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Synthesel

Les premiers quatre chapitres traitent de I'interaction fluide-structure stationnaire. On
étudie 'interaction évolutive en temps dans les chapitres cing et six. Les deux derniers
chapitres sont consacrés aux écoulements a frontiere libre avec tension de surface qui
ont certaines similitudes avec les problemes d’interaction fluide-structure.

Exemples d’interaction fluide-structure

Dans ce travail on étudie l'interaction entre un fluide incompressible et une structure
élastique. D’une coté, le déplacement de la structure dépend des forces de surface
exercées par le fluide. De l'autre coté, le domaine occupé par le fluide dépend du
déplacement de la structure et les vitesses et la pression du fluide dépendent de la vitesse
de I'interface ou des forces de surface exercées par la structure. Donc, le domaine occupé
par le fluide est inconnu a priori. On précise que la structure n’est pas rigide.
L’interaction fluide-structure concerne multiples activités comme par exemple :

e bio-mécanique (écoulement du sang dans les arteres, conception des coeurs ar-
tificiels),

e construction d’automobiles (absorbeur des chocs hydrauliques, conception des
senseurs, lubrification),

e génie civil (oscillations des longs ponts ou des hautes structures métalliques sous
I'action du vent),

e aero-élasticité (déformation des ailes d’avion).

Modeles géométriques et mathématiques

Dans le premier chapitre on étudie I’écoulement externe tridimensionnel autour d’un
cable cylindrique déformable qui est fixé aux extrémités.

'Pour marquer la différence, mes travaux sont cités dans la synthese de la maniere “chapitre 17,
“chapitre 27, etc. Les autres références bibliographiques sont cités [1], [2], etc.
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Les chapitres deux, trois, quatre, cinq traitent de 1’écoulement bidimensionnel dans
un canal qui a une paroi élastique.

On suppose que le fluide est gouverné par : les équations de Stokes stationnaires
(chapitres 1-4) ou Navier-Stokes d’évolution (chapitre 5). Pour la structure on utilise
des modeles de type : poutre dans les chapitres 1-4 (voir [38])

4
10 w) = (), w € (0,1)
L1

ou plaque dans le chapitre 5 (voir [18])
582 o)+ E(h%)? 0*u
o2 U T 91 — 12) et
Ce dernier modele est bien adapté aux structures minces en flexion.

L’interaction évolutive en temps entre les équations bidimensionnelles de Navier
Stokes et une poutre élastique a été étudié en [24].

Pour la simulation bidimensionnelle de ’écoulement du sang dans les arteres, les

équations de Navier-Stokes en coordonnées axisymétriques couplées avec un modele
monodimensionnel de type membrane axisymétrique

O*u ( f+ Eh®
ox3 o 12(1 — v?)R?

o h

(x1,t) = n(x1,t), (z1,t) € (0,L) x (0,T).

82
p°hS —— o (z1,t) — WGl

sont utilisées en [6], [15].
Dans [47], [48], [43] on ajoute un terme visco-élastique ;254 8t (z1,t) au modele de la

u(xlv t) = n(xl, t)

structure, mais les équations bidimensionnelles de Navier- Stokes sont employées pour
le fluide sans utiliser 'axisymétrie de la géométrie. Le terme visco-élastique est utilisé
dans [42] pour obtenir 'estimation de 1’énergie, dans [9] pour régulariser la solution et
dans [15] pour stabiliser les schémas numériques.

Toujours pour des simulations bidimensionnelles, dans [10] les équations de Navier-
Stokes axisymétriques sont utilisés pour le fluide alors que pour la structure, les équations
de Navier bidimensionnelles sont employées sans utiliser I'axisymétrie de la géométrie.

Pour les simulations tridimensionnelles, les équations de Navier-Stokes sont couplées :
avec des modeles monodimensionnels pour la structure sous ’hypothese d’axisymétrie
[29], avec des modeles bidimensionnels de type coques cylindriques [31] ou avec des
équations d’élasticité linéaire tridimensionnelles [27]. Le dernier modele est adapté
quand la structure est épaisse, mais pour des structures minces et en grands dépla-
cements, il faut prendre des modeles de type coque [39].

Domaines en mouvement

Dans les problemes d’interaction fluide-structure, une méthode tres utilisée pour prendre
en compte le mouvement du domaine occupé par le fluide est le cadre ALE (Arbitrary
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Lagrangian Eulerian) [48].

C’est la méthode employée dans les chapitres 1-5, avec la particularité suivante :
quand la géométrie est simple, on peut utiliser une transformation ALE explicite qui
facilite surtout 1’étude de la sensibilité par rapport aux mouvements du domaine. En
particulier, on peut obtenir la formulation exacte du jacobien de la transformation.

Le plus sauvent, on obtient la transformation ALE en minimisant une énergie de
déformation d’un corps élastique [37], ou en supposant que chaque coté du maillage est
un ressort [1]. Cette derniere méthode a été utilisée dans le chapitre 6.

D’autres cadres généraux pour résoudre les équations d’un fluide dans un domaine en
mouvement sont : la frontiere immergée [44], level set [49] et la méthode de la particule
[13], [12].

Couplage d’équations

Les équations du fluide et celles de la structure sont couplées par deux types de conditions
aux limites a l'interface

e continuité de vitesses : le fluide adhere aux parois ou d’une maniere équivalente,
les vitesses du fluide et de la structure sont égales a l'interface,

e continuité de forces de surface : les forces agissant a l'interface sur la structure
sont égales et de sens contraire aux celles qui agissent sur le fluide.

Le fil directeur de mes travaux est de prendre comme “controle” une partie des
conditions aux limites a l'interface et “d’observer” si les deux conditions de couplage
sont vérifiées.

Dans le premier chapitre on étudie un probleme stationnaire d’interaction fluide-
cable en 3D. L’inconnue principale est la force de surface a l'interface A. On peut
résoudre le probleme structure et on trouve le déplacement u. On calcule ensuite la
solution des équations de Stokes dans un domaine qui dépend de u avec des conditions
aux limites de type Neumann a l'interface. On essaye a trouver A, tel que la vitesse
du fluide a l'interface vérifie la condition de couplage Dirichlet dans le cas stationnaire
v|r, = 0. C’est un probleme de type controlabilité ou 'observation et le controle sont
définies sur l'interface (voir Figure 1).

En utilisant une transformation ALE explicite et en traitant I’observation par la
méthode de moindres carrés, on obtient un probleme de type controle optimal ou le
controle se trouve dans les coefficients. La fonction colt a minimiser est

NP PG
inf 2 [,

Principalement, on prouve que la fonction cout est semi-continue inférieurement et
en conséquence, on peut démontrer I'existence d’un controle optimal.
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%)
Y

Y

Figure 1: Schéma utilisé dans le chapitre 1

On utilise une démarche similaire dans le chapitre 2, ot on résout le probleme du
fluide avec les conditions aux limites a 'interface

v =0, ey-on=N\,
c’est a dire qu’on prescrit la composante horizontale de la vitesse du fluide et la com-

posante verticale des forces de surface. On cherche a minimiser la composante verticale
de la vitesse du fluide & 'interface (voir Figure 2).

> >
> >

Ao

V2|1,

Kﬁ

Ao

Y

Figure 2: Schéma utilisé dans le chapitre 2

On prouve la différentiabilité de la fonction cott, et on donne la forme analytique
du gradient. On présente également des résultats numériques.

Dans le chapitre 4, pour résoudre le probleme du fluide, on prescrit la composante
normale de la vitesse du fluide et la composante normale des forces de surface. C’est
une formulation rarement utilisée pour résoudre les équations de Stokes. On cherche a
minimiser la composante tangentielle de la vitesse du fluide a 'interface (voir Figure 3).
On prouve que le probleme fluide est bien défini et on présente des résultats numériques.

Dans les chapitres 3 (cas stationnaire) et 5 (cas d’évolution), en utilisant la décom-
position modale a des forces de surface a 'interface, on résout le probleme structure.
On calcule ensuite la vitesse v et la pression p du fluide en utilisant des conditions de
Dirichlet sur la vitesse a l'interface. Les forces exercées par le fluide sur l'interface sont
B = —of (v,p)n (voir Figure 4). Le cadre de type point fixe est : trouver a = (3,
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%)
Y

A-n F V'TFu.

Figure 3: Schéma utilisé dans le chapitre 4

cependant nous considérons le probleme sous la forme

1
inf 7 Jla — BlI*.

Figure 4: Schéma utilisé dans les chapitre 3 et 5

Dans le chapitre 3 on étudie la sensibilité du probleme et on donne la forme analytique
du gradient sans faire appel a I’état adjoint. Des résultats numériques sont obtenus.

Dans le chapitre 5, on doit résoudre a chaque pas de temps un probléeme de minimi-
sation similaire a celui du chapitre 3. On présente des résultats numériques pour des
pas de temps relativement grand. L’algorithme proposé est stable numériquement.

L’approche point fixe est généralement utilisée pour prouver 'existence d’une solu-
tion des problemes d’interaction fluide structure (voir [32], [35], [2] pour le cas station-
naire et [34], [17], [4] pour le cas d’évolution). L’inconnue principale dans ces travaux
est le déplacement de l'interface. Pour un modele monodimensionnel 'existence a été
prouvée en [19].

On n’a pas cité ici les résultats d’existence dans le cas ou la structure est rigide et
le mouvement est composé d’une translation et d’une rotation.

Points fixes, la méthode de Newton ou les moindres
carrés ?

On va voir dans cette section différents algorithmes itératifs pour I'approximation du
probleme couplé fluide-structure.
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Soit G : R* — R™ une application non linéaire. Pour approcher les points fixes
G(z,) = x,, on peut utiliser 'algorithme suivant

To € Rn, Tpy1 = G(ZL’k) (1)

Si Papplication est une contraction et si z est bien choisi, la suite {x;} converge
linéairement.

On peut poser F': R" — R", F(z) = x — G(z) et alors le probleme G(z,) = z. est
équivalent a F'(z,) = 0. La méthode de Newton pour approcher les racines de F est :

Xo € Rn, Tht1 = Tk — (VF(l’k)T)_l F(.Tk) (2)

Si la racine x, de F existe, si le jacobien VF(z,)T est inversible et si zy est bien choisi,
alors I'algorithme de Newton converge d’une maniere quadratique.

Le principal désavantage des algorithmes 1 et 2 est que le point de départ xy doit
étre “proche” de la solution z,.

Dans les problemes d’interaction fluide-structure d’évolution, en général, on prend la
solution ou une extrapolation des solutions au pas de temps précédent comme point de
départ pour résoudre le probleme couplé a l'instant de temps courant. Dans le chapitre
5, Figure 5.2 page 149 et Figure 5.6 page 153, on observe que ||F(z)|| est tres grand,
qui veut dire que le point d’initialisation zo n’est pas “proche” de la solution z,. Ce
phénomene est du a plusieurs facteurs :

e le fluide est tres sensible au changement du domaine,

e le fluide est pulsatif, c¢’est-a-dire le débit a une croissance suivie d'une décroissance
tres importante dans un intervalle de temps court. C’est le cas d’écoulement
sanguin, des chocs dans le systeme hydraulique d’une voiture, ou d’une explosion
a 'intérieur d'un container métallique.

e le pas de la discrétisation en temps est agrandi.

La méthode de point fixe n’est pas applicable pour les problemes de type controlabi-
lité étudiés dans les chapitres 1, 2, 4 puisque le controle (par exemple les forces de surface
a U'interface) et 'observation (les vitesses a l'interface) n’ont ni la méme nature physique,
ni la méme régularité mathématique. Dans ce cas, on doit résoudre des probléemes non
linéaires de type F'(z.) =0 ou F : R™ — R" et n,m € N.

L’approche utilisé dans les chapitre 1-5 et de traiter I’observation par la méthode de
moindres carrés et d’obtenir des problemes d’optimisation du type

. 1 2
inf f(2) = 5 |IF@)*.
x
Dans ce cas particulier de la fonction cout et pour n = m, on a

Vf(x) = (VE(x)) F(z). (3)
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Pour résoudre numériquement le probleme d’optimisation, on peut utiliser 1’algo-
rithme de Broyden, Fletcher, Goldforb, Shano (BFGS) :

Pas 0. Soient xq € R", Hy une matrice symétrique positive définie et ¢ > 0. On
pose k = 0.

Pas 1. Vf(zx) = (VF(xr)) F(xy).

Pas 2. Si |V f(zg)]| < € stop.

Pas 3. dk = —Hka(ZL’k)

Pas 4. Tpy1 = T + dek, Gk > 0 ou

f(@rs) ~ Iglziglf(xk + 0dy,).

Pas 5. 5k = Try1 — Tk
Pas 6. Vf(xg1) et v = Vf(zp1) — Vf(ap).
Pas 7.
VgHWk) 00y Ok Hy + Hyyedy
v ) Ok
Pas 8. k «— k + 1 et aller au Pas 2.

Hk+1 :Hk+ <1+

L’algorithme BFGS converge d’une maniere super-linéaire vers un minimum local x,
de f qui vérifie
Vf(z,) =0<«<= (VF(z.)) F(x,) = 0. (4)

Si la matrice VF(z,) est inversible, alors a partir de la relation précédente on obtient
Vf(z,) =0<= F(z.) =0.

Autrement dit, les algorithmes de minimisation, celui de Newton et de type point fixe
convergent vers les mémes solutions !

Il faut préciser une chose qui pourrait surprendre : un minimum local x, (qui vérifie
donc V f(z,) = 0 et sous '’hypothese que VF'(z,) est inversible) est un minimum global
car f(x.) = %||F(x>,<)||2 = 0. Il reste le cas VF(x,) non inversible, mais dans cette
situation, ’algorithme de Newton, lui non plus, n’est pas applicable.

Concernant la vitesse de convergence dans un cadre général, la méthode de Newton
est plus rapide que I'algorithme BFGS, qui est plus rapide que I’algorithme de type
point fixe.

Mais, contrairement aux deux autres méthodes, ’algorithme BFGS est moins sensible
au point de départ xg, ce qui représente l'avantage majeur de cette approche. Un
autre aspect positif est qu’on peut utiliser des maillages qui ne sont pas compatibles a
'interface, comme par exemple dans les méthode de type “mortar” [5].

On va analyser maintenant I'effort de calcul pour effectuer une itération avec 1’algo-
rithme BFGS respectivement avec la méthode de Newton. La direction de descente dans

la méthode de Newton est donnée par I'expression

dy = — (VF(x)") " F(xy)
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alors que dans 'algorithme BFGS, on a

On voit que dans la méthode de Newton on doit inverser le jacobien VF(z)7, ce qui
nécessite un effort de calcul supplémentaire.

Les étapes 5,6,7 dans I'algorithme BFGS ne sont pas couteuses. Pour I'optimisation
unidimensionnelle, au Pas 4, on peut utiliser des méthodes dites économiques ou on
peut prendre 6, = 1 si c’est possible. La stratégie de type point fixe a été utilisée dans
[39]. Pour accélérer la convergence on peut utiliser : la relaxation [43], [29], [48], la
“transpiration” [23], [24], [14] ou la méthode d’Aitken [31], [15].

La méthode de Newton avec le jacobien approché par des différences finies a été
utilisé dans [50]. Dans [31] le jacobien est remplacé par un opérateur plus simple et
dans [26], [27] le jacobien est évalué exactement.

Une approche décomposition de domaine avec préconditionnement est proposé dans
[15] et [16].

La méthode BFGS a été utilisée dans les chapitre 2 et 3 ou le jacobien est calculé
exactement, et dans le chapitre 5 ou le jacobien est approché par différences finies.

Sensibilité par rapport au mouvement du domaine

On a vu dans la section précédente des méthodes qui emploient la formule exacte du
jacobien. L’évaluation exacte de cette formule est une tache difficile, parce qu’elle cache
une dérivée par rapport au domaine.

Des études sur la sensibilité sont présentées dans [25], [26] et [27].

En utilisant une transformation ALE explicite et des techniques basées sur le théo-
reme des fonctions implicites comme dans les travaux [8] et [11], on donne dans les
chapitres 2 et 3 la formulation exacte du gradient de la fonction cott. Dans le chapitre
2 on fait appel a I’état adjoint.

En utilisant la décomposition modale pour la structure dans le chapitre 3, on donne
la formulation exacte des dérivées. Pour évaluer les dérivées par rapport au domaine
de la solution du probleme de Stokes stationnaire, il faut résoudre des systeme linéaires
ou la matrice est identique a celle du probleme de Stokes. Cela rend facile la mise en
oeuvre numeérique de cette méthode.

Stabilité en temps

Dans la plupart des cas, pour résoudre numériquement les problemes d’interaction fluide-
structure, on emploie des “procédures partagées”, i.e. on utilise séparément des solveurs
pour le fluide et pour la structure.
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Les algorithmes dites “staggered” ont été appliqués avec succes dans les problemes
d’aero-élasticité [45], [20], [21], [46]. A chaque pas en temps, seulement une partie
des conditions de couplage fluide-structure est vérifiée (“losely coupled”). En général,
ces algorithmes utilisent des schémas implicites pour 'un de deux sous-problemes, par
exemple pour le fluide et des schémas explicites pour I'autre sous-probleme, par exemple
pour la structure. Il existe des variantes ou on utilise des schémas implicites pour les
deux sous-problemes. Il faut préciser que globalement les algorithmes dites “staggered”
sont explicites et on obtient la stabilité seulement si le pas en temps est petit.

