cnsn f0g and all (�; �) 2 Rnd+ �Rnd+ we haveL (z; (�; �)) � L�z;��; ��� � L �z;��; ��� : (3)The above problem is the seond approah presented in this paper for solvingthe initial system (1).The existene of a saddle point is an open problem. In order to solvenumerially, we propose the following algorithm:Uzawa like AlgorithmStep 1 Initialization: r � 0; k = 0; �k 2 Rnd+ ; �k 2 Rnd+ ; �dual � 0:Step 2 Compute zk as zk 2 argminz2Cnsnf0g L �z;��k; �k�� :Step 3 Stopping riterium:If 8j 2 f1; : : : ; ndg ; �gj � fj �zk� � 0� ^ �fj �zk��Gj � 0� then zksolution, STOPStep 4 Update of �k and �k�k+1j = maxn0; �kj + �dual �gj � fj �zk� � 0�o ; 8j 2 f1; : : : ; ndg�k+1j = maxn0; �kj + �dual �fj �zk��Gj � 0�o ; 8j 2 f1; : : : ; ndgk = k + 1 Go to the Step 2This algorithm ombined with a multigrid algorithm, they have given verysatisfatory numerial results (see [3℄).4 Nondi�erentiable OptimizationFor eah z 2 Cnsn f0g, we de�ne (z) = maxj2f1;:::;ndgmax fgj � fj (z) ; fj (z)�Gjg :The funtion  is nonsmooth!We onsider the MinMax problem:Find z� 2 arg minz2Cnsnf0g (z) : (4)



Optimization of the Satellite Antenna 211The above problem is the third approah presented in this paper forsolving the initial system (1).We have (z�) � 0, 8j 2 f1; : : : ; ndg ; gj � fj (z�) � 0; fj (z�)�Gj � 0:4.1 ExisteneProposition 3 The funtion  : Cnsn f0g ! R de�ned above is loallyLipshitz ontinuous.Proof. It is easy to hek (see [4℄). 2Proposition 4 The nonsmooth optimization problem has at least onesolution.Proof. We use the hange-of-variable Zm = zm=qPnsl=1 jzlj2 The new problemis to minimize a ontinuous funtion over a ompat set (the unit irle ofCns). 24.2 Generalized Derivatives and GradientsDefinition 1 We say that the funtion  : Cnsn f0g ! R has a Gâteauxsemiderivative at z 2 Cnsn f0g in the diretion h 2 Cns, if the followinglimit exists limt&0  (z + th)�  (z)tWhenever it exists, it will be denoted by d (z;h). If d (x;h) exists for allh 2 Cns, we say that  is Gâteaux semidi�erentiable at z.Definition 2 We say that the funtion  : Cnsn f0g ! R has a Clarkegeneralized diretional semiderivative at z 2 Cnsn f0g in the diretion h 2Cns, if the following limit existslim supt&0y!z  (y + th)�  (y)tWhenever it exists, it will be denoted by d0 (z;h).We introdue the notion of generalized gradient, following [1℄.Definition 3 The Clarke's generalized gradient is de�ned as follows� (z) = f� 2 Cns; d0 (z;h) � Re h�; hi ; 8h 2 Cnsg :Proposition 5 (Clarke) The Clarke generalized gradient � (z) is nonempty,onvex and ompat subset.



212 C. M. Murea4.3 First order optimal onditionsProposition 6 (Clarke) d0 (z; h) = max�2� (z)Re h�; hi :Proposition 7 (Polak) For all z 2 Cnsn f0g, h 2 Cns, there exits d (z; h)and d (z; h) = d0 (z; h) :If bz 2 Cnsn f0g is a loal minimizer for  , thend (bz; h) � 0; 8h 2 Cns.If d (z; h) < 0 then h is a desent diretion!4.4 Steepest Desent Method for Nondi�erentiable ProblemThe desent diretion hk hosen by the Steepest Desent Method ishk = arg minkhk�1 d �zk; h� :Before to present the algorithm, let us mention a simple result.Proposition 8 We havearg minkhk�1 d �zk; h� = � arg minh2Cns �d �zk; h�+ 12 khk2�where � > 0.If we use the above proposition for omputing the searh diretion, the Steep-est Desent Method has the form:Algorithm 1Step 0 Initialization: z0 2 Cnsn f0g ; k = 0Step 1 Compute the searh diretionhk = arg minh2Cns �d �zk; h�+ 12 khk2�Step 2 Stopping riteriumIf d �zk; hk�+ 12 hk2 = 0 then zk is solution; STOPStep 3 Compute the step size�k 2 argmin��0  �zk + �hk�Step 4 Update: zk+1 = zk + �khk; k = k + 1; Go to the Step 1The Step 1 represents the prinipal diÆulty.. In the next subsetion, it'sshown how to ompute the searh diretion in the ase when  is a Maxfuntion.



