
Domain deomposition method for a ow throughtwo porous mediaCornel Marius MUREA�
Abstrat. A ow through two porous media is studied. The two media arein ontat. The domain deomposition is obtained by introduing a Lagrangemultiplier. The aim of this paper is to present a new proof for the existeneand uniqueness of the Lagrange multiplier. This tehnique an be used fortime-dependent partial di�erential equations where the other methods, likeonvex optimization, di�erential optimization, hybrid method, fail.AMS Mathematis Subjet Classi�ation. 49K20, 65M55Key words. domain deomposition, Lagrange multiplier, porous media1 IntrodutionWe study the ow through two porous media 
1 and 
2. The two media are in ontat,it means that �
1 \ �
2 = �, as in the Figure 1.
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Figure 1: The porous media�University of Buharest, Faulty of Mathematis, 14, str. Aademiei, 70109 Buharest, Romania,e-mail: murea�pro.math.unibu.ro, http://pro.math.unibu.ro/~murea1



We denote by �1 and �2 the faes ℄F;A[ and ℄C;D[ respetively.The porosity in 
1 and 
2 is given by the appliations k1 : 
1 ! R and k2 : 
2 ! Rrespetively. We assume that9�1 > 0; 8x 2 
1; k1 (x) � �1;9�2 > 0; 8x 2 
2; k2 (x) � �2:Let us onsider g1 : �1 ! R and g2 : �2 ! R.The lassial equations for the ow through the porous media 
1 and 
2 are thefollowing �div (k1 (x)ru1 (x)) = 0 on 
1 (1)�div (k2 (x)ru2 (x)) = 0 on 
2 (2)u1 (x) = g1 (x) on �1 (3)u2 (x) = g2 (x) on �2 (4)k1 (x)ru1 (x) :n1 (x) = 0 on ℄AB[ [ ℄EF [ (5)k2 (x)ru2 (x) :n2 (x) = 0 on ℄DE[ [ ℄BC[ (6)k1 (x)ru1 (x) :n1 (x) = k2 (x)ru2 (x) :n2 (x) on � (7)u1 (x) = u2 (x) on � (8)where n1 is the unit outward normal to �
1 and n2 is the unit outward normal to �
2.The equalities (7) and (8) represent the ontat boundary onditions.If the funtion � is known, where� (x) = k1 (x)ru1 (x) :n1 (x) = k2 (x)ru2 (x) :n2 (x) on �;we an solve the equation (1) with the boundary onditions (3), (5) andk1 (x)ru1 (x) :n1 (x) = � (x) on �:Also, we an solve the equation (2) with the boundary onditions (4), (6) andk2 (x)ru2 (x) :n2 (x) = � (x) on �:We observe that the equations in 
1 and 
2 an be solved independently, so we ansolve numerially using parallel omputation. But the funtion � is not known a priori.We an split the system of equations by introduing a Lagrange multiplier.The aim of this paper is to present a new proof for the existene of a Lagrangemultiplier. This kind of proof an be used in the ase of time-dependent equations,where the other methods fail. 2



2 Variational formulationWe assume that 
1 and 
2 are two bounded Lipshitz domains. Let g1 and g2 be givenin H1=2 (�1) and H1=2 (�2) respetively. There exist u1 in H1 (
1) and u2 in H1 (
2),suh that u1 = g1 on �1, u2 = g2 on �2 and u1 = u2 = 0 on �.Let k1 and k2 be given in L1 (
1) and L1 (
2) respetively. We de�ne the bilinearform a1 from H1 (
1)�H1 (
1) to R bya1 (u1; v1) = Z
1 k1 (x)ru1 (x) :rv1 (x) dxand the bilinear form a2 from H1 (
2)�H1 (
2) to R bya2 (u2; v2) = Z
1 k2 (x)ru2 (x) :rv2 (x) dx:We denote V1 = �v1 2 H1 (
1) ; v1 = 0 on �1	 ;V2 = �v2 2 H1 (
2) ; v2 = 0 on �2	 ;V = fV1 � V2; v1 = v2 on �g :The variational formulation for the system (1){(8) is the following:�nd (u1 � u1; u2 � u2) in V , suh thata1 (u1 � u1; v1) + a2 (u2 � u2; v2) = �a1 (u1; v1)� a2 (u2; v2) ; 8 (v1; v2) 2 V: (9)As a onsequene of the Lax-Milgram Theorem, there exists a unique solution forthe above variational system.3 Some known ways to prove the existene of theLagrange multiplierLet us denote by 1� : H1 (
1) ! H1=2 (�) and 2� : H1 (
2) ! H1=2 (�) the traeappliations. Also, we denote M = H1=2 (�).We onsider the linear operatorB : V1 � V2 !M;B (v1; v2) = 1� (v1)� 2� (v2) :
3