La relation entre la stabilité des schémas numériques et les lois de conservation
géométrique est étudiée dans [20], [22].

Les tests numériques concernant 1’écoulement sanguin dans les artéres montrent que
les algorithmes explicites sont instables, d’ou la nécessité d’utiliser des méthodes im-
plicites, c’est-a-dire, tel qu’a chaque pas en temps on résout un probleme non linéaire
fluide-structure pour lequel toutes les conditions de couplages a I'interface sont vérifiées.

La preuve de la stabilité d'un schéma totalement implicite est présentée dans [33]
pour un probleme monodimensionnel. Un schéma totalement implicite est employée
dans [39] pour une application aux composants hydrauliques automobiles. Dans [43] on
peut trouver la preuve de la stabilité inconditionnelle de deux algorithmes totalement
implicites basés sur des schémas implicites centrés ou non centrés pour la structure
couplés avec la méthode d’Euler implicite pour le fluide.

La stabilité des schémas d’ordre deux en temps est analysée dans [30].

Dans [7], il est montré que, méme avec un pas de temps tres petit, les algorithmes
explicites ne sont pas stables.

Nous avons déja cité les algorithmes de type point fixe, de type Newton a jacobien
exact ou approché, le cadre de décomposition de domaine, ou la méthode BFGS qui
nous permet la construction des schémas implicites en temps.

Les résultats numériques rapportés dans [43] et [7] obtenus en employant la méthode
du point fixe avec relaxation suggerent que les instabilités apparaissent quand la struc-
ture est légere et mince ou quand le rapport entre 'hauteur et la longueur du domaine
fluide est petit.

Dans [39], les résultats théoriques montrent que les algorithmes de type point fixe
divergent si la structure est légere ou si le pas de la discrétisation en temps est petit.

La méthode de Newton converge en peu d’itérations, mais elle est sensible au point
d’initialisation. Les résultats d’existence pour les problemes d’interaction fluide-struc-
ture continues ne garantissent pas l’existence d’une solution pour le probléeme discret.
Si F(x) =0, z € R" n’a pas des solutions, la méthode de Newton diverge.

La méthode BFGS converge moins vite que celle de Newton, mais elle a la propriété
de convergence globale, en ce sens qu’elle converge a partir de presque n’importe quel
point de départ. On a vu dans une section précédente que la solution du probleme
d’optimisation de type moindres carrés est en général un minimum global. Cette ap-
proche nous a permis d’utiliser dans le chapitre 5 des pas de temps relativement plus
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grands, donc de réduire 'effort de calcul total.

Ecoulements a frontiere libre avec tension de surface

Dans les chapitres 7 et 8, on veut déterminer numériquement 1’évolution d’un domaine
bidimensionnel avec application au développement cellulaire.

L’écoulement du fluide dans le domaine en mouvement dépend de la tension de
surface a la frontiere libre. Cette tension est proportionnelle a la courbure de la frontiere.
La vitesse de la frontiere est égale a celle du fluide. La divergence de la vitesse du fluide
n’est pas nulle. Ces problemes ont certaines similitudes avec les problemes d’interaction
fluide-structure.

Pour le fluide on utilise ’équation de Darcy dans le chapitre 7 et les équations
de Stokes dans le chapitre 8. La courbure est approchée par l'inverse du rayon du
cercle passant par trois noeud consécutifs appartenant a la frontiere, ou en utilisant des
fonctions spline cubiques.

Les algorithmes employés dans les chapitres 7 et 8 sont de type “front-tracking”.
Des résultats numériques sont présentés.

Quand on utilise le modele de Darcy, le probleme a frontiere libre est similaire
aux équations Hele-Shaw avec tension de surface. Pour résoudre numériquement ce
probleme, il existe une approche efficace appelée §— L introduit dans [36]. Cette méthode
n’est plus appropriée si on remplace les équations de Darcy par les équations non linéaires
de Navier-Stokes.

D’autres cadres généraux pour résoudre les équations d’un fluide dans un domaine en
mouvement sont : la frontiere immergée [44], level set [49] et la méthode de la particule
[13].



Synthese 11
Perspectives

Simulation numérique et contrdle des problemes d’interaction
fluide-structure tridimensionnels.
Applications au systeme cardio-vasculaire.

Le but de cette étude est de développer de nouvelles méthodes mathématiques et infor-
matiques simulant numériquement le comportement du systeme cardio-vasculaire pour
s’approcher au mieux du comportement réel du systeme.

La paroi de 'artere sera modélisée par des équations de type coque mince.

L’écoulement du sang sera modélisé par des équations de Navier-Stokes avec des
conditions aux limites sur la pression a l'entrée et a la sortie et une condition de type
Dirichlet sur l'interface sang-artere.

Le couplage des deux systemes d’équations sera une partie importante de cette étude.

Les couplages fluide-structure de type implicite, ¢’est-a-dire qu’a chaque pas de temps
on doit résoudre un probleme fortement non linéaire, est tres cotiteux en temps de calcul
sur ordinateur. La résolution du systeme non linéaire peut ce faire a I'aide des méthodes
de type Newton ou quasi-Newton.

Dans un article récent [28], les méthodes semi-implicites ont donnés de bons résultats
numériques tout en étant moins gourmandes en temps de calcul sur ordinateur. Il s’agit
de calculer la position de I'interface fluide-structure d’une maniere explicite et d’utiliser
le méme maillage pour le fluide pendant toutes les sous-itérations a l'instant de temps
courant.

1. Création des maillages tridimensionnels sang et artere a 'aide du logiciel
MODULEF (INRIA, France). On utilisera des tétraedres pour le sang et des triangles
pour la paroi artérielle. Les deux maillages sont compatibles a l'interface. Cette étape
a été réalisé pour des domaines cylindriques.

2. La résolution du probléeme structure (artere) utilisera les éléments finis et la
décomposition modale. On utilisera également le module OpenFEM du SCILAB
(INRIA, France). Les matrices de masse et de raideur seront récupérées, ainsi que les
seconds membres. Ensuite on calcule les valeurs propres généralisées des deux matrices.
Cette étape a été réalisée en utilisant ARNOLDI et Scilab (voir Fig. 5), mais les résultats
ne sont pas satisfaisants. On envisage 'utilisation du logiciel ABAQUS récemment
acheté par I'Université de Haute-Alsace.

3. La résolution du probleme fluide (sang) utilisera les éléments finis (codes gratuits
LifeV Lausanne, Suisse).

4. Le couplage sera effectué grace a la méthode de Newton ou quasi-Newton ol
les dérivées par rapport au changement du domaine de calcul seront approchées par la
méthode des différences finies.

5. Etude de la discrétisation en temps. La stabilité en temps des méthodes numéri-
ques sera analysée. Simulations numériques complexes.
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Figure 5: Deux modes propres d'une coque cylindrique

6. Identification des parametres les plus significatifs qui gouvernent le couplage
sang-artere. Etude de la controlabilité du systeme couplé.

Schémas semi-implicites et couplage fluide-structure par
la méthode du Lagrangien augmenté

Actuellement, je travail sur un probleme 2D d’interaction entre les équations d’élasticité
linéaire et les équations de Navier-Stokes.

Pour I'approximation de la structure, I'algorithme de Newmark est employé. Pour
les équations de Navier-Stokes on utilise la méthode ALE, la dérivée en temps sera ap-
procher par le schéma d’Euler implicite et le terme non-linéaire est traité d’une maniere
semi-implicite.

La position de l'interface fluide-structure est calculée d’une maniere explicite. A
chaque pas en temps, on utilise la méthode du Lagrangien augmenté pour traiter ’égalité
de vitesses a l'interface.

Dans la Figure 6, on peut voir les vitesses de la structure et du fluide a l'instant
t=1s.

La différence dans la norme L? entres les vitesses du fluide et de la structure &
I'interface est plus petite que 0.29. On essaye de diminuer cette erreur.

La stabilité en temps sera analysée.

Autres projets

Simulation 3D du développement cellulaire (en collaboration avec Prof. G. Hentschel,
Atlanta). Déformations des bandes élastiques (en collaboration avec Prof. Th. Hangan,
Mulhouse).
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Chapter 1

Existence of an optimal control for a
nonlinear fluid-cable interaction
problem

This chapter is based on the paper:
C.M. Murea, Y. Maday, Rapport de recherche CEMRACS 96, Interaction Fluide
Structure, C.I.LR.M., Luminy, France, 1996

Abstract. A three-dimensional fluid-cable interaction is studied. The fluid
is governed by the Stokes equations and the cable is governed by the beam
equations without shearing stress. Only steady equations are studied in this
paper. The fluid equations are described using arbitrary lagrangian eulerian
coordinates.

The contact surface between fluid and cable is unknown a priori, therefore
it is a free boundary like problem.

The fluid-cable interaction is modeled by an optimal control system with
Neumann like boundary control and Dirichlet like boundary observation.
The control appears also in the coefficients of the fluid equations.

It’s a nonlinear and non-convex optimal control problem.

The existence of a solution is proved.

1.1 Introduction

We study the behavior of a three-dimensional cable under the action of an external flow.

The real system to be modeled is the behavior of an electric cable with fixed extrem-
ities under the wind action. We are interested by the displacement of the cable and by
the velocity and the pressure of the fluid.
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The contact surface between fluid and cable is unknown a priori, therefore it is a
free boundary like problem.

We suppose that the fluid is governed by the Stokes equations and the cable is
governed by the beam equations without shearing stress. Only steady equations will be
studied in this paper.

The fluid and cable equations are coupled via two boundary conditions: equality of
the fluid’s and cable’s velocities at the contact surface (which is a Dirichlet like boundary
condition) and equality of the forces at the contact surface (which is a Neumann like
boundary condition).

The coupled fluid-cable problem is modeled by an optimal control variational system.
It’s a Neumann like boundary control with Dirichlet like boundary observation. The
control appears also in the coefficients of the fluid equations.

This mathematical model permits to solve numerically the coupled fluid-cable prob-
lem via partitioned procedures (i.e. in a decoupled way, more precisely the fluid and the
cable equations are solved separately).

The aim of this paper is to prove the existence of an optimal control for this fluid-
cable interaction problem.

1.2 Notations

Let us consider a cable of cross section S. We assume that S C R? has the following

properties: non-empty, open, bounded, connected, with Lipschitz boundary and (0,0) €
S.

The displacement of the cable will be described using the displacement of the median
thread noted here by:
u = (u1,uy,u3) : [0, L] — R

For instant, we assume that u; = 0.
The three-dimensional domain occupied by the cable is

QY = {(21,22,25) € R*; 21 €]0, L[, (x2 — us (21) ,25 — uz (z1)) € S} (1.1)
and the domain occupied by the fluid is
QF =R*\ Q5. (1.2)
The contact surface between fluid and cable is
T, = {(z1, 29, 23) € R% 2y €10, L[, (v2 — us (71) , 73 — us (1)) € 95} (1.3)

which is the free boundary of our problem.
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X3

21 X9

b

X1

Figure 1.1: The geometrical configuration of the fluid-cable interaction

The extremities of the cable are noted:

1 o= {(0,22,73) € R% (xq,23) € S}, (1.4)
Yo = {(L,$2,$3) € R?; (29, 23) € S}

which are fixed.

1.3 Variational formulation for the cable equations

Now, we present the variational formulation for the cable equations. We have supposed
that the cable is governed by the beam equations without shearing stress (see [4]).
Let D; € R 7 be given. We set
as : H§ (|0, L[) x H§ (]0, L) — R (1.5)
2 2 .
as (¢,¢) = Dy - in,L[ Z—x? (1) % (1) day

The form ag is evidently symmetric, bilinear, continuous. In addition, applying the
Poincaré inequality (see [8, vol. 3, chap. IV, p. 920]), we obtain that ag is Hg (]0, L[)-
elliptic.
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Let H=2(]0, L|) be the dual of the HZ (]0, L[). In this section, we denote by (-,-) the
duality pairing between H~2(]0, L[) and HZ (]0, L]).

As a simple consequence of the Lax-Milgram Theorem (see [8, vol. 4, chap. VII, p.
1217]), we have the following result:

Proposition 1.1 Let f7 € H2(]0,L]) and n; € L*(]0,L]) for i = 2,3. Then, the
problem:
Find ug, uz in HZ (|0, L[) such that

as (us, V) = A)L[m (1) Y (1) doy + <fi57¢>7 Vi € Hg (J0,L[), i=2,3 (1.6)

has a unique solution.

In order to couple the 3D Stokes equations of the fluid with the beam equations
described using the median thread, which is a curve in R3, we shall need the following
result:

Proposition 1.2 There is a linear and continuous operator D mapping

L%(]0, L[ x S) onto L?(]0, L]) such that:

(Dg) (x1) = /859 (21, 0) do, a.e. 1 €10, L]. (1.7)

Proof. Let g be an element of L2 (]0, L[ x 8S). Applying the Fubini’s Theorem (see
[12, p. 140] for example), we have g (z1,-) € L' (05), a.e. 71 € )0, L] and the map

r1 €10, L[— [ g(z1,0)do
o3

is Lebesgue measurable.
From the Schwarz inequality (see [12, p. 62]), it follows that

</asg(xl,a)da)2 < (/as 1d0) /3592 (w1,0)do,  ae. 21 €10,L[.

Integrating the above inequality on ]0, L[, we have

A),L[ (/859(x170> da)z =L </35 1d0) A)’L[ (/3592 (z1,0) da) dzy.
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Using once again the Fubini’s Theorem, we obtain

/ (/ 92<x1,o—>da)dx1= / & (01, 0) dody = 1912 051008
10,.] \Jas 10,L[xS

therefore Dg € L?(]0, L[) and

2 2
D910 < L ( /. 1da) 1912, 2105 (18

The operator D is linear from the linearity of the Lebesgue integral.
The inequality (1.8) implies the continuity of the linear operator D. O

1.4 Mixed formulation for the fluid equations in
moving exterior domain

Let up and u3 be the solutions of the equation (1.6) and Qf be the domain occupied by
the fluid given by the relations (1.2) and (1.1).
Let us consider the Sobolev space with weights:

ow
W QF) = dwe D (aF); — 20 ¢ p2iory, e (qr @_123}
00) = {w e (s 8 ey S o)
where ||z = (X0, xf)l/2 is the eulerian norm in R3.

We set

[l 0p = (Z L |5

>1/2
which is a semi-norm and

lw ( )‘2 v
w(x 9

w = —2 —dr+ |w

which is a norm.

We denote by Wi (Qf) the closure of D (Qf) in W (Q) for the norm |||, r.
From the Theorem 1 [8, vol. 6, chap. XI B, p. 650], we have that the semi-norm
||, oF is a norm for the spaces W (QF) and W (QF). Moreover, it’s equivalent to

8xl

-1l -
In view of the Remark 2 [8, vol. 6, chap. XI B, p. 651], the spaces W! (Qf) and
Wy (QF) are identical with the Beppo-Levi spaces BL () and D! (QF) respectively.
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So, the spaces W (QF) and W (QF) are the Hilbert spaces for the scalar product:
3
0 09

Qr (9% 5%

(¢, v) =

=

(see also the Remark 7 [8, vol. 5, chap. IX A, p. 264]).
In view of the Sobolev Embedding Theorem (see [1]), we have

H2 (10, L]) < € ([0, L))

therefore the boundary I',, is Lipschitz, so we can define the space H'/2(T,,).

From the Theorem 2 [8, vol. 6, chap. XI B, p. 652], there exists the trace application
mapping W' () onto H'/?(T',) denoted by

w — UJ‘FU
which is continuous and surjective and
we (@f) = {we W (2F); wrzum =0}
Let us consider the following Hilbert space:

W, = {we (Wl (Qf))3, w=0on %, Uig}

equipped with the scalar product
ov; (9wZ

(v, w)
Z /QF 81:3 8%

where v = (v, v9,v3) and w = (wy, we, w3) are in W,.
Also, let us consider the Hilbert space:

Qu=1" (%)

equipped with the habitual scalar product.
We use the notation div w = 8“’1 + g@‘f +3 8“’5 for all w = (w1, wy, ws) in (W? (Qf))g

Lemma 1.1 For all uy and uz in HZ (]0, L[), the operator div mapping W, onto Q, is
surjectif.
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Proof. Let uy and u3 be in HZ (]0, L).

Let us denote:
12 (QF) = {q€L2 @) [ qu:o}
QF

It is known (see [8, vol. 5, chap IX A, p. 267, Remark 8| for example) that
div (W} (Qf))g = L3 (). Evidently we have (W, (Qf))3 C Wy, so

L§ () € div(W,) C L* () (1.9)

Since the operator div is linear, we obtain that div (W,) is a vectorial subspace.

Knowing that the co-dimension of L2 (Qf ) in L (Qg ) is one, the inclusions (1.9)
imply: div (W,) = L§ (QF) or div (W,) = L* (QF).

In order to finish the proof of this Lemma, we shall prove that div (W,) # L3 (QF).

To obtain a contradiction, we suppose that

div (W,) = L3 () = div (W (2F))’ (1.10)

Let w be in W,, such that 23:1 fFu w;n; do > 0, where n is the unit outward normal
to I',,.

From (1.10) we obtain that there is ¢ in (W] (Qf))3 such that div ¢ = div w.