Optimization of the Satellite Antenna 2134.5 Steepest Desent Method for MinMax ProblemWe begin with the following result:Proposition 9 (Polak [4℄)� �zk� = n�; � = � Xj2I1(zk) �jrfj �zk�+ Xj2I2(zk)�jrfj �zk��j � 0; �j � 0; Xj2I1(zk) �j + Xj2I2(zk)�j = 1owhereI1(zk) = fj; gj � fj �zk� =  �zk�g; I2(zk) = nj; fj �zk��Gj =  �zk�o :Using the above result in the Algorithm 1, we obtain:Algorithm 2Step 0 Initialization: z0 2 Cnsn f0g ; k = 0; �; � 2 (0; 1)Step 1 Compute:� �zk� = � min�j ;�j�0;Pndj=1(�j+�j)=1 12  ndXj=1 (��j + �j)rfj �zk�2+ ndXj=1 h�j � �zk�� gj + fj �zk��+ �j � �zk�� fj �zk�+Gj�i(�j ; �j) 2 arg min�j ;�j�0;Pndj=1(�j+�j)=1 f: : :gStep 2 Stopping riterium: If � �zk� = 0 then zk is solution; STOP elsehk =Pndj=1 (�j � �j)rfj �zk�Step 3 Compute the step size (Armijo's rule)�k = maxn�; � = �p; p 2 N;  �zk + �hk��  �zk� � ��� �zk�oStep 4 Update: zk+1 = zk + �khk; k = k + 1; Go to the Step 1



214 C. M. MureaAt the Step 1, we have to solve a quadrati problem in order to get thedesent diretion. This quadrati problem ould be solved by the lassialalgorithm of Frank and Wolfe.The Frank-Wolfe Algorithm for Quadrati Problemsinf f (x) = 12xTQx+ Tx; x 2 P = (x 2 R; xi � 0; nXi=1 xi = 1)where Q is a symmetri and semi-positive de�ned matrix.Step 0 Find x0 2 P using two phases simplex method. Set k = 0Step 1 If rf �xk� = 0 then xk is a solution; Stop.Step 2 Find a solution xk of the linear optimization probleminf xTrf �xk� ; x 2 PStep 3 If �xk � xk�T rf �xk� = 0 then xk is a solution; Stop.Step 4 If �xk � xk�T rf �xk� � 0 then set �k = 1 else set�k = � �xk � xk�T rf �xk��xk � xk�T Q �xk � xk� 2 (0; 1)Step 5 Update: xk+1 = xk + �k �xk � xk� ; k = k + 1;Go to the step 1An enhaned version of the Frank-Wolfe algorithm is desribed in [2℄. In thease Gj � gj = onstant, whih is frequently in pratie, the Step 1 an berewritten and we obtain the below algorithm:Algorithm 3 (in the ase Gj � gj = onstant)Step 0 Initialization: z0 2 Cnsn f0g ; k = 0; �; � 2 (0; 1)Step 1 Compute: � �zk� = � minPndj=1jj j=1 12  ndXj=1 jrfj �zk�2+ ndXj=1 j �Gj + gj2 � fj �zk��+  �zk�+ Gj � gj2



Optimization of the Satellite Antenna 215k = �kj �1�j�nd 2 arg minPndj=1jj j=1 f: : :gStep 2 Stopping riterium: If � �zk� = 0 then zk is solution; STOP elsehk = �Pndj=1 kjrfj �zk�Step 3 Compute the step size (Armijo's rule)�k = maxn�; � = �p; p 2 N;  �zk + �hk��  �zk� � ��� �zk�oStep 4 Update: zk+1 = zk + �khk; k = k + 1; Go to the Step 1We observe that at the Step 1, the dimension of the problem has redued athalf, but the onstraint is more diÆult.AknowledgmentsI express my gratitude to Prof. E. Polak, Prof. Y. Maday, Prof. O. Piron-neau, Prof. M. Masmoudi for their attention to this work and fruitful dis-ussions during the Summer Shool 97 of the Centre d'�Et�e Math�ematiquede Reherhe Avan�ees en Calul Sienti�que (CEMRACS), Frane.Warmly thanks to Mr. P. Mader, my partner of reherhe, for his ol-laboration during the CEMRACS 97.I would like to thank Miss L. Rota and Mr. R. Varga who implementedthe Algorithm 2.The CEMRACS 97 is aknowledged for the �nanial support of this work.Referenes[1℄ F. H. Clarke - Optimization and Nonsmooth Analysis, Wiley Intersiene,1983[2℄ J.E. Higgins, E. Polak - Minimizing Pseudoonvex Funtions on ConvexCompat Sets, J. Opt. Theory App., 65,1 (1990), 1{27[3℄ C. Murea, P. Mader - Optimization of the Satellite Antenna, ResearhReport of CEMRACS 97, C.I.R.M. Luminy, 1997[4℄ E. Polak - On the Mathematial Foundations os Nondi�erentiable Opti-mization in Engineering Design, SIAM Review, 29, 1 (1987), 21{89
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