3.1 Convex optimizationSine a1 and a2 are symmetri forms, the variational system (9) is equivalent to onvexoptimization below.Find (u1 � u1; u2 � u2) in V1 � V2, an optimal solution forinf(v1;v2)2V1�V2 J (v1; v2) (10)subjet to B (v1; v2) = 0 (11)where J (v1; v2) = 12a1 (v1; v1) + 12a2 (v2; v2) + a1 (u1; v1) + a2 (u2; v2)Let us onsider the setC = �(�; z) 2 R�+ �M ; 9 (v1; v2) 2 V1 � V2;0 � J (v1; v2)� J (u1 � u1; u2 � u2) + �; B (v1; v2) = zgwhih is onvex. In view of a separation theorem for onvex sets, there exits a hyperplanewhih separates C from f(0; 0)g. Sine the following interior regularity of the onstraintsholds 0 2 int B (V1 � V2) ; (12)it follows the existene of the Lagrange multiplier � in M 0, where M 0 is the dual spaeof M , suh that 8 (v1; v2) 2 V1 � V2;a1 (u1; v1) + a2 (u2; v2) + h�;B (v1; v2)iM 0;M = 0 (13)or equivalenta1 (u1 � u1; v1) = �a1 (u1; v1)� 
�; 1� (v1)�M 0;M 8v1 2 V1; (14)a2 (u2 � u2; v2) = �a2 (u2; v2) + 
�; 2� (v2)�M 0;M 8v2 2 V2 (15)where h�; �iM 0;M is the duality produt between M 0 and M .The regularity ondition (12) holds beause the operator B is surjetive.The variational equations (14) and (15) an be solved numerially in parallel..3.2 Di�erentiability optimizationThe existene of a Lagrange multiplier an be proved without onvex assumptions, butunder di�erentiability hypothesis.We reall the Theorem 1.13 from the book [2, p. 194℄.4



Theorem 1 Let (X; k�kX) and (Y; k�kY ) be two Banah spaes. Let f : X ! Y be aFr�ehet di�erentiable funtion in x0 2 X and T 2 L (X; Y ) with losed range. If x0 isan optimal solution of the probleminf ff (x) ; T (x) = kgwhere k is in Y , then there exits y�0 2 Y 0 suh thatf 0x0 (x) + hy�0; T (x)iY 0;Y = 0; 8x 2 X:Using this result in the aseX = V1�V2, Y =M , f = J , T = B, k = 0, x0 = (u1; u2),y�0 = �, we obtain the existene of the Lagrange multiplier �, suh that the variationalequations (14) and (15) hold.3.3 Hybrid formulationThe results onerning the existene of the Lagrange multiplier, whih are more popularin the Finite Element ommunity, are due to Babuska [1℄ and Brezzi [4℄.We reall the prinipal result.Theorem 2 Let W and M be two Hilbert spaes. Let us onsider two bilinear andontinuous forms a : W �W ! R and b : W �M 0 ! R, suh that9� > 0; 8v 2 V; a (v; v) � � kvk2 (16)9� > 0; infk�k=1 supkwk=1 b (w; �) � �: (17)where V = fv 2 W ; b (v; �) = 0; 8� 2M 0g :Then for eah f in W 0, there exists an unique solution (u; �) 2 W �M 0 suh that� a (u; w) + b (w; �) = hf; wiW 0;W 8w 2 W;b (u; �) = 0; 8� 2M 0: (18)We shall use this result for in the ase W = V1 � V2, M = H1=2 (�),a ((u1; u2) ; (v1; v2)) = a1 (u1; v1) + a2 (u2; v2) ;b ((v1; v2) ; �) = h�;B (v1; v2)iM 0;M :The relation (16) holds beause a1 is V1 ellipti and a2 is V2 ellipti..In view of the fat that B is surjetive and using the haraterization theorem forthe surjetive operators [3, p. 29℄, we obtain that the inf-sup ondition (17) holds.The �rst equation of (18) is equivalent to (13).5