From the Green’s formula we have

3

3
w; — ;) n; do = /wmida>0
Z /iluiguru ( ) ; u

i=1

Oz/ﬂfdiv(w—w) dx =

and we have obtained a contradiction. Then the proof of this Lemma is finished. O

Remark 1.1 As good as for a bounded domain, the Green’s formula holds for an exte-
rior domain, i.e. complement of a compact (see [8, vol. 6, chap. XI B, p. 694]).

We set ,
ar: (H (0, L))" x W, x W,, = R
3
ar (u,v,w) _ 8vi a’LUde (111)
=1 Qr 81:j al’j
and ;
br: (Hg (J0,L[))" x W, x Q, — R
(1.12)

br (u,w,q) = — (div w) q dz
QOF

u
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Proposition 1.3 For all uy,us in H2 (0, L), A = (A1, A2, A3) in (L2 (Ty,))°, the prob-
lem:

Find (v, p) € W, X Q, such that

3
arp (u,v,w) + b (u,w,p) = Z/ Awi do, Yw € W, (1.13)

=1 u

bF (U, v, q) = 07 vq € Qu

has a unique solution.

Proof. For all uy, uz in HZ (]0, L[), the bilinear form ar (u, -, -) is continuous and W,-
elliptic for the norm |- or.

Using the Lemma 1.1 and a property of the surjectif operators [6, Theorem I1.19, p.
29], we obtain that the inf-sup condition holds for the bilinear form b (u, -, ).

Now, the conclusion of our proposition is a simple consequence of the results of
Babuska [3] and Brezzi [7]. O

Remark 1.2 The system (1.13) represents the mized formulation for the Stokes equa-
tions in an exterior domain: v and p are the velocity and the pressure of the fluid, \ are
the forces on the surface I'y.

1.5 Mixed formulation for the fluid equations in a
fixed exterior domain

In order to obtain the mixed formulation for the fluid equations in a fixed exterior
domain, the arbitrary lagrangian eulerian coordinates have been used. The formulation
in a fixed domain permits us to obtain the existence of the solution for the cable-fluid
coupled problem.
We set
OF = {(x1, 79, 23) € R 21 €0, L], (m2,73) € S},
QOF = R?) \ Qg7
Lo = {(z1, 79, 23) € R3; z1 €]0, L[, (z2,73) € 0S}.

Let uy, uz in HE (]0, L[) be given. We have HZ (]0, L[) — C* ([0, L]) and we extend
ug, uz by zero in the exterior of the interval [0, L]. Without risk of confusion, we use
the same notations us, uz for the extended functions, so

ug (1) = ug(x1) =0, Va, ¢ [0, L]

Therefore we have u; € C' (R) and we denote by u} the first derivate of u; for i = 2, 3.
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Let us consider the following one-to-one continuous differentiable transformation:

T,:R>—R3 (1.14)
Ty (21,72, 73) = (21, T2 + ug (T1) , T3 + u3 (21)) ‘
which admits the continuous differentiable inverse below:
TJI:R3—>R3 (115)
Tt (w1, 29, 3) = (21,29 — ug (1) , 03 — uz (71)) '
We have
T. (%) = Q5
T, (Tg) =T,
Tu(/ﬂf\) :/CL'\, Vft\eilUZg
We denote by
1 00
JacT, (Z) = ub(z1) 10
uy (1) 0 1
1 00
JacT; ' (z) = —uh (1) 1 0
—uy (z1) 0 1

the Jacobi matrices of the transformations T, and T, ! respectively.

We set T, (Z) = x, where © = (z1,79,23) € QF and T = (7,,72,73) € QF and
T, (0) = o where 0 € I', and 7 € T'y,.

If A is a square matrix, we denote by det (4), A™!, A! its determinant, the inverse
and the transpose matrix, respectively.

Lemma 1.2 We have:

pel' () & ¢=¢oT, L' ()

b)dr = | (@)dz (1.16)

QF of

oL (Ty) = ¢uw, €L (T,

@) = [ sl@)anlo)do (L17)

To Ty

where ¢ = <$o Tu_1>, wy (0) = ‘ det (JacT, ! (o)) <(JacTu_l (U))_1>tn (0)|| and
R3

n (o) is the unit outward normal to T, in o,
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(peW' (Qf) & o=¢oT, e W (Qf)
Do 8¢>
%7 v %, ; 1.18
) 87(1:) = ((JacTu (f)>_l)t §¢ (z) (L18)
9 a%
8—1:3@) 6_553(93

Proof. Since det (JacT, (7)) = det (JacT,; ! (z)) = 1 for all x and T in R?, the assertion
(1.16) is a consequence of the change-of-variable formula for the unbounded domains
(see [2, Theorem VIIL5.1, p. 352]).

The proof of (1.17) can be founded in [13, Prop. 2.47, p. 78§].

Let us prove (1.18). Let ¢ € W' (QL) be given.

From the change-of-variable formula (1.16), we have
~ 2
@)

2
PRy g
ap T+ o Jap 1+ ]

Let ¢ € D (Qf) and supp ¢ C O where O is a open and bounded set in Qf.
Since T, is a diffeomorphism, we have than T, (O) is a open and bounded set in Q.
From the Remark 7 [8, vol. 5, chap IX A, p. 264], we have ¢ € H' (T, (O)) and

using [6, Prop. IX.6, p. 156], we obtain that ¢ e H (O) and
aTu Z AN

/O(meu)( ) o= Z/ 5, (T 8% (@) (7)dz

The above equality holds also if we change O by Q" because supp ¢ C O C QF then

the equality from the second row of the system (1.18) holds.
Since JacT, is in (L (Qg))g, we have that % are in L* (Qf) for j = 1,2,3, so

pewW(Qf). O
Let us consider the following Hilbert space:

W={@e W Q)" @=0omT U}

equipped with the scalar product
Jv; 0w, iy
Ui O (1.19)

Z /QF 81:3 8%

i,7=1
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where v = (/171,@\2,7)\3) and W = (’&71, ’(/1}2, 1/1}3) are in W.
Also, let us consider the Hilbert space:

Q=L* (o)
equipped with the habitual scalar product.
We set
(u, @ @)
23: / ou; O 0w, _ 00 _ 00\ -
2 Jor \ a7 "0, axg 07 20w, 0w (1.20)
ov; awz ov; Ow; \ .
d
+Z/ (ax2 5% | 9% a@,) .
and

br: (H3 (0,L0)" x W x Q — R
-~ _/ ow, 0w, oW 0, ,a@?,)adf (1.21)

— — —— — Ug—< — Uz—(—==<
or; 01y O 207, 307,

Proposition 1.4 For all uy, uz in HZ ()0, L)), = <X1,X2,X3) in (L2 (Ty))®, the prob-
lem: D
Find (v, p) € W x Q such that

ar (u,v,W) + bp (u,w,p) = Z /FO Aw; do, Y € W (1.22)
br (u.7.4) = 0, vieq

has a unique solution.

Proof.
Existence: Let uy, uz in HZ (]0, L[) and A = ()\1, A2, )\3> in (L2 (FO))3 be given. We

set A (o) = <X o Tu_1> (0) wy (o) where

wy (o) =

det (JacT, " (o)) ((JacTu_1 (U))_1>tn (o)

RS

and n (0) is the unit outward normal to I',, in o.
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From the Lemma 1.2, we obtain that A is well defined and A € (L* (I'y))’.

According to the Proposition 1.3, there exits an unique solution (v, p) of the mixed
system (1.13) and we set v =voT,, p=po T

From the Lemma 1.2, we have that v € W and p D E Q Using the change-of-variable
formula, we obtain that (1.22) holds.

Uniqueness: Let (7%, p') and (22, A) be two solutions of the (1.22).

We set vl =0t o T pt =plo Tt v?2 =020 T and p? = p? o T, L. Using once
again the change-of-variable formula, we have that (v!, p') and (v, p?) are solutions for
(1.13), but this problem has a unique solution, then (v, pt) = (v?, p?).

It follows that

@\l _ (@\1 OTu_l) oT, = (@\2 oTu_l) oT, :62

and in the same way, p! = p%.
So, the conclusion of the proposition holds. O

1.6 Existence of an optimal control for the fluid-
cable interaction problem

The coupled fluid-cable problem will be modeled by an optimal control variational sys-
tem.

In this section, the existence of an optimal control for the fluid-cable interaction
problem will be proved. R

Let f5in H2(]0,L[), i = 2,3 and K compact in (L2 (I'y))” be given. Let D be the
operator defined by the Proposmon 1.2.

We denote by vjr, the trace on I'g of ¥ € W and by [llo,r, the habitual norm in
(L?(Ty))*.

We consider the following optimal control problem P:

| T
nf§ HU|FOHO,F0
subject to
a) AeK
b) ug,uz € Hy(]0, L)
) as () = [

10,L]

(DX) () ) doa + (£5,0), W€ HE(0,L]), i =2,3
d) (5,0 eWxQ
3

‘%@ﬁﬁﬂ@ﬂmmﬁzii/&@&ivaew
To

ZF(U767®:07 VZJ\EQ\
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~

It’s an optimal control problem with Neumann like boundary control (\) and Dirich-
let like boundary observation (9jr,). The control appears also in the coefficients of the
fluid equations ( relation e) ).

The relation a) represents the control constraint and the second relation of the system
e) represents the state constraint.

This mathematical model permits to solve numerically the coupled fluid-cable prob-
lem via partitioned procedures (i.e. in a decoupled way, more precisely the fluid and the
cable equations are solved separately).

The relations b) and ¢) represent the cable equations and the relations d) and e)
represent the fluid equations.

In the classical approaches, the fluid and structure equations are coupled by two
boundary conditions: equality of the fluid’s and structure’s velocities at the contact
surface (which is a Dirichlet like boundary condition) and equality of the forces at the
contact surface (which is a Neumann like boundary condition).

In our approach, we start with a guess for the contact forces (step a). The dis-
placement of the structure can be computed (steps b and ¢). We suppose that domain
occupied by the fluid is completely determined by the displacement of the structure.
Knowing the actual domain of the fluid and the contact forces, we can compute the
velocity and the pressure of the fluid (steps d and e).

In this way, the Neumann like contact boundary condition is trivially accomplished:
we use the same value A for the contact forces on I'y in the equations c) (for the cable)
and in the equations e) (for the fluid).

The Dirichlet like contact boundary condition vjr, = 0 is treated by the Least Squares
Method

S TP
inf 5 [Oira |y r,
We denote by |'|1,Q{§ the norm induced by the scalar product (1.19). We have that

W is a Hilbert space for this scalar product.
If A is a matrix, we denote by A! the transpose matrix and if y is a column vector
of R3
hn
Yy = Yo )
Ys

we denote by y' the transpose vector y* = (y1, Y2, y3)-

Lemma 1.3 Let B be a bounded set in H (]0, L).
Then the following inequalities hold:

dmp > 0, Vug, ug € B,Vﬂ)\ eW, mp |@‘§,Qg <ar (U,{l}, ’&3)

~1 ~2 T o~ ~1 ~2 ~1 ~2
dMp > 0,Vus,us € B,Vw ,w* € W, ap (u,w , W ) < Mp ‘w ‘1,95 ‘w ‘1795
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Proof. The equality (1.20) can be rewritten in the form

ar (0,3, 0) =
3 A~ ~ ~ ~ ~ ~ t
8vi a’l]i 8% —~ —~ 8wz 8’wl 8’wl ~ (123)
Lt Lu A~ ) A~ ) A~ d
iz:; /Qg <65§1 , 6552 , 657\3) “ (x1> (551) (6371 6:1:2 8:53) v

where for all Z; in [0, L] we denote:

L —uy (21) —uj () »
0 <1) = (et @) )

t

h
S

I
o

Evidently, L is an invertible matrix and we have:

~

1wy (T1) uy (71)
Lt@)=(0 1 0
0 0 1
We denote by [ly|| = (y'y)"? the euclidean norm of R®. Now, we evaluate the

euclidean norm of the matrix L~!.

1/~ o 1 /s~
22 @l = o 22" @0

= max \/(yl + ol (Z1) g2 + v (B1) y3)” + y3 + 3
< max \/(1 + (uh (21))* + (uh (21))%) (2 + 13 +93) + v + 13

Tyl
<24 () (7)) + (1 (31))?

/ o (s)ds| < /  (s)] ds
0 0

L L 1/2
< | \u;'<s>\dssﬁ(/o <u;'<s>>2ds) < VIl

The set B is bounded in HZ (]0, L[), then

We have

Ju; (21)] =

(1.24)

Jap > 0,Yus,us € B,VZ; € [0,L], | L' (@] < Vas

It follows that
Yuy,uz € B,VT; € [0, L],Vy € R?,

1
o~ 2 ~ ~ 2
Ly (Z1) ylI” = y'LY, (Z1) Ly (T1) y > o ||
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Using the last inequality, we obtain from (1.23) the following relation:

vug,ugeB vwe/m?

Ll =30 [ [

=1 j5=1

0wz @)

7 < ap (u, @, D)

In the same way, we have

Yus,uz € B2 € [0,L], ||L.(@)] < Vap

and then
Yug, uz € B,Vz, € [0, L], Vy,z € R3,
2Ly, (Z1) Ly (T1) y < apz'y

Using the last inequality, we obtain from (1.23) the following relation:

VUQ,Ug € B V’&}l w? eWw,

ar (u, @', @’ <O‘BZZ/F ?91;} awzdx<a3}wl}1m }U’Q‘mF

i=1 j=1

We set mp = 1/ap, Mp = ap and then the proof of this lemma is finished.

Lemma 1.4 Let uy and uz be given in HZ (]0, L[). Then
Bou > 0VD €W, VG Q, 6, |@], gr |Tg 0 < br (u,@,9)

Proof. Using the change-of-variable formula (1.18), we obtain that

Bwl _8w1A ,,\a—ﬁ?l,\_,/\a_{l?l/\
) = @) - () G B - () L 7)
002 (@) = 222 (3

8;1:2 o N 8;1:2

s gy = O3 g

(9x3 (9x3

39

From the Lemma 1.1 and the above equalities, we obtain that the operator mapping

W onto Q

is surjectif.

0w, 0w, 0w ,0m, ,0m

— —= —— + —— — Uy — Uz
or; 01y 013 207, 307,

In a standard way, from the property of the surjectif operators [6, Theorem II.19, p.
29], we obtain the conclusion of this Lemma. O
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Lemma 1.5 Let us, us, Us, Uz be given in HZ (]0, L[). We denote u = (0,us,uz) and
u = (0,us,u3). Then there exists a constant 3 not depending upon w, W such that

Vi € W,VZ]\E Q7 br (u7 @7 a) > b (ﬂ, {1}7 fl\) - 6 Hu - ﬂ||2,}O,L[ ‘@|1,Qg ||ZI\H0,Q(I)J
Proof. We have
a’wl/\ awl/\

/b\F (U,@,ZJ\)—BF (u, w,q) :—/ (Uz—uz) qdf’«“—/ (Us—u3) —=qdz
P 075 F 075
QO QO
Using the inequality (1.24) and after the Cauchy-Schwartz inequality, we obtain

oWy
[ =y 2adE < Vs~ g
Qg

and the proof of this Lemma is finished. O

8w1

oz;

1qllgqr fori=23
0.8 oo

Theorem 1.1 For all f5 in H2(|0,L[), i = 2,3 and K compact in (L2 (T))°, the
problem P has at least one optimal solution X* *,/\*,ﬁ*] , where ¢ is the density of

the forces on the contact surface, u* = (0,us,u}) is the displacement of the cable, v*
and p* are the velocity and the pressure of the fluid in the arbitrary lagrangian eulerian
coordinates. In order to obtain the velocity and the pressure in the real domain we must
use the transformation v* = v* o T,.t and p* = p* o T.,.".

Proof. 1) The cost functional of the problem P is evidently positiv, then there exits a
real number d such that

PR TR
inf 5 HU\FOH?),FO =d (1.25)

The observation v was computed from the control h) using the relations a) - e) of the
problem P.

Let {Xk} be a minimizing sequence, i.e.
keN
hm — HU|FOHOF0 (1.26)

where 0"

a) Nek

V) us,us € Hy (10, L)

) as (u,v) = —/ (DXE) () 6 (w1) day + (f5, ), V€ HE (10, L]), i =23
10,L]

&) (@7 eWxQ

was computed from L using the following relations:

uk,@k,@) +bp (uk,@,ﬁk) = Z/ Asz do, Yw € w
Lo

(
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The set K is compact, then there exits a subsequence of {X’“} strongly convergent
keN

in (L*(Iy))*. Without risk of confusion, we use the same notation {X’“} for this
keN

subsequence. We denote N its limit, so
N — X strongly in (L? (FO))3

IT) Let u* = (0,u},u}) be the displacement of the cable computed using the vari-

ational equations b) - ¢) for the density of the contact forces M. Since {X’“ } is
keN

strongly convergent in (L2 (I'y))” to X, from v') and ) we obtain that u* = (0, u}, uf)

is strongly convergent to u* in (HZ (]0, L[))®. Consequently, there exists a compact B in
HZ (]0, L]) such that u, u% belong to B for all k. Also, u}, uj belong to B.
IIT) From €’) we have

3
ar (a7 = Y / ot 7
i=1 Y 1o

and using the Lemma 1.3 and the Cauchy-Schwartz inequality, we obtain
~k|2 Nk ~k
e }U }1795 = H)\ HO,FO HU|F0H0,F0

From the Trace Theorem, we have for all @ in W
|@irollg.p, < € () [@];,0r

where ¢ (Qf) is a constant only depending upon Qf which is fixed.
It follows that )
~k \ || Yk ~k
mp [0 ‘1,95 <c () H)‘ Hor [0 ‘1,95

Since AF is strongly convergent, then HX’“ H is bounded which implies that [0%],
420

0,0
is bounded, too.

From the first equality of the system e’) and the Lemma 1.3, we have

~

3
br (u", @, p") :Z/ ey d& — ap (u, 0", D)
i=1 /To

3

< e, 5+ Mp [0%] | or | @]

= i i B Lof 1™Laf
i=1 Y To

From the Cauchy Schwartz inequality and the trace theorem, it follows

3
ZZ:; /ro N d < H/\kHoro o flor, = () H)\kHO,Fo @0
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From the above inequalities, we obtain

b (u*,@,7") < c (F) HX’fH (@], o + M [0%], o 18], or (1.27)
0,I 0 %0 0
From the Lemmas 1.4 and 1.5, we have
Sur [0l 0 1010, = Bl10" = @ lly0,0 10110 [15°1l0
< br (“*v@ﬁk) -8 H“k —u 2,]0,L] ‘@‘1,95 HﬁkHo,Qg (1.28)

S/b\F (uk’,&;’ﬁk)

Using the inequalities (1.27) and (1.28), we obtain for all £ in N and @ in W

(80 =t = Ny g050) 17l 11,5

< () [, 001 )

@k‘l or and HX'“H are bounded and
=70 0,I

Since 0.« > 0 is fixed,

*

0

lim Huk —u

EoN 2,)0,L

we obtain that HﬁkHO qor 1s bounded.
L)
The spaces W and () are Hilbert, then there exists a subsequence {6’”} Jen weakly

convergent in W and {ﬁkl} jey Weakly convergent in @ We denote by v™* and p** the

limits of these subsequences.
IV) We have from the previous steps

N X strongly in (L2 ()

u* — w* strongly in (HZ2(]0, L]))®
of — ™ weakly in W

P — p*  weakly in Q

We denote by (v*, p*) the solution of the problem (1.22) computed for the displace-

ment u* and for the forces \* on the surface I.
We shall prove that v™* = v*, p** = p*, the whole sequence {ﬁk}keN is weakly

convergent to v* in W and the whole sequence {ﬁk} ren 1S weakly convergent to p* in @\
In order to prove this, we shall show that the following equalities hold:

Vﬁ)\ -~ /V[?, lh_)nkllap (ukl,@\kl7 ﬁ)\) = AF (u*’ @\**7 1/1})
Vi e W, }Ln&EF (ub, @,5%) = b (v, @, )

vieQ, limbp (", ,9) = br (u,0,9)
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According to (1.20), we have that ap (ukl,@kl, @) is a sum of terms like these:
oo oW,

oF 07; 07;

oo Ow;

or 071 O;

oo 0w,

or 07; 071

o0 Ow; < k) (u

or 02; 0z, \'7 )\

dz, j=1,2,3

!
(u;?l) A7, j=2,3

!
<u§l) A7, j=2.3

) dz, jp=23

From the definition of the weak convergence, we have

= oL OW; . o0 0w;
Yw e W, lim e = L _—_dz
1—N Qg‘ 6xj 6xj Qg 8:17]- 8xj
The terms i), #i7) and iv) have the same form:
o0 OW; 4,
: —Zakldx, 7,p=2,3.

Since u" and uft are strongly convergent to u* and u} in Hg (]0, L[) respectively, we

!/
obtain that <u;‘”) and (u’;l), are strongly convergent to (uj)/ and (u;),in H} (]0, L[)

/
respectively. Easily, it follows that the product (ufl> (u’;l)/ is strongly convergent to
(u?) (w2) in H} ()0, L]).

j P
Therefore, we have that the sequence {akl } kN is strongly convergent in the space

H} ([0, L]). We denote by a its limit.
In the following, it will be useful the well known below result:

Lemma 1.6 Let X be a reflexive Banach space with dual X'. For all sequence {wl}leN
weakly convergent to w in X and all sequence of linear operators {A;},.y strongly con-

vergent to A in L (X, X'), then the sequence {Alwl}leN s weakly convergent to Aw in
X',

In order to apply this Lemma, let us consider the Hilbert space

X:{¢EW1(Qg>, ¢:00n§1U§2}
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equipped with the scalar product

w0
(%cb)x:;/gga—@a—@dz

and the induced norm ||¢|| v = \/(¢, ¢) -
Also, let us consider the operators A;, A € £ (X, X’) definited by

— a_w% ki g2
(Ao, V) i x = or O, a@a dz, Vo, e X
B oY 0p
(Ap, )i x = o 0, 75, adz, Vo,v e X.
We have
oy 0¢ , 4 "
(A —A)dllx = sup ((A—A)d,¢) = sup o~ (@ —a)dx
: X e lwlx<1 Jor OT; axp( )

96 \? 12 96 \? 1/2
27 - ~
< (/Qg (8—@,) (a*t — a) dx) < Eflel%ﬁ] }(akl —a) (m)‘ </Qg (8—@)) dx)

< max |(a" —a) @)[ll9]x, VoEX

Therefore

But

L
</
0

then A; is strongly convergent to A in £ (X, X').
Applying the Lemma 1.6, we obtain that

(a — a), (s)

. K~ P~k o~
lim { A0t w; = (A, U w;
l—oo % T X' X < T Z>X,’X

and consequently
Vo €W, limap (uf,0%, @) = @r (', 0, @)
Using the same technique, we obtain
Y € W, lliglo/b\p (ukl,@,ﬁkl) — by (u*, w, p™)

v@\ € @7 lli)rgj/b\F (ukl ) i}\kla EI\) = /b\F (U*, i}\**a EI\)
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By passing to the limit in the system e’, we obtain
3
@JMﬁﬂ@%HWWﬂ@Fﬂ:E:/)ﬁmﬁyVQGW
To

i=1

by (u*, 0™, q) =0, VieQ
From the Proposition 1.4, we know that the above system has a unique solution, so
U™ =0 and p** = p*.

Classically (see [8, vol. 4, chap. VI, Prop. 7, p. 1114]), we obtain that the whole
sequence {6’“} pen 18 weakly convergent to v* in W and the whole sequence {ﬁk} pen 18
weakly convergent to p* in @

V) We have:
the application mapping W onto (L2 (I'))>

’&7 — ’L/l?|1"0
is linear and strong continuous,
the application mapping (L% (I's))” onto R

= laallo,r,

is convex and strong continuous,

the application mapping R onto R
1

2
t— §t
is convex and continuous.
From the elementary properties of the composed functions, we obtain that the ap-
plication mapping W onto R

@ = 3 [|@im I
2 0110,

is convex and strong continuous. It follows classically that it is weak sequentially lower
semi-continuous, so
1

5 ‘ < hmlnf HU|F0H0 To

2
According to (1.25) and (1.26), the control A* is optimal and %H@T"FOH is the
0,
optimal value of the cost function. O
Remark 1.3 The etaps of the above proof are standard. Related results, but not includ-

ing the fluid-structure interaction problems, may be founded in [9], [10] and [14].

Remark 1.4 Coupling the fluid-structure equations using the Neumann boundary con-
trol and Dirichlet boundary observation on the contact surface was employed in [11].

Remark 1.5 An open problem is to find additional conditions for the control constraint
X € K in order to obtain zero for the optimal value of the cost function, i.e. U|FO = 0.
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1.7 Conclusions

The mathematical model used in this paper permits to solve the coupled fluid-cable
interaction problem via partitioned procedures, i.e. we can use the well established the-
ories and numerical procedures for solving separately the fluid and the cable equations.

The control A could be considered as the “mortar” which couples the fluid equations
with the cable equations. The Mortar Method was introduced in [5].

Using the arbitrary lagrangian eulerian coordinates, we have transformed a free
boundary problem in a optimal control problem. Consequently, we have studied our
problem in Sobolev spaces which are more attractive than working with shape topologies.

Other positive consequence, from the numerical point of view this time, is the fol-
lowing: we can use a fixed mesh for solving the fluid equations by the Finite Element
Method.
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Chapter 2

Sensitivity and approximation of
coupled fluid-structure equations by
the Virtual Control Method

This chapter is based on the paper:

C.M. Murea, C. Vazquez, Sensitivity and approximation of coupled fluid-structure
equations by the virtual control method, Appl. Math. Optim., 52 (2005), no. 2, pp.
183-218.

Abstract. The formulation of a particular fluid-structure interaction as
an optimal control problem is the departure point of this work. The con-
trol is the vertical component of the force acting on the interface and the
observation is the vertical component of the velocity of the fluid on the in-
terface. This approach permits to solve the coupled fluid-structure problem
by partitioned procedures.

The analytic expression for the gradient of the cost function is obtained in
order to devise accurate numerical methods for the minimization problem.

Numerical results arising from blood flow in arteries are presented. To solve
numerically the optimal control problem, we use a quasi Newton method
which employs the analytic gradient of the cost function and the approxima-
tion of the inverse Hessian is updated by the Broyden, Fletcher, Goldforb,
Shano (BFGS) scheme.

2.1 Introduction

In this paper we consider a variable bounded domain which is occupied by a steady
newtonian incompressible creeping fluid. The boundary can be decomposed into a rigid
part and an elastic part.

49
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The mathematical model which governs the fluid is based on a steady Stokes equation
while the deformation of the elastic part of the boundary verifies a particular beam
equation without shearing stress. Therefore the solution of the model consists of the
determination of the elastic boundary displacement and the computation of the velocity
and the pressure in the fluid domain.

In a first sense, the physical problem is related with those treated in fluid-structure
interaction literature but the vibration approach is not considered here.[30] In other
sense, the asymptotic limit when the fluid domain width tends to zero can be modeled
by a one-dimensional approach of Stokes equation, i.e. Reynolds equation, widely used
in lubrication theory.|3]

On the other hand, if we think about the elastic boundary as part of the boundary of
a two-dimensional domain which is unknown a priori, then the problem can be framed
as a free boundary like problem. The free boundary aspect of the model motivates the
need of two coupling boundary conditions: continuity of the velocity and of the stresses
across the interface fluid-structure.

This kind of problem is of considerable interest in biomechanics (the simulation of
blood flow in large arteries, [29], [17], [33], [8], [18], [38]), in acroelasticity (fluttering of
wings, [13], [14], [35], [36]), in cars industry (design of hydraulic shock absorber, [26]).

The existence results for the fluid-structure interaction can be found in [21], [23], [2]
for the steady case and in [22], [12], [4] for the unsteady case.

Sensitivity analysis of a coupled fluid-structure system was investigated in [15].

The most frequently, the fluid-structure interaction problems are solved numerically
by partitioned procedures, i.e. the fluid and the structure equations are solved sepa-
rately, which allows to use the existing solvers for each sub-problem.

There are different strategies to discretise in time the unsteady fluid-structure inter-
action problem. A family of explicit algorithms known also as staggered was successfully
employed for the aeroelastic applications.[13] Their stability properties were studied in
[35] and [36]. For the stability reason, a very small time step is necessary.

As it shown in [26] and [33], the staggered algorithms are unstable when the structure
is light and its density is comparable to that of its fluid. In order to obtain uncondition-
ally stable algorithms, at each time step we have to solve a non-linear fluid-structure
coupled system. This can be done using fixed point strategies with eventually a relax-
ation parameter, but it has slow convergence rate [26], [33], [17]. The convergence can
be accelerated using Aitken’s method [18] or transpiration condition [11].

Other way to accelerate the convergence is to use methods which employ the deriva-
tive. In [40] a block Newton algorithm was used where the derivative of the operators are
approached by finite differences. Good convergence rate was obtained in [18] where the
derivative of the operator was replaced by a much simpler operator. The block Schur-
Newton method is proposed in [16] where the derivatives of the fluid and structure
operators with respect to the state variables were computed exactly, but this algorithm
has not been implemented yet.
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In a previous work, a three-dimensional fluid-structure interaction was formulated
as an optimal control system, where the control is the force acting on the interface
and the observation is the velocity of the fluid on the interface.[32] The fluid equations
were solved taking into account a given surface force on the interface. The existence of
an optimal control was proved. We have to precise that the fluid-structure interaction
problem and its optimal control version are not equivalent.

In this work, a two-dimensional steady state fluid-structure coupled problem is ap-
proximated by an optimal control system, where the control is the vertical component
of the force acting on the interface and the observation is the vertical component of the
velocity of the fluid on the interface. The control approach permits to solve the coupled
fluid-structure problem by partitioned procedures.

The analytic computation of the gradient for the cost function is one of the main
goals of this work in order to apply accurate numerical methods. Moreover, from the
theoretical viewpoint, the optimality conditions can be written in terms of this analytic
expression of the gradient. In fact, although the analytic formula for the gradient
involves the solution of several auxiliary problems, the alternative use of finite difference
approximations for the derivatives introduces truncation errors and it is potentially much
more sensitive to ill-conditioning of the state equations.[27]

The aims of this paper are: to analyse the behavior of the fluid and structure sub-
problems under the variation of the force acting on the interface, to prove the differen-
tiability of the cost function and to present numerical results arising from blood flow
in arteries. To solve numerically the optimal control problem, we use a quasi Newton
method which employs the analytic gradient of the cost function and the approximation
of the inverse Hessian is updated by the Broyden, Fletcher, Goldforb, Shano (BFGS)
scheme. This algorithm is faster than fixed point with relaxation or block Newton
methods.

In Section 2 the particular fluid-structure problem is presented, related notations are
introduced and the associated optimal control problem is briefly posed. In Section 3 the
weak formulation of the structure equations is analysed and we precise the set of admis-
sible controls. For a given structure displacement, the mixed formulations governing the
fluid velocity and pressure are posed in the eulerian and arbitrary lagrangian eulerian
coordinates in Sections 4 and 5, respectively. In these arbitrary lagrangian eulerian co-
ordinates the optimal control system is detailed in Section 6. Next, the continuity and
the differentiability of the cost function are proved in the Section 7 and 8. Moreover, the
exact expression of the cost function gradient is obtained. In Section 9 we present an
interesting application to blood flow simulation in medium vessels. For this, particular
methods to solve the structure and fluid equations as well as specific algorithms for the
discrete optimization problem are proposed. Some numerical results for real data are
presented and discussed. The last section is devoted to some concluding remarks.
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2.2 Presentation of the problem

In order to pose the equations for the model let us introduce some mathematical nota-
tions. Let L and H be two positive constants. We introduce the classical Sobolev space
U = HZ(0,L) and the sets (see the Figure 2.1):

QF = (0,L) x (0,H), To=(0,L)x {H}, Si=1{0}x/(0,H)
ZQZ(O,L)X{O}, EgZ{L}X(O,H)7 2221USQU23

T 1—\0 -
Ly

o OF o8
) 1

Figure 2.1: Sets appearing in the fluid-structure problem

As we have the continuous and compact inclusion of HZ (0, L) C C' (0, L) then for
each u € U we denote by v’ its derivative (in fact it is a classical derivative) and by u'’
its second (weak) derivative. For a given e € (0, H) we define the set

0,
1 € [(LL]}.

Uy = {uelU;u(0)=u(L)=1u4(0)=1u'(L)
JEu(wy) doy =0, H+u(z) > e, Va

Moreover, for each u € Uy,q, we introduce the notations (see the Figure 2.1)

QF = {(z1,22) € R 21 € (0,L),0<z9 < H+u(z1)},
r, = {(1’1,1’2) cR* x; € (0,L), x5 = H—i—u(xl)}.
In view of the definition of the U,4, the two-dimensional domain occupied by the

fluid is QF, the elastic interface between fluid and structure is the free boundary T,
while X represents the rigid boundary.
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We suppose that the fluid is governed by the steady Stokes equations, while the
deformation of the elastic part of the boundary verifies a particular beam equation
without shearing stress.[5] We consider that the structure is a beam of axis parallel to
Oz with constant thickness h. We assume that the displacement of the beam is normal
to its axis.

The problem is to find:

e v : [0, L] — R the displacement of the structure,
o v=(v,v9)" : QF — R? the velocity of the fluid and

e p: QF — R the pressure of the fluid,

such that

BIu"(m) = = (0" e2) iy VI+ @@+ @) (21)
w(0) = w(l)=d (0)=d"(L)=0 (2.2)

L
/u(:vl)dzl =0 (2.3)

0
e < inf {H+4u(z)} (2.4)

CC1€[07L]

—puAv+Vp = I in QF (2.5)
dive = 0, inQF (2.6)
v = g, onx (2.7)
v = 0, only, (2.8)

where

o K] = El—}; is rigidity to bending modulus of the structure, £ is the Young modulus,
h is the thickness.

e f9:(0,L) — R are the averaged volume forces of the structure, in general the
gravity forces and in this case we have f°(z1) = —gop”h, where g is the gravity,
p° is the density of the structure,

e 1> 0 is the viscosity of the fluid,

o I = (fF, 5T . QF — R? are the volume forces of the fluid, in general the
gravity forces,

e g =(g1,92)" : ¥ — R? is the imposed velocity profile of the fluid on the rigid
boundary, such that

/Eg-ndazo (2.9)
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o o' = —pl+ypu (Vv + VUT) is the stress tensor of the fluid,
e n = (ny,ny)" the unit outward normal vector to QL
e ¢, = (0,1)7 is the unit vector in the z, direction.