4 New proof for the existene and uniqueness of theLagrange multiplierTheorem 3 Let (u1; u2) be the solution of the variational problem (9). Then thereexists an unique element � of M 0, suh that the relation (13) holds.Proof. Uniqueness. We suppose that there exists two Lagrange multiplier �1 and �2.From the equality (13), we obtain thath�1 � �2; B (v1; v2)iM 0;M = 0; 8 (v1; v2) 2 V1 � V2:But the operator B is surjetive beause �1 \ � = ; and �2 \ � = ;. Consequently,we obtain that �1 � �2 = 0.Existene. Let g be in M . Sine �1 \ � = ;, we have that the appliation trae 1�is surjetive and it follows that there exists v1 in V1, suh that 1� (v1) = g. Analogous,there exists v2 in V2, suh that 2� (v2) = g.We de�ne the Lagrange multiplier as follows:� (g) def= a1 (u1; v1) :We must to prove that � is well de�ned. For other ev1 in V1, suh that 1� (ev1) = g,using the equality (9), we obtain thata1 (u1; ev1) = �a2 (u2; v2) = a1 (u1; v1) :Then � is well de�ned and we have thata1 (u1; v1) = � �1� (v1)� ; 8v1 2 V1 ; (19)a2 (u2; v2) = �� �2� (v2)� ; 8v2 2 V2 :From the ontinuity of the forms a1 and a2, there exist two onstants C1 and C2 suhthat ja1 (u1; v1)j � C1 kv1k1;
1 8v1 2 V1 ; (20)ja2 (u2; v2)j � C2 kv2k1;
2 8v2 2 V2where k�k1;
1 and k�k1;
2 are the standard norms of the Sobolev spaes H1 (
1) andH1 (
2) respetively.We prove now that � is linear. 6



Let g and h be in M and � and � in R. Then there exist v1 and w1 in V1 suh that1� (v1) = g and 1� (w1) = h and we have1� (�v1 + �w1) = �g + �h :From the de�nition of � and sine a1 is bilinear, we obtain� (�g + �h) = a1 (u1; �v1 + �w1)= �a1 (u1; v1) + �a1 (u1; w1)= �� (g) + �� (h) :We prove now that � is ontinuous.From the relations (19) and (20), we havej� (g)j � C1 kv1k1;
1 8v1 2 V1; 1� (v1) = g:It follows that j� (g)j � C1 inf nkv1k1;
1 ; 1� (v1) = go :Sine the appliation 1� is surjetive, as a onsequene of the Banah theorem (see[3, p. 19℄), we obtain that the normkgk� def= inf nkv1k1;
1 ; 1� (v1) = gois equivalent to the norm k�k1=2;� of the Sobolev spae H1=2 (�). Consequently, � isontinuous, whih ompletes the proof. �5 ConlusionsWe have presented a new proof for the existene and uniqueness of the Lagrange multi-plier for a ontat problem. The variational system an by deomposed by introduinga Lagrange multiplier. The both variational systems obtained after the deompositionould be solved numerially by parallel omputing.This kind of proof an be used for time-dependent partial di�erential equations (see[5℄) where the other methods, like onvex optimization, di�erential optimization, hybridmethod, fail.AknowledgmentsThe author gratefully aknowledges the helpful suggestions of Miss Gabriela Pop fromUniversity of Buharest, Faulty of Mathematis during the preparation of this paper.7
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