The incompressibility of the fluid (2.6) states that the volume of the fluid is conserved
or equivalently fOL u(xy) dzy is constant. Without loss of generality, we assume that this
constant is zero and we obtain the condition (2.3).

The inequality (2.4) implies that the fluid domain is connected. The constant e has
not a physical meaning.

The system (2.1)-(2.8) is a coupled fluid-structure problem.

The displacement of the structure depends on the vertical component of the stresses
exerced by the fluid on the interface (equation 2.1). This cames from the continuity of
the stresses across the interface.

The movement of the structure changes the domain where the fluid equations must
be solved (equations 2.5,2.6). Also, on the interface we have to impose the equality
between the fluid and structure velocity (equation 2.8).

We shall introduce the control approach.
Let A : (0, L) — R be the control function.
The displacement of the structure is computed by

ETu" (1) = —A(x1) + f5(z1), Vay € (0,L)

with boundary conditions (2.2), such that (2.3) and (2.4) hold.

We can compute the velocity and the pressure of the fluid as the solution of the
equations (2.5), (2.6) with boundary conditions on the rigid boundary (2.7) together
with boundary conditions on the interface: v; = 0 and

F
(c"n- 62)(x1,H+u(m1)) = , Vxp € (0,L).

The control problem is to find X, such that vo =0 on I',.

As we use the value —\ for the applied stresses in the equations of the structure and
we take the value ) in the equations of the fluid, the continuity of the stresses across
the interface is strongly accomplished.

In the following, the boundary condition vy, = 0 is treated by the Least Square
Method and we obtain the optimal control problem

i 5 [lear |
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The control A and the cost function are “virtual”. The idea of Virtual Control which
leads to Domain Decomposition Methods was presented in [28] and in the references
given there.

Next, we shall precise the regularity of the control which is linked to the equivalence
or not-equivalence between the fluid-structure equations (2.1)—(2.8) and its optimal
control version.

If the system of fluid-structure equations (2.1)—(2.8) has a strong solution u €

HY0,L), v € (H? (Qf))2 and p € H' (), then the control given by the relation

~

A(z1) = (UFn ' 62)(:01,H+u(:c1)) 1+ (UI(xl))Q

belongs to L?(0,L). In fact, the control is even smoother. In this case, the system
(2.1)~(2.8) is equivalent to the control problem. So, there exists A € L2(0, L) such that
var, = 0. In [4] the existence of a strong solution was proved for a related problem.

If the system of fluid-structure equations (2.1)—(2.8) has only a week solution u €
H?*(0,L), v e (H (Qf))2 and p € L? (QF), then A is well defined in a space like the dual
of Héf(o, L), which is larger than L?*(0, L). In this case, the optimal control problem

nf 1 2
XGLI?(O,L) 2 o

has not solution, so it is not equivalent to the fluid-structure equations (2.1)—(2.8). Using

the density of L?*(0, L) in the dual of HééQ(O, L), we could prove that inf 1 ||var, H2 =0

for \ € L?(0, L), but this aspect will not study here.

The existence of a weak solution was proved in [21] and [2] for a two-dimensional
steady state fluid-structure interaction problem, in [23] for a three-dimensional steady
state, in [22] and [12] for an unsteady state.

In the following, we shall take \ in L?(0, L) because it is simpler to approximate
than the dual of Hy,*(0, L).

2.3 Weak formulation for the structure equations

In this paragraph we present the weak formulation for the structure equations. We have
assumed that the structure is governed by a classical beam equations without shearing
stress.[5]

So, for a given F1 € R’ which is the rigidity to bending modulus of the structure,
we define the bilinear form

asiUXU — R

((ZS?w) = ag (QS,w):E]/O ¢//($1) W'(m) dry . (210)
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The bilinear form ag is evidently symmetric and continuous. In addition, applying
the Poincaré inequality (see [10] vol. 3, chap. IV, p. 920), we obtain that ag is U-
elliptic. Moreover, let U’ be the dual of U. We denote by (-, ), the duality pairing
between U’ and U. A simple consequence of the Lax-Milgram Theorem (see [10] vol. 4,
chap. VII, p. 1217) leads to the following result:

Proposition 2.1 Let f* € U' andn € L?(0,L). Then, the problem:
Find uw € U such that

os (0,0) = [ 06 (@) des+ (510, VU @11)

has a unique solution. Moreover the solution u € C*([0, L]) and we have the L>(0, L)
estimate:

lull ooy < Cllnll20,zy + Co |7

where Cy and Cy are constants.

Ul

When the data and the solution are smooth enough the solution u verifies the strong
formulation given by:

EIu™ xl) — 77(3;1) —}-fs(ajl), Vo, € (O,L)

u(0) uw'(0) =0,
u(L) = J/(L)=0.

Remark 2.1 The physical meaning of f° is that of an external force applied to the
elastic structure. For example, the consideration of an harmonic expression for f*°
would lead to an harmonic response of the fluid-structure device.  Also, the gravity
forces are included in f°. In the coupled model, n is associated to the fluid forces acting
on the structure.

In order to obtain a fluid domain with constant volume, we have to impose some

condition to . We denote by LZ(0, L) = {77 e L*(0, L); fOLn(xl) dry = 0}.
Proposition 2.2 Let f5 € U' andn € L% (0,L).

i) Then there exist an unique u € U, such that fOLu(xl) dx; = 0 and an unique
constant ¢ € R solutions of

s (u0) = [ (e + )0 (@) dea 4 (f50),, WOCU (212

i) Let ug € U, such that fOL updry = 0 and cy € R are the solution of

L
as (0, 1) :co/o U (@) day + (50, VOEU (2.13)
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and u, € U, such that fOL u,dry =0 and £(n) € R are the solution of

as ) = [ (o) + )b ) ey o €U 211)
Then, w = ug + u,, ¢ = ¢y +£(n) and the applications
neLy0,L)— u, €U, neL2(0,L)— {(n) R
are linear and continuous.

Proof. i) Ezistence. From the Proposition 2.1, there exist uy, us, u3 € U solutions of

as (u1,) = <fs ¢>U, Vo €U
as (ug, ) = fo Y (x)dey Y €U
as (uz,¥) = fo (1) d:z:l Vi € U

From the third equation and using that ag is elliptic, we obtain
L
0 < ag (us,uz) = / ug (1) dx;.
0

We search ¢ € R and u = u; + uy + ¢ - ug such that fo u (x1) dry = 0 or equivalently

fOL(ul + ug)dxy
fOL U3dflf1 '

c=—

Uniqueness. Let u;, ¢;, i = 1,2 be two solutions of (2.12), such that fOL u; dry = 0.
By subtracting, we obtain

L
ag (u; — ug, ¥) = (¢ — 02)/ Y (1) dry, VY eU
0

and after the substitution ¢ = u; — uy it follows
L
ag (u; — ug, uy — ug) = (¢1 — 02)/ (up — ug)dz;.
0

But fOL(ul — uy)dxy = 0, then ag (u1 — ug, u; — uy) = 0 and consequently u; = us.
It follows that

L
0:(61—02)/ U (1) dry, VY eU
0

then ¢; = ¢s.
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ii) From (2.13) and (2.14), we obtain that uo + w, € U such that fOL uy + Uy dry = 0
and ¢o + £(n) € R are solutions of

L
as (up + uy, V) = /0 (n(21) + co + £(n)) ¥ (x1) dwy + <fs7¢>U',U VY evu.

From the uniqueness proved at the point ¢), it follows that v = ug+w, and ¢ = co+4(n).
It is easy to see that the applications 1 +— w, and n — £(n) are linear. It remains to
prove the continuity:.
We replace ¢ = u, in (2.14) and using fOL u,dzy; = 0, we obtain

05 (i ) = / (1 (1) + 0(0)) g (1) dlry = / 0 (1) wy (21) diy.

But ag is elliptic and using the Cauchy-Schwartz inequality, we have

2
[unlly; < C ”77”L2(0,L) ’|U77||L2(0,L) <C ||77”L2(0,L) [l

which proves the continuity of n — w,,.
From (2.14), we have

L L
() /0 b dar = as (uy, ) — /0 mbdzy, V€ U.

We take ¢y € U such that fOL Yodx1 > 0 in the above equality. From the continuity
of ag, n +— w, and using the Cauchy-Schwartz inequality, we obtain that n — £(n) is
continuous. O

Remark 2.2 We obtain a displacement u such that fOLudxl = 0 if and only if the
forces acting on the interface have the form n+ co + €(n), where n € L3(0, L).

In order to obtain a connected fluid domain, we must impose some condition on f*
and 7).
Let us denote by S : L? (0, L) — U the map

S(n) =u, (2.15)

where u is the unique solution of (2.11).
We define the admissible set for the forces induced by the fluid

Foa =S Usg) -
Let ug € U, such that fOL updry = 0 and ¢ € R solutions of (2.13). We assume that
Ol ||CO||L2(07L) + 02 HfSHU/ < H —€

consequently [[ugl| ooy < H —e.
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Proposition 2.3 i) The set F,q is convex and closed in L* (0, L).
i) If ol poo(o.0) < H — €, then Foq is non empty.

Proof. i) The set U,y is convex and closed in U. The application S is continuous and
affine. Consequently, F,4 is convex and closed.

ii) We use the same notations as in the Proposition 2.2 part 7i). From the continuity
at n = 0 of the linear function 7 — £(n), for small [|n| 2 ;) we obtain || e 1) <
H — e — [[uoll po(g,)- S0, if We set u = ug + u,, we have

<

lullpeory < Mol Looo,ny + llunll e 0.1

< ||u0||L°°(O7L) +H—e— ”UOHLoo(o,L) =H—e,

which implies that H + u(x1) > e, Vz; € [0, L]. From the Proposition 2.2 we have that
u =S8+ co+ £(n)) verifies fOLu(:El) dz; = 0. Consequently, for small |92 ), we
have n+ ¢y +4(n) € Fog. O

2.4 Mixed formulation in variable fluid domain

For each 1 € F,q4, let u be the solution of the equation (2.11) and let Q" be the domain
occupied by the fluid.

In view of the properties of the inclusion HZ (0, L) in C* (0, L) then the elastic bound-
ary I', is Lipschitz, so we can define the trace space H'/?(T',). Moreover, from a clas-
sical result Theorem 2 in Vol. 6, p. 652 [10], the trace function mapping H* (Qf ) into
H'/2(T,) is continuous and onto.

In order to establish the variational formulation and the model for the u-dependent
problem in the u-dependent fluid domain let us consider the following Hilbert spaces:

W, = {w € (H1 (Qf))Q, wy = 0 on 9N wy =0 onf},
Q. = L*(Qf).
We introduce in (H ! (Qf ))2 the divergence operator

8w1 8w2

2
Go o W= (wnw) € (H'(2D)°

divw =

Next straightforward lemma states an important property of this operator.
Lemma 2.1 For all u in Uy, the operator div mapping W, into QQ, is onto.

This result is standard for the homogenous Dirichlet boundary condition on the
o0 [19]
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For the mixed boundary condition (Dirichlet on ¥ and Neumann on I',) and for an
exterior domain (the complement of a compact set), the proof of this kind of result could
be found in [32]. The proof remains valid in our case when the domain is bounded.

We denote by p > 0 the viscosity of the fluid and by e(v) = (e;(v)) the

1<4,5<2
symmetric part of the deformation rate tensor, where €;;(v) = <g;l + 81)]) Next, let

us consider the maps
pUxW,xW, — R
(u,v,w) — ap (u,v,w) =2 Z/ €ij(v)ej(w) de (2.16)

1,j=1

and
bp: UxW,xQ, — R

(u,w,q) — bp (u,w,q) = — /QF (div w) g dz. (2.17)

The properties of the previous maps lead to the existence and uniqueness result [19]:

Proposition 2.4 For all u in Uyg and X in L*(T',), the problem:
Find (v, p) € W, x Q,, such that

2
ap (u,v,w)+bp (u,w,p) = 2::/525 fFw; do + /Fu Awy do, Yw € W, (2.18)
bF (U,U,Q) = 07 Vq € Qu

has a unique solution.

Remark 2.3 The system (2.18) represents a mized formulation for the Stokes equa-

tions:
—puAv+Vp = fF in QF

dive = 0 in QF

v = 0 on X

(UF n) e = A on I,
vy = 0 on T,

where p s the viscosz'ty of the fluid, v and p rep'resent the velocity and the pressure of the
fluid, f¥ = (f1 o ) € R? are the gravity forces, o = —pI+2ue(v) is the stress tensor
of the fluid, n is the unit outward normal vector to Fu, ex = (0, 1)T is the unit vector in
the xo direction, X is the vertical component of the surface forces on the elastic boundary
I'y,. We have a Dirichlet homogeneous boundary condition on the rigid boundary X and
on the elastic boundary I',, we have a Neumann and a Dirichlet boundary conditions.
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The equilibrium of the physical situation, corresponding to a fluid which occupies a
two-dimensional region whose boundary contains an elastic part, is based on the balance
of velocity and normal forces in that boundary. In our approach to this particular fluid-
structure model both balances are obtained in an optimal control problem setting. One
of the first difficulties of this formulation is the u-dependence of the fluid domain. To
overcome this problem in next section we propose an equivalent mixed formulation
problem in a fixed domain but with u-dependent coefficients.

2.5 Mixed formulation for the fluid equations in a
fixed domain

In order to obtain the mixed formulation for the fluid equations in a fixed domain, the
arbitrary lagrangian eulerian coordinates have been used. For this formulation in a fixed
domain we obtain the existence of the solution.

For each v € U be given, let us consider the following one-to-one continuous differ-
entiable transformation:

- L o _H )
T,:QF = QF (7,,%3) — T, (T1,79) = (xl, ++(xl)x2) (2.19)
which admits the continuous differentiable inverse mapping
—_— - Hl’g
T QF - QF (x,22) — T (21, 20) = [ 27, ———— 2.20
u u 7N (1 2) u (1 2) 1H+U(SL’1> ( )

and verifies that T,, (Qf) = QF, T,, (Ty) =T, and T,, () = 7, VZ € ©. Weset z = T, (T)
for each z = (z1,75) € QF and 7 = (21, 72) € Q. We note 0 = T, (7) for each o € T,
and o € I'y.

Moreover, we denote by

~ 0
VT, (z) = < W@~ Htu() )
T

0
V(T ") (x) = ( _u'(xll)Hzg H )

(H+u(e1))®  Htu(e)

the jacobian matrices of the transformations T, and T, ' respectively. As usual for a
given square matrix A, we denote by det (A), A~ AT, cof (A) the determinant, the
inverse, the transpose and the cofactor matrix, respectively. We have

(VL) (@) = V(T,") (2) = V(I,") (Tu(@))

u u

and
cof (VT,(7)) = det (VT,(@)) (VT.(2) )"

Associated with the transformation T, we state the following useful lemma.
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Lemma 2.2 We have:

1. A function ¢ belongs to L* (Qf) if and only if the function (E = ¢oT, belongs to
L' (QF). Moreover, in this case we have

, (z) de = Qﬁ@)det(vn@))dfa (2.21)

2. A function ¢ belongs to L' (T',) if and only if the function qg = ¢ o T, belongs to
L' (Ty). Moreover, in this case we have

: ¢ (o) do = : ¢ (7) @, () do (2.22)

where W, (0) is given by
Wy (0) = [|cof (VT (7)) 72 (7)o (2.23)
with n (o) being the unit outward normal vector to T'y in 0.

3. A function ¢ belongs to H* (Qf) if and only if the function (;AS = ¢ oT, belongs to
H' (). Moreover, we have

99 (g 1T % (3
<%i( )):«vm— ) (8_¢ ﬂﬁ) 224

The first and second assertions of the above lemma follow from the well-known trans-
port theorems in continuum mechanics.[20] The third part of the lemma is a consequence
of basic results for Sobolev spaces [1] and the chain rule.

In our case, we have

 H+u(n)

S By (@ H) = 1+ (@)

det (VT (Z))
We denote by
R 1 0 s11(Z)  s12(7)
VTu ! - —u'(Z1)T = 1 A~ 12 ~
( ) (:E) ( ( 1)12 H_ ) ( 821(33) 822(x)
and as a consequence of the above Lemma, we have

(B B0 (28 20) (28 =0)

Ox1 Oxo o071 0T
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In order to pose the variational formulation in the reference configuration let us
consider the following Hilbert spaces:

W = {@E (H' (Qg))z; w; =0 on 8Qg,@2200n§}
Q = I*(%)
equipped with their usual inner products.

We introduce the forms

aF:UadX/WXWHR /b\F:L{adXWXQHR
defined by

~ ~ A 9% 9%

ap (U v, ’LU = 2# fQF [(82 S11 + 8901 821> <87w11811 + %Sm)

41 (Prg, 4 Og,, 4 g 4 g 001 515 + O gyy 4 D2, 4 Oz g
2\ 973, 12 85 22 85 11 8:(: 21 855 12 a’* 22 855 11 a’* 21

N <av2 4 322) <g_;12812 n %322)] det (VT, (z)) dZ

2 Jv; Ow;
—9 0. Uit ol 2.25
a , Z /QF et (u.%) Oy, Iz, ( )
Zv.]’k7€:1 0
bp (u,w,q) = — ng (2;1311 + aZl So1 + am s12 + 3; 322) q det (VT, (z)) dx
01 H+u(x o1 ' (x1)x D) ~
= Jor (G g vEIn | ) Gag (2.26)

Let us consider ]?F (u) € W' defined for all @ in W by
2
<f (u) ,w>/W/W = ; or fiw;det (VT, (Z)) dx
2 ~
H
— Z ff@m d7.
— Jar H
Proposition 2.5 For all u in U,q and X in L2 (Ty), the problem:
Find (v, p) € W x Q such that
ar (u,0,0) + bp (u, @,9) = <fF(u) @> v | Ny o,V e W
R i - (2.27)
bF (U,i)\, Z]\) = OaVZ]\G Q

has a unique solution.

The problem (2.27) is obtained from (2.18) and reversely by using the one-to-one
transformations T, and T, '. We have v =voT,, p=poT, and = Wy (Ao T,,), where
Wy is given by the formula (2.23). Therefore, the Proposition 2.5 is a consequence of the
Proposition 2.4.
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2.6 Optimal control setting

Let us consider the space M = L? (I'p). Next, we introduce the two linear and bounded

operators -
Ag: U = U’ Cs:M—U

defined by
<AS¢7 w>U’,U = as (¢7 w) Vo, e U (2‘28)

L
<CS>\,¢> _ / N (e, H)ddey  Yae M, Vel
0

uu

where ag is defined by (2.10).
In terms of the operators defined by (2.28), equation (2.11) is posed in the form

Agu(R) = —Cs X+ f9

A~

which points out that the displacement of the structure u <)\> depends on the forces N

For each u in U,,4, there exist three linear bounded operators
Ap (u) : W — W', BF(U)Z/WH@,, CF:J/\/[\HW’
given by
(Ap ()0, D) = Gr(w,0,@), V0,5 €W
(Br (W)@, Qg5 = br(u@,q), VoeWVieQ
<CFX,w>W/W —~ /FO Ny d5, VA€ M, Vi e W. (2.29)

So, the system (2.27) can be rewritten with operator notation in the form:
For u € Uyg and A € M given, find v (u,/):) €W and ﬁ(u,/):) € Q such that

Ap ()0 (u A +B;(u)ﬁ(u,x) — FF(u)+CpA in W'

~ ~ (2.30)
Br (u)v (u, A =0 in Q'
or in an equivalent matrix notation as
Ap(w) By () [ OLwA) ) (FF )+ Cp
~ = (2.31)
Br (u) 0 P (u,\ 0
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where B} (u) is the adjoint operator of Bp (u).

In the next paragraph the fluid-structure coupled problem will be modeled by an
optimal control system.

For each v € W we denote by v, the trace on I'y of ¥ and we denote by |-, the

usual norm in L? (T'y). We denote by J : W — R, the function defined by
7 (@) = 5 | @anall,
Moreover, let 7 : Foq — R be the function defined by
$(3) =1 (5 (u(3).5)) 22)
We pose the following optimal control problem (P):
inf j (X)

subject to the conditions:

1. e Fud

2. u <X) € U,, such that

Agu (X) — —Csh+ fS (2.33)
3. ﬁ(u(X),X) € /W, ﬁ(u():),/):) € @ such that

Ap (u(X B?“(“(X)) uX).A :<J?F(U)+CFX) (2.34)
Br (u(X 0 ! o

Therefore, the previous formulation corresponds to an optimal control problem with

Neumann like boundary control (A) and Dirichlet like boundary observation (Vo).
Moreover, the control appears also in the coefficients of the fluid equations (2.34) as it

happens in some optimal design problems.[37], [41] The condition A € F,4 represents

<)

~\ o~

u{ ), A

)

the control constraint, while the state constraint is given by the fact that u NEE Uug.

This mathematical formulation provides an interesting tool for the numerical ap-
proximation of the a priori fluid-structure coupled problem in an uncoupled way. That
is, the structure equations represented by the first two conditions and the fluid equations
(2.34) can be solved separately in an iterative process.

As we mentioned in the second section, on the interface we have two boundary con-
ditions: equality of the fluid and structure velocities (which is a Dirichlet like boundary
condition) and equality of the stresses (which is a Neumann like boundary condition).
In our approach we pursue both coupling conditions in the iterative algorithm:
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e Step 1. We start with a guess for the forces X on the interface.
e Step 2: The displacement <X> of the structure can be computed by (2.33).

e Step 3: Once the coefficients of the equations (2.34) have been obtained, we can
compute the velocity and the pressure of the fluid as the solution of the weak
mixed formulation on the fixed domain (2.34).

e Step 4: Update X in order to minimize the cost function J.

Remark 2.4 As we use the value )\ for the forces on 'y in the equations of the struc-
ture and we take the value X in the equations of the fluid, the Neumann like boundary
condition is strongly accomplished. The Dirichlet like boundary condition Vyr, = 0 is
approached by a Least Square formulation posed in terms of the minimization problem

NP BTN
inf 3 [[r, o,

2.7 Continuity of the cost function

In this subsection, we shall prove that the cost function j is continuous.
The cost function is the composition of the following functions:

Xe]—“ad — u</):)€ Uad,
<u,X>€ UadXM\ — ﬁ(u,X)E/V[?,
TeW — J (w) € R.

The first and the third are continuous, evidently. Next, by using the Implicit Func-
tion Theorem (see the Appendix), we shall prove that the second one is continuous
too.

We define

U = {uelU;u(0)=u(L)=1u(0)=u (L) =0,
H+u(x) >0,V €0,L]}, (2.35)

so that U,y CU C U and U is an open set of U.

—

Let us consider the function A : <J\//T X L{) X <W X @) S W x CA)’ defined by

B (@), (@) = (Ar ()@ + B (u) G — ¥ () = Cefl, By (u) @)
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Next we apply Theorem 2.4 (see the Appendix) for the case

— —

MxLIxWx)@,

We have that h (zg,yo) = 0. According to the Proposition 2.5 and in view of the
identities (2.30) and (2.31), we have that

S ((p0). (2.9 - ( B ) e £(Wx Q.= Q)

is invertible.
In view of the Remark 2.6 (see the Appendix), it remains to verify that h and g—;‘

are continuous in (zg, yo).

Proposition 2.6 Let u be in U,y. We have
lim [ Ar (u) = Ap (@] (w5 =0, (2.36)

lu—2ll;—0

lim ||Br (u) = B (@) ,(w 5) = 0, (2.37)

lu—wl[;—0

lim[|B (u) — Bj (1)

lu—ally;—0

where ||-||; is the norm of the Sobolev space U = H§ (0, L).

Proof. We have that
<AF (u) @\7 @> = AF (u> 67 {l})

where ap is defined by (2.25).
Next, by using the elementary integral calculus results, we obtain

/ u' (s)ds §/ |u' (s)]ds
0 0
1/2

/OL\u’ (s)|ds < (/OL ! (3)\2ds) < lull, (2.39)

/ u” (s)ds
0

< / " (s)] ds
0
1/2

/OL u” (s)]ds < (/OL |u” ($)|2ds) < lully, - (2.40)

ju(@)] =

IN

and analogously

ju’ (21)] =

IN
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Since the coefficients of the bilinear form a (u,-, ) are continuous with respect to
u, v’ and thanks to above inequalities, we obtain that there exists a constant C; ()

depending only upon the shape of the domain Qf', such that for all ¥ and @ in W, we
have
ar (u—1,0,0) < C1 () llu =l 0llz 19y -

It was essential for obtaining the above estimation the fact that the domain QF is
bounded!

It follows that
de

|Ar () = Ar @l s ((Ar ()~ Ar (@)7,)

0l <1ll@llg <1

= swp ar(w—709,0) < C () [u—l, .
Pl <1,l|@]l <1

which proves the relation (2.36).
Analogously, we obtain the two other relations which complete the proof. O

Proposition 2.7 The function
u € Uy r—>fAF(u) cw
18 continuous.

Proof. We have

|7 - 77 @)| = oo |3 Z FF (0 — ) (1) @ dF
< Hu—ﬂHU”S@tﬁgl <Z/ Iwzldas>
< fu—l, Z/A

and the conclusion holds. O

Corollary 2.1 The functwn from G toL <W X Q W' x Q) is continuous on G.

Corollary 2.2 The functions
(u,w) € UadXﬁ/\I—>AF(u) eW
(u,w) € UadXW|—>BF(u) E@
(u,q) € UadXQ'_>BF (w)geWw

are continuous.
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Proof. Let @ and v be given in U,y and W respectively. We have

|Ar (u) @~ Ar (@) 2]
|Ar (u)@ = Ap () @+ Ar (@) & — Ar (1) 7,
4 (u) = Ap @ 7.7 19l + | 4r @] 7.7 19 — 01l

VANIVAN

From Proposition 2.6, we have

lim [ Ar (u) = Ap @] 7.5 = 0.

l[u—all;—0

Next, since ||@ — ¥||i — 0, we get that ||@]s is bounded and the proof is complete.
O

Corollary 2.3 The function h from G to W’ x @\’ is continuous on G.

All the hypotheses of the Theorem 2.4 (see the Appendix) hold, so the implicit
function 0 : M x U — W x Q given by

0 (i, u) = (v (u, 1), p (u, 1))
is continuous in (X,u </):>> Moreover, this result holds for each e M , such that
U (X) eu.

Therefore, we obtain that the cost function j defined in (2.32) is continuous on F,q4,
since it is the composition of three continuous functions.

2.8 Differentiability of the cost function

In this section we analyze the differentiability of the cost function as well as the expres-
sion of its gradient. We use the method of deformation of domains.[31], [7], [9]

In the four following lemmas, the differentiability of intermediate functions is estab-
lished. Moreover, the analytic formula for their derivatives is obtained.

We follow the notations introduced in the previous sections.

Lemma 2.3 The function J : W —R defined by

SO ST
T(@) =5 1@,

is Fréchet differentiable and

J (0)w = / ValWa do.
o
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Proof. The function @ —— fFo Voo do is linear and continuous, evidently. We shall
use the definition of the Fréchet differentiability detailed in the Appendix.

~ —~ 12 ~ 112 ~ o~ g~
| 3152215,y = 3 19215 1, — oy D202 0]

@]

lim(g_,o -
1,00

||w2||0 FO — lim ||u)2||0 T ||w2||0 g
2l @l g M@0 lloll, o 2

= llm@_,o

Since ||Wsllgp, < [|@[lor, and from the continuity of the trace operator defined on
H (QF), we have

Jalor,  W@lor, _

||w”1 F N ||w||1 b

so the above limit is 0. O

Lemma 2.4 Let v, W be given in W and q in @ Then the functions from U, to R
defined by

are Fréchet differentiable on U,y and the derivatives have the forms:

darp PN B aakg ov; 8?1)]

m (u,v, W) = 2u Z / ¢0xk 7, dr (2.41)
1,5,k =1

bp B Y (31) 00 W (1) By O

5, (WD = o A 7, qdz e 0 X qdz.  (2.42)

Proof. In view of the identity (2.26), the function

A~

U HZF (U,’[E, q)

is affine. Using the inequalities (2.39) and (2.40), we get the continuity of this function.
Consequently, it is Fréchet differentiable.
But, for a linear and continuous function

uelUw f(u)eR
the Fréchet derivative has the form
frw)y=f@), Vi e U.

The above identity gives (2.42).
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Using the same method, we can get the Fréchet differentiability and derivatives for
all the terms of ap (u, v, w) which are affine with respect to w.
The only remaining point concerns the differentiability of the function

U s a;] ( ) avl aw]

dzx.
QF £ (%k (‘9@

where u € U — a7, (u,-) € L> (Qf') is nonlinear.
We apply the Theorem 2.7 concerning the differentiability of integrals with parameter

(see the Appendix) in the case O = QOF and

. 0v; OW;
~ i 7 ]
f (U7.I'> - ak,@( ) a.fl'fk a.fl'fg dz.

The uniform convergence is ensured due to the inequalities (2.39) and (2.40) and to the

compactness of the domain QOF.
The elementary rules for computing Fréchet derivative establish the identity (2.41),
which completes the proof. O

Lemma 2.5 The function
U € Uy »—>J?F(u) e W'

is Fréchet differentiable and the derivative DfF (u) € L <U, W’) has the form

(pFrwei)-3 [

Proof. The above function is affine and from the Proposition 2.7, it is continuous, then
it is Fréchet differentiable. O

sdr, YweW

Lemma 2.6 We have
a) the function from Uuq X M into W x @ defined by

(w3) — (7 (w3) .5 (3))
is Fréchet differentiable on Uyg X ]/\4\,

b) the derivative of the function

has the form
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Proof. a) Let \ be in Foa- We have that u (X) computed from (2.43) belongs to U,qy.
Let © <u (X) ,X) and p <u (X) ,X) be computed from (2.44).
We recall that U defined by (2.35) is an open set in U.

We apply the result concerning the differentiability of the implicit function (see the
Theorem 2.7 in the Appendix) in the case

X=MxUY=Z=WxQ UxW x0Q,

o= () O () q) (u(3) 3

for the function h : <J\/I\ X U) X (W X @) W' x @’ defined by

@>

Y
(w,

PG w) (@) = (Ap (w) @+ By (w) G~ J* (u) = Crfi, Br(u)@).

In Section 2.7, we have proved that all the hypotheses of the Theorem 2.4 hold for
the previous choice. It remains to show that % exists on G and it is continuous in
(20, Yo)-

In order to prove that We apply the Theorem 2.2 (see the Appendix). We have to
prove that the functions 2 o5 " and ah exist on G and they are continuous in (xg, yo).

But the function .

peM— h((pu),(0,7))
is linear and continuous. Its Fréchet derivative is

g—g (u) (@) = (—C,0).,

which is evidently continuous on G (because it is constant).

Next, we prove the similar result for %.

We obtain from the identities (2.41) and (2.42) that there exist three operators
thezqwc@ww
D@m)ec@jaﬁm)
D&@)eﬁ@ﬁﬁ@@w

such that
PPN dap
(DAp D)) @ = ZT (u7,)
o Db
(DBp (@) w) @ = = (u,@,7) ¥
b

((DBp (@) @) )T = 5= (u,8,3) ¥
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forallue U, 5,0 eW,geQand € U.

From the Lemma 2.4, we get that there exists a function w, such that
dap
ou

E1'\F (E_‘_w?fu\? Z/D) _aF (ﬂ7@\7 ,&7) - (Eab\v @)ZZ’ = H@Z’“UW(E,@\’ ﬁ?’?/})

or equivalently

(Ap (@ + )V, W) — (Ar (@)U, O)p 7 — (DAR (W) 0) $, W)

and
lim o (7,5,,0) =
In fact, we have that w converges to 0 uniformly with respect to ||wl[j < 1. More

precisely, we have: Ve > 0,36, > 0,V ||0|| < 1,V |lu — @], <0,
‘w (uﬂ]\?@?d}) —w (ﬂ7®\7 7177 ¢)| Se.

Then the function -
ur— Ap (u)v e W’

is Fréchet differentiable and its derivative is
DAp(W)T € L (U, /W) .
In a similar way, we obtain that the function
w— h (), (@,9) € W' x Q

is Fréchet differentiable and its derivative is

O (). (@.8) = (DAr ()@ + DB} ()7~ DI (u), DB (u))

Following an analogous argument as in the Proposition 2.6 and Corollary 2.2, we get
that the function aZ is continuous on G.
Now, we can apply the Theorem 2.7 (see the Appendix) and we obtain that the

implicit function 6 : MxU— W x Q, given by

0 (1, u) = (v (u, 1), p(u, 1)),

is Fréchet differentiable, which states the first part of this Lemma.

b) Next, from the identity Agu (X) = —Cg + f%, we have that the function
N u (X) is differentiable and u’ (X) = —Ag' Cs.
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By using the chain rule, the derivative of the function

has the form

(e () ) (3) 55 (« (3) ) = =8 (u (3) 3) s’ 5 (« (3) )

and the proof is complete. O
Now, we present the main result concerning the computation of the gradient for the
fluid-structure interaction problem.

Theorem 2.1 The cost function j deﬁned by (2.32) is Fréchet differentiable. Moreover,
we have forall X in Faa and forall i in M:

LI~ dap , . Obp, . Op, .\ g
frnd — R _ A
j <)\>u <6u (u,0,2) + 5 (u,z,p) + 5 (U,Uﬂ’)) 5 Csp

(A5'Cspt) (71) .p Oy [~
—/Qg I f -zdx—k/rowa(u )\),uda

where the displacement u is computed from
Agu=—Cg A+ f5, (2.43)
the velocity v and the pressure D of the fluid are computed as solution of
ar (u, 0, @) + bp (u, @,7) = <fF (u),@> v | N, do, Yo e W
R / To (2.44)
bF (U,i/\7 ZI\) = 07 VZ]\E Q>

the adjoint state Z and T are computed as solution of

ar (u,@,2) + bp (u, 0, 7) = /a@ Az, Voew
AF F - 2W2 i (2.45)
bF (u7A7 QA) = 07 V@E Q

ap <u g—g @X) 7, @) + Dy <u@ g—: (M) ﬁ) - / iy A5, Y% € W
A To
o (u% (u.3) ﬁ,a) — 0.ve0.
(2.46)
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Proof. According to the Lemma 2.3, Lemma 2.6 and the chain rule, we obtain that j
is differentiable and

()5 -

Our next objective is to evaluate the first term of the above sum.
For this, let (Z,7) be the solution of the adjoint system (2.45). Next, replacing w by

o <“ (X) ,/):) ' (X) [ in (2.45), we obtain:

ﬂ(())a(())(ﬂ“
:aF<u— A ﬁ2)+ ( u(X)m)
Next, if we derive the equations (2.27) with respect to u, we obtain
(w7 (03) ) s G (7 (13)9) 5 (w3) 0
#5 (mmp () v+ G (n@p (w5)) 5o (w3) 0
(0 (551)

= | U gF . GdE, YoeW, Vel (2.47)
QF H

and Vg € Q, Vb € U we have
P (5 (0,3).0) 0+ 22 (w5 (3) 1) L (wR) =0 (249

Now, replacing @ by Z in (2.47), ¢ by 7 in (2.48) and ¢ by Ag' Cspi in (2.47) and
(2.48), we obtain
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and
Be (w5 (u,2),7) A5'Csfi+ B (w5 (w, 1), 7) 2 (wX) A5 Csfi = 0. (250)
But the following functions
D ap (u,0,2), g bp(w,0,q), @ bp(u,@,7)
are linear and continuous. Consequently, they are differentiable and we have
ag; (u,@(u,X) ,z) <u )\) AS'Cspi = ap <u, g_a <u,/):) AS'Csi, /z\)
83—; (u,@(u,i) ,z) ( ) AG'Csti = < <u )\) (u )\) Ag C’g,u)
%3—5 (u,@(u, , ) <u )x) AG'Csti = b < u, 5 <u, A) A Csii, ?) . (2.51)

So, the identity (2.49) could be rewritten as follows
da RPN UA o % L
% <u, ! <u, A) ’Z> A Csfi+ap <U> 6_Z <U, >\> Ag' Cspi, z)

%%( 2ﬁ<u,§))A§leﬁl+3i (A 7 (), g; () 45" CSM)
QF

S 8’|3§

Q>|Q>
g

RS

>)

>)

=)
oy
gl

Since BF (u,i)\ (u,X) ,E[) = 0 for all g, it follows that
o ( A(u X) A) Ag'Csfi+ 2r ( 2,15@,&)) A Csii
— fQF Mﬂ? Zdr = —ap <u, a—ﬁ u,X) AS'Csii, /z\)
=ar (u, g—z <u,X> u’ <X> 1L, ?) i
Now, replacing the third equality of (2.51) in (2.50), we get
e 7 (u3) 7)Aot = i (w20 (1) A5 o )
= B (w5 (03) o' (%) 27)
which completes the computation of the first term of the gradient, i.e.
o (0 () ) 2 (4 () ) o (3)
(aAF (u,0,2) + abF (u,z,p) + abF (u, . r)) AS'Cspi

16]
(a5'c > di
_fﬂg 75#) ff-zdz.
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Our next goal is to compute the second term of the gradient.

§)- (e ) (9

is linear and continuous, therefore it is differentiable. Moreover, we have

The function

<)
£

X

)
£

o) -~ - ~
n u, H _ ( Ap (u) B} (U) ) ! ( OF,U )
% (w37 Br(u) 0 0o )

N

) >)

So, we can compute %—% <u, X) 1t by solving a Stokes problem which permits to compute
numerically the second term of the gradient and the proof is complete. O

2.9 Approximation and numerical results

In this Section we present a practical application of the optimal control algorithm pre-
sented in Section 2.6, having in view the computation of cost function gradient. For
this, we propose particular numerical approximation methods.

Let ¢; € L? (0, L) be some particular given functions and let o;; € R be the discret
controls to be identified, 1 < i < m.

From the Proposition 2.2, ii) there exist ug € U such that fOL uodr; =0 and ¢p € R

solutions of (2.13) and u; € U such that fOL u; drvy = 0 and ¢; € R solutions of

as (ui ) = /0 (61 (21) + ci) ¥ (1) dzs W € U, (2.52)

It was not necessary to have fOL ¢; (r1) dry = 0.

We take A(zy, H) = —co + 327, a; (—¢; (z1) — ¢;) in the equation (2.43) and we
obtain the displacement uv = wugy + Z:’;l o;u; such that fOL udry = 0. In other words,
Nz, H) = —co + Yo i (—¢i (1) — ¢;) is an admissible control if and only if the
displacement u = ug + >, | a;u,; verifies the condition (2.4).

With the notation

J(ay,...,op) =] <—Co +Zaz’ (=i (71) — Ci))



78 C.M. Murea and C. Vazquez

we have

- (al, e ,am) = j, (3\\ = —C + Zai (—Cbz (/.T\l) — Cl)> (—gbk — Ck)

=1

LU _aEF( 55 _aEF( 5.5
= 5y (Vs 2) Uk — — = (U, 2, D) up — - (U, U, T) i
ug (T1) ,p o /Aa@ N ~
+ —=f" -Zdr + Vo—= (u, A\ | (—or — ¢i) do,
/Qg 7 f L < )( bk — k)

where ¥ and p is the solution of (2.44), z and 7 is the solution of (2.45) and

%—%2 (u,X) (—¢r — ¢x) is the solution of (2.46) for @ = —¢y — c.

The problems (2.44), (2.45) and (2.46) represent weak forms of different Stokes
equations written in the reference domain Qf. We know that (2.44), for example, is
equivalent to (2.18) which represents a weak form of a Stokes equation written in the
real domain Q. For the approximation by Finite Elements Method, it is better to use
(2.18) instead of (2.44), because there exists a large literature concerning mixed form of
Stokes equations, see for example the standard works [19] and [6].

The function J is not defined in whole R™, but only for a = (aq,...,a,,) such
that the displacement u = ug + Y-, oyu; verifies the condition (2.4). If we ignore for
the moment this constraint, so that we can use quasi-Newton methods like Broyden,
Fletcher, Goldfarb, Shanno (BFGS) or Davidon, Fletcher, Powell (DFP) algorithms for

the minimization problem without constraints
inf J (aq,..., Q).

Constrained minimization algorithms like projected or penalization techniques can also
be used.

Among the wide variety of possible applications of the here presented control ap-
proach of fluid-structure problems, we are interested in simulating the blood flow through
medium vessels (arteries). The computation has been made in a domain of length
L = 3 ¢m and height H = 0.5 em which represents a half width of the vessel. In this
case, the fluid is the blood and the structure is the wall of the vessel.

The numerical values of the following physical parameters have been taken from [17].
The viscosity of the blood was taken to be u = 0.035 —Z-, its density p!" = 1 -Z;. The

cm-s” cm3

thickness of the vessel is h = 0.1 ¢m, the Young modulus E = 0.75-10° —7—, the density
p =11 5.

The gravitational acceleration is go = 981 73 and the averaged volume force of the
structure is f%(x1) = —gop°h.

On the rigid boundary, we impose the following boundary conditions:

_ ﬁ)
U1(5171,5172) = ( H? ‘fO? (x17x2) € 21 U 23
‘/07 (xlaxQ) € 22

Ug(:El,xQ) = O, ($1,$2) ex
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where Vy = 30 “2.[39] The volume force in fluid is ¥ = (0, —gop")”. Imposing non-
homogeneous Dirichlet boundary conditions for the velocity on the rigid boundary do
not change the formula to compute the gradient of the cost function, excepting the space
where we search the velocity ¥ in the problem (2.44).

Using the notations from the beginning of this section, we have ¢y = gop°h and
Ug = 0.

We take m = 4. Let § = (i—1)L/(m —1) for 1 < i < m. There exist ¢; polynomial
functions of degree 3, such that ¢;(§;) = d;;, where 9;; is the Kronecker’s symbol.

12

1 T - b4
08
06 -
04}
02 ,

ol

02 .

04 L L L L L
[ 05 1 15 2 25 3

Figure 2.2: The shape functions ¢; for the approximation of the control

Let wu;, ¢; be the solutions of (2.52). From the regularity of ¢;, we can use the
following strong formulation in order to compute u;, ¢;:

EI u;’”(ml) = ¢Z(ZL’1) + C;, Vxl c (O, L)
ui(0) = u(0) =0,

w(L) = ui(L)=0
fOL uz(xl) del = 0.

We have computed u;, ¢; exactly, using the software Mathematica. The displacements u;
are polynomial functions of degree 7. We could use alternatively finite elements shape
functions for ¢;, but in this case we should handle the weak formulation in order to
compute u; and c;.

For the fluid we have used a Mixed Finite Elements Method, P2 Lagrange triangles
for the velocity and P1 for the pressure [19], [6].

The numerical tests have been produced using freefem++ v1.27.[24] We have used
the BFGS algorithm for the minimization problem with the starting point o = 0 so that
in the first five iterations the cost function takes the values presented in Table 1.

After 5 iterations we have obtained

(aq, g, ag, ) = (13.81347223, 2.81316723, —2.64008687, —13.98655258)
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Iterations J

0 8.369704278
7.705856075
0.152977642
0.147957298
0.145206068
0.144683623

QY | WD —

Table 2.1: The cost function history

and the gradient of the cost function was
VJ = (0.000255, 0.004768, —0.020800, 0.009256)".

More iterations do not quantitatively change the values of «, the cost function and the
solution. The relative change in successive values of a evaluated in the norm ||-|| _ is less
than 0.02. The first four digits to the right of the decimal point of the cost function don’t
change after the fifth iteration. Ten iterations are required to achieve |V |, < 1076

Notice that the condition (2.4) was not violated.

In order to compute V.7 («), we have to solve the adjoint state problem (2.45) and
m linear systems (2.46) which have the same matrix. The linear systems were solved
by LU decomposition. We observe that (2.44) and (2.45) have the same left side, so
when we compute V.7 (a) we can use the same LU decomposition obtained computing
J(«). If we compute VT («) by the Finite Differences Method, we have to solve m
linear systems, but the matrices are different because u changes, so using the analytic
formula of the gradient is more advantageous.

~

Figure 2.3: The applied stresses —A = co+ >0 a; (¢ + ¢;) [dyn/em?] on the interface

2

We have obtained HX + ﬁ” = 0.002878, in other words, the vertical component
0,0

of the stresses exerced by the fluid on the interface depends on the pressure only, N~
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Piro- This is justified by the following result [34]: if v € (H? (Qf))Q, p € H' (),
v is constant on 'y, div v.= 0 in Qf then — (UFII) n = pon [',. In our case

—(UFn)-egz—)\andnzeg.

o
N

lHl\ M u\ il Y H\H W \\\H

Figure 2.4: The velocity [em/s] on the boundary T'g

o

S
Ny

-0.

S

-0.6
[

As we see in Figure 2.4, the velocity on the boundary I'y is not null, but the maximum
of the absolute value is less than 0.6 cm/s.

1 T T T T T
H+20*u(x)
0.8 B
0.6 B
04 B
02 B
0 1 1 1 1 1
0 0.5 1 15 2 25 3

Figure 2.5: The displacement [cm] of the vessel magnified by a factor 20

The displacement of the vessel is very small, it is less than 0.04 cm (see Figure 2.5).
The pressure on the interface p'is almost the same as —X, so it decreases from the inflow
(left) to the outflow (right). The displacement of the interface is consequent with the
pressure: the displacement of the vessel wall is outwards at the left and inwards at the
right.

The computed velocity distribution is similar to a Poiseuille flow (see Figure 2.6).
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Figure 2.6: The velocity [em/s] reduced by a factor 100

2.10 Conclusions

In this work, a particular fluid-structure interaction model is formulated as an optimal
control problem.

The optimal control setting allows to solve numerically the fluid-structure interaction
problem (which is a priori a coupled problem) by an iterative algorithm such that the
fluid and the structure equations are solved separately at each iteration. Thus, existing
software packages could be adapted to approximate the solution of all the intermediate
problems appearing in the algorithm.

The differentiability of the cost function and the analytical expression for its gradient
are obtained.

In order to perform a numerical method, the analytic expression for the gradient
reveals very useful and accurate to apply classical descent methods. To solve numerically
a problem arising from blood flow in arteries, we have used a quasi Newton method which
employs the analytic gradient of the cost function and the approximation of the inverse
Hessian is updated by the Broyden, Fletcher, Goldforb, Shano (BFGS) scheme. This
algorithm is faster than fixed point with relaxation or block Newton methods.

We can adapt this technique to the unsteady coupled fluid-structure problems.

2.11 Appendices

2.11.1 Fréchet differentiability
Let (X, ]|-[lx), (Y, []lly) and (Z, ||-|| ;) be three normed spaces.

Definition 2.1 We say that the function f : X — Y 1is Fréchet differentiable at
x € X, if there exists f' () € L(X,Y) such that

i M @+ 1) = f () = f* (2) blly

h—0 |R]

=0

The linear operator f'(x) is called the Fréchet derivative of f at x.
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In the case when X = [[, X;, we denote by % () € L(X;,Y) the Fréchet
partial derivative of f with respect to z; at r € X.

Theorem 2.2 Let f: X =[], X; — Y be a function and let z° be an element of X .

We assume that there exists V' a neighborhood of x°, such that 88_;1- exists on 'V and its

are continuous in z°.

Then f is Fréchet differentiable in x° and

for all h = (hy,...,h,) € X.

Theorem 2.3 Let h : X — Z be the composition of two mappings f : X — Y and
g:Y —>Z
h=golf

Assume that f is Fréchet Differentiable in x and g in f (x), then h is Fréchet differen-
tiable in x and

W (z) =g (f (@) o f (z).

2.11.2 Implicit Function Theorem

We begin by recalling the Implicit Function Theorem. The proof of this result could be
found in [25] for example.

Theorem 2.4 (The Implicit Function Theorem) Let (X, ||-||), (Y, ]]ly)
and (Z,-||;) be normed spaces. We suppose that h is a mapping from an open subset
G of X XY into Z.

Suppose (xo,yo) s a point in G and h is continuous in (o, yo) such that:

i) h (x07 yO) - 07

e\ Oh . . . .
ii) 5, exists on G and it is continuous in (xo, Yo),

-1
iii) ‘g—z (20, Y0) 18 invertible and (‘g—z (xo,yo)) is continuous.
Then there ezists a neighborhood V' of xoy and a function 6 :' V. — Z such that:

iV) 9 (113'0) = Yo,
v) h(z,0(x)) =0 forallz inV,
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vi) 0 is continuous in x.
Remark 2.5 If h is continuous on G, then 0 is continuous in a neighborhood of x.

Remark 2.6 In the case when X,Y and Z are Banach spaces, if g—z (xo,%0) € LY, Z)
1s invertible, from the Open Mapping Theorem we have that
“1

<g;’ (o, yo)) is continuous.

Theorem 2.5 (The differentiability of the implicit funtion) Moreover, if
there exists % on G continuous in (xg,yo), then the implicit function 0 is Fréchet dif-
ferentiable in xy and

0 (z9) = — <g_]; (xo,yo))_l % (0, Y0) -

2.11.3 Integrals with parameter
Let U be a Hilbert space and let QO be a compact set of R2.

Theorem 2.6 (continuity of integrals with parameter) Let f be a function from
U x Q to R such that for all uw € U the function

zeQr— f(u3)

15 Lebesque integrable.

Let w be an element of U such that f(u,Z) converges to f(u,T) uniformly with
respect to T, when u converges to u.

Then

lim fua:dm—/fuxdx
)

U—u

Theorem 2.7 (differentiability of integrals with parameter) Moreover, we
assume that:

a) for allu € U and for all T € (AZ, the Fréchet deriative

fo - /
o (u,z) € U

exists,

b) the functions
~ A of .
Q — R
€Qr— o~ (u,z)9 €

are Lebesgue integrable for all ¢ € U,
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c) % (u, ) converges in U’ to % (u, T) uniformly with respect to T, when u converges
to u.

Then, the function F from U to R, defined by

F(u):/ﬁf(u,ﬁs\)dff

is Fréchet differentiable in w and
P [ 5 @aa

for ally € U.
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Chapter 3

The BFGS algorithm for a nonlinear
least squares problem arising from
blood flow in arteries

This chapter is based on the paper:
C.M. Murea, The BFGS algorithm for a nonlinear least squares problem arising from
blood flow in arteries, Comput. Math. Appl., 49 (2005), 171-186.

Abstract. Using the Arbitrary Lagrangian Eulerian coordinates and the
Least Squares Method, a two dimensional steady fluid structure interaction
problem is transformed in an optimal control problem. Sensitivity analysis
is presented. The BFGS algorithm gives satisfactory numerical results even
when we use a reduced number of discrete controls.

3.1 Introduction

In this paper we consider a two dimensional fluid structure interaction. The ma-
thematical model which governs the fluid is the steady Stokes equations, while the
structure verifies the beam equation which does not involve shearing stress. The solu-
tion of the model is given by the displacement of the structure, the velocity and the
pressure of the fluid. The boundary of the fluid admits the following decomposition: a
moving part, which represents the interface between the fluid and the structure, and a
rigid part. This kind of problem is of considerable interest in the simulation of blood
flow in large arteries (see [1], [2], [3]) or in aeroelasticity (see [4]).

The existence results for the fluid structure interaction can be found in [5], [6] for
the steady case and in [7], [8], [9] for the unsteady case.

Sensitivity analysis of a coupled fluid structure system was investigated in [10].
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The asymptotic limit when the fluid domain width approaches to zero can be modeled
by a one dimensional model of Stokes equation, widely used in lubrication theory (see
[11]).

In a previous work ([12]), a three dimensional fluid structure interaction was formu-
lated as an optimal control system, where the control is the force acting on the interface
and the observation is the velocity of the fluid on the interface. The fluid equations were
solved taking into account a given surface force on the interface.

A similar approach was used in [13], where it was proved that the cost function
is differentiable. The analytic computation of the gradient for the cost function is
important because it enables us to apply accurate numerical methods (see [14]). The
exact gradient of the cost function is computed in [13].

Numerical results for a two dimensional fluid structure interaction using the optimal
control method are presented in [15]. The fluid equations are solved subject to the
conditions of zero normal velocity and a given value of pressure on the interface. The
control is the value of the pressure at the interface and the observation is the tangential
velocity on the interface.

The most frequently, the fluid-structure interaction problems are solved numerically
by partitioned procedures, i.e. the fluid and the structure equations are solved sepa-
rately, which enables us to use the existing solvers for each sub-problem.

This can be done using fixed point strategies with eventually a relaxation parameter,
but these methods do not always converge or they have slow convergence rate [16], [17],
[1]. The convergence can be accelerated using Aitken’s method [2] or transpiration
condition [18].

Other way to accelerate the convergence is to use methods which employ the deriva-
tive. In [19] a block Newton algorithm was used where the derivative of the operators
are approached by finite differences. Good convergence rate was obtained in [2] where
the derivative of the operator was replaced by a simpler operator. At each time step,
a quasi-Newton algorithm was used to solve a fluid-structure interaction problem. The
mean number of iterations of the quasi-Newton algorithm is 6.1. With the Aitken ac-
celeration method this number is 24.1. At each iteration, a Stokes and a Laplacian
problems were solved in the current fluid domain.

In the present work, a fluid structure interaction problem was formulated as an
optimal control system, where the control is the force acting on the interface and the
observation is the pressure on the interface. The boundary condition to be imposed on
the fluid is that all components of the velocity are zero at the interface.

To solve numerically the optimal control problem, we use a quasi Newton method
which employs the analytic gradient of the cost function and the approximation of the
inverse Hessian is updated by the Broyden, Fletcher, Goldforb, Shano (BFGS) scheme.
This algorithm is faster than fixed point with relaxation or block Newton methods which
represents the main advantage of using the optimal control approach for fluid-structure
interaction problem. The finite element functions of the normal stresses at the interface
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are not necessary the same as the trace on the interface of the pressure finite element
functions. This is another advantage by comparison with the fixed point approach.

An outline of the paper is as follows. First, we prove that the normal force acting
on the structure depends only on the pressure. Then, an exact solution for a particular
fluid structure interaction is given. Using the Least Square Method, the fluid structure
interaction will be reformulated as an optimal control problem. We will analyse the
dependence of the displacement of the interface, the velocity, the pressure of the fluid
and the cost function on variations of the discrete control. Finally, numerical results are
presented.

3.2 Notations

Let L and H be two positive constants. We define the set

Uyag = {ueC([0,L]);u(0)=u(L)=1u(0)=1u (L) =0,
[ uz) dey =0, infy, e {H +u (1)} > 0}

where v’ is the first derivative of w.
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Figure 3.1: Sets appearing in the fluid-structure problem

For each u € U,4, we introduce the notations (see Figure 3.1)
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Also, we denote
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The two-dimensional domain occupied by the fluid is Q£ the interface between the

fluid and the structure is I',, while ¥ = £; U ¥, U X3 represents the rigid boundary of
the fluid.

In the following, we denote by n = (n1,ny)? the unit outward normal vector and by
7= (11,72)" = (—ng,n;)" the unit tangential vector to IQL".

3.3 Position of the problem

We suppose that the fluid is governed by the steady Stokes equations, while the defor-
mation of the elastic part of the boundary verifies a particular beam equation which
does not involve shearing stress (see [20]). We consider that the structure is a beam of
axis parallel to Oz, with constant thickness h. We assume that the displacement of the
beam is normal to its axis.

The problem is to find:

e u:[0,L] — R the displacement of the structure,
o v =(vy,v)" : QF — R? the velocity of the fluid and

e p: QF — R the pressure of the fluid,

such that
W) = 5 (@) pen Hu@), Yae©.0) (@1
w() = w(L)=d(0)=u(L)=0 (3.2)
L
/ u(zy)dry = 0 (3.3)
0
0 < xlier[l({L] {H +u(zx)} (3.4)
—pAv+Vp = £ in QF (3.5)
divv = 0, inQF (3.6)
v =g, onX (3.7)
v = 0, only, (3.8)

where
o D= El—gg is a structure constant, F is the Young modulus, A is the thickness.

e f9:(0,L) — R are the averaged volume forces of the structure, in general the
gravity forces and in this case we have f%(z1) = —gop”h, where g is the gravity,
p° is the density of the structure,
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e 1 > 0 is the viscosity of the fluid,

o f1 = (fI, fI)T : QF — R? are the volume forces of the fluid, in general the gravity
forces,

e g = (g5,92)7 : ¥ — R? is the imposed velocity profile of the fluid on the rigid
boundary, such that

/Eg-nda:O. (3.9)

The incompressibility of the fluid (3.6) together with the boundary conditions (3.7),
(3.8) and the relation (3.9) imply that the volume of the fluid is conserved or equivalently

fOL u(xq) dxy is constant. Without loss of generality, we assume that this constant is zero
and we obtain the condition (3.3).

The inequality (3.4) states that the fluid domain is connected.

For the Newtonian fluids, the stress tensor ¢ has the form

o= —p[+u(Vv+VvT),
consequently, the fluid forces acting on the structure are —on.

Proposition 3.1 If v € (H? (Qf))2, p € H" (QF), v is constant on T, div v =0 in
QOF then —(om) -n=p on [,,.

Proof. This result is a corollary of the Proposition 3.1 from [21] and it is similar to
the Proposition 4.5 from the same paper. We have that

—(on) - n=p—pu((Vv+Vv')n) -n

- 99uL v | vy

_ 0. 0. o

VV+VV —(%_ﬁI@ ra@xl )
8m2 8m1 a-’EQ

and

It is follows that

ov ov,  Ov ov
T X — 1 92 1 2 2 9
((Vv + Vv ) n) n 2—8x1 ny +2 (—55172 + —&El) ning + Q—axQnQ.

In Proposition 3.1 from [21], it is proved that g;’?nk = u nj, Vi, j, k € {1,2}, so
J

oxy

Qv Ovy — Oup2 | vy 2 is impli
<8m2 + am) ning = gny + 52n; and this implies that

00 02 4 n2) 102 (02 4 n2) = 2div v = 0

T . — ) -
(Vv+Vv')n) n 25$1 P

which ends the proof. O

Under the assumption of small displacement of the beam, it follows that n ~ (0,1).
Then, it is reasonable to solve the beam equation (3.1) under the fluid forces given by
p (1, H+ u(xq)), z; € (0, L).
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3.4 Exact solution for a particular case

We assume that the density of the fluid is constant p?" and the volume forces in the fluid
have the form f¥ = (0, —p¥go)?, where gy is the gravitational acceleration. The velocity
profile of the fluid on the rigid boundary is given by:

]
g1(w1,12) = <1 H2> Vo, (x1,22) € X1 UX3
‘/07 ('rth) c 22
ga(r1,m2) = 0, (21,22) € L.

We assume that the density of the structure p® and its thickness h are constant.
We assume that the averaged volume forces in the structure have the form

2uVo
H2

fs(xl) = —pSgo h + X1, Vr, € (0, L) (310)

Then, we have the following solution for the system (3.1)—(3.8):

u(zy) = 0, Va;€(0,L)
vy (2, 19) = <1 — fl—%) Vo, V(xy,15) € QF
vo(wy,29) = 0, V(x1,20) € QF
p(x1,20) = p°goh — 2%—‘2/03:1 +pF g0 (H — x3), V(x1,32) € QF.

Remark 3.1 The term 21’?? xy in (3.10) is artificial. It was added to obtain a solution

where the displacement of the beam is null and the flow is Poiseuille.

3.5 Fixed point approach

We start with a result concerning the equations of the interface.

Proposition 3.2 For a given continuous function n : [0, L] — R there exist a unique
function u : [0, L] — R of class C* and a unique constant ¢ € R solutions of

W (3y) = %(n(xl) +e), Ve (0,L) (3.11)

with boundary conditions (3.2), such that the equality (3.3) holds.

Proof. Existence. Let u, : [0, L] — R be the unique solution of

1
u””(m) — Bn(xl), Vr, € (0; L)
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with boundary conditions (3.2). The unique solution of
W(3)) = £ Wy € (0,1)
1 D’ 1 )

with boundary conditions (3.2) is z; € [0, L] — ri(ziBL)Q cR.

Then, the solutions of (3.11) and (3.2) have the form

23 (xy — L)?

u(xy) = uy(z1) + ¢ 91D

The equality (3.3) is equivalent to

L L 2 2
xi(zy — L)
LK: n(1) doy 0 24D !

consequently, if we set
720D [*
c= _T/o uy (1) dy,

then the condition (3.3) holds.

Uniqueness. Let u;, ¢;, i = 1,2 be two solutions of (3.11), such that fOL u; dry = 0.
By subtracting, we obtain that

n 1
(up —ug)" (1) = 5 (c1 —¢c2), V€ (0,L)

and u; —usg verifies the boundary conditions (3.2). Consequently we have (u; —ug)(x1) =
22(z1—L)? . .
(c1 — ¢2) 1(2j1DL) . Since fOL(ul — ug)dzr; = 0, we obtain ¢; — ¢y = 0 and u; — uy = 0.

O

From the above Proposition, it follows that for a given continuous function A :
(0, L) — R, such that fOL Ao(z1) dxy; = 0, we can solve the beam equations

= L (@)t dolm) +0), Vo€ (0.1) (312)

U””(Qfl) — 5

with boundary conditions (3.2) where ¢ is the real constant such that the equality (3.3)
holds.
Let S be defined by
S(XNo) = u. (3.13)

If 0 < infy cpo,) {H +u(x1)}, we can solve the Stokes equations (3.5)-(3.8) and we
obtain v and p. The pressure is determined up to an additive constant, i.e. it has the

form p = py+ C, where py is a particular solution and C'is a real constant. We will take
po such that fOLpO (1, H + u(xq)) dxy = 0.
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We denote by F(u) the function
x1 € (0,L) — po (1, H + u(xy)). (3.14)

The function F(u) is well defined, if the trace of the pressure py on I', exits. For

this, we have to precise the regularity of the solution of Stokes equations.
Let g : 90 — R be defined by g(x) = 0 for x € ', and g(x) = g(x) for x € .

If OQF is Lipschitz continuous, QF is a connected domain, f¥' € (H‘l (Qf))Q, g <
(H1/2 (895))2 such that fBQF g-ndo =0, then the problem :
findv e (H' (Qf))2, v=g ondQl andpe L? (Qf) /R

VV~Vde—/ (div w)pdx = / 7 wdx, Ywe (H) (Qf))2
af

Qf QF

—/ (div v) gdx = 0, Vg e L2 (QF) /R
QF

u

(3.15)

has a unique solution.
Moreover, if 00 is of class C?, fF € (L? (Qf))2 and g € (H%? (895))2, then
v e (H? (Qf))2 and p € H* (QF) /R.

These results could be found in [22, p. 88].

The fixed point approach is to find Ay such that F o S(\g) = Ao, where S and F are
defined by (3.13) and (3.14).

The existence of a fixed point will not be treated here. It is important to note that if
we want to apply the Schauder’s fixed point theorem, the regularity of A\g and F oS(Ag)
must be the same. It is not the case in our framework: for A\g € C°(0, L), we have
S(X\o) = u € C*(0, L) and consequently F(u) € HY? (0, L). It is known that H'/2 (0, L)
is not included in C° (0, L), but H'/?*€(0, L) € C°(0, L) for e > 0. Existence results for
related steady fluid-structure interaction problems can be found in [5] and [6].

In the following, we relax the fixed point problem by the Least Squares Method and
we obtain an optimization problem.

3.6 Least Squares approach

Let ¢; : [0, L] — R be some particular given functions and «; are the scalar parameters
to be identified, 1 < i < m.

Let us comment the regularity and the shape of ¢;. We take ¢; € C°(0, L), the
condition fOL ¢i(z1)dzy = 0 is not necessary needed. Also, the functions ¢; are not
necessary the same that the trace on the interface of the pressure finite element functions.
This is an advantage by comparison with the fixed point approach.
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For given oo = (o, ..., ), we find w : [0, L] — R and ¢(a) € R solutions of

u"(x1) = % <fs(x1) + Zai¢i(x1) + c(a)> ., Va1 € (0,L) (3.16)

with boundary conditions (3.2), such that (3.3) holds.
The next step is to solve the Stokes equations in the domain Qf and we obtain v

and p. We assume that p € H' (QF) and we set po =p — 1 fOLp (v1, H 4+ u(xq)) dry. Tt
follows that

/OLpo (1, H + u(x1)) day = 0. (3.17)
Let J : R™ — R be defined by
L/ m . 2
J () :/0 (;a <¢i(a:1) - Z/0 (bi(xl)dxl) — o (xl,H—l—u(:El))> da.

Now, the problem is to find o € R™ solution of

inf J ()
u solution of (3.16), (3.2), (3.3),
u verifies (3.4), (3.18)

v, po solution of (3.5) —(3.8),
po verifies (3.17).

In other words, we try to find a solution of the system (3.1)—(3.8) such that
p(x1, H+ u(z)) = Zaigbi(xl) +c(a), Va;€(0,L)
i=1

where v € R™ and p(z1, ©2) = po(1, x2)+> iny F OL ¢i(z1)dzy+c(), for (z1,x4) € QF.
The discrete control is « € R™ and the observation is the trace of the pressure on
the interface, more precisely

z1 € (0, L) = po (z1, H + u(21)).

3.7 Sensitivity analysis

We shall analyse the dependence of the displacement of the interface u, the velocity, the
pressure of the fluid v, p and the cost function J on variations of the discrete control a.
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3.7.1 Sensitivity of the displacement of the interface

Proposition 3.3 The applications « — u and o — c(«) are affine, where u and c(«)
are the solutions of the equation (3.16) with boundary conditions (3.2), such that (3.3)
holds. More precisely,
U= ug oy oG
cla) = co+ Z;Zl Q;C;

where ug, co verify

u'(z1) = 5 (f%(@1)+co), Vo €(0,L)
LW (0) = uo(L)=u;(0) =up(L) =0 (3.19)
Jo wo(zy)dzy = 0

and wu;, ¢; verify

w/(z1) = +(¢i(x1) +¢), Vo e (0,L)
u; (0) (L) =u.(0)=ul(L)=0 (3.20)

u
fOL uz(xl) dl’l = 0.

Proof. According to Proposition 3.2, the systems (3.19) and (3.20) have unique
solutions. By addition, we obtain

(Uo + Z aiui) (z1) = % <fs($1) + Z a;pi(r1) + co + Z aici) :
i—1 i—1 i—1

Also, the application xq — (ug + Y .-y a;u;) (x1) verifies the boundary conditions (3.2)
and fOL (up + Y%, azu;) (1) dry = 0. From the Proposition 3.2 and the definition of
and c(«) by (3.16), (3.2), (3.3), we obtain the conclusion. O

3.7.2 Sensitivity of the velocity and the pressure of the fluid

In order to study the sensitivity of the velocity and the pressure of the fluid we follow
[13] where the Arbitrary Lagrangian Eulerian (ALE) coordinates have been used.

We denote by QF = (0, L) x (0, H) the reference domain and by I'y = (0, L) x {H}
its top boundary. For each u € U,q we consider the following one-to-one continuous
differentiable transformation T, : Qf — QF given by:

PN  H+u(xy) -
T, (5517552) = (%;%xz)

which admits the continuous differentiable inverse mapping

HIQ
T_l Y = T RN
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and verifies that T, () = QF, T, (Ty) =T, and T, (Z) = T, VT € .

We set x = T, (X) for each x = (21, 13) € QF and X = (71, 72) € Q.

We denote by v(X) = v (T,(X)) and p(X) = p (T(X)) the velocity and the pressure
in the reference domain Q.

In order to pose the variational formulation in the reference configuration let us
consider the following Hilbert spaces:

W= (g (0)”

Q = L* () /R
equipped with their usual inner products. We introduce the forms

ap R™ x (HY QD) x (H (D) =R br:R™ x (H' (Q)))’xQ —R

defined by
2 ~ ~ ~ o~ o~ ~ —~
N PR H+u(xy) 0v; ow; o (T1) Ty Ov; Ow; \
_ — d
ar (@ ¥, W) Z:; /Qg ( H 07,05, H 03,05, )"
Ly (Emmn e wE)er o)
— Jor H 07,07, H(H +u(zy)) 07307,
~ PN H+u(Zy) 0w, o (T1)T20w0; 0wy -
b = — - dx.
F (Oé,W,Q) /Qg ( H 653'\1 H 653'\2 * 657\2 g ax

We assume that the volume forces in fluid are constant £ = (ff, f)T € R? and we
consider ' () € W’ defined by

2 .
~ % HA4u(®y) ,poo =
F Fo
<f (a),w>— El or i fiw;dx, YweWw.

1=

We remark that the displacement u which appears in the coefficients depends on a.

The problem: find v € (Hl (QOF))2, V=g, Vlr,=0,p€ @ such that

{aF<aﬁ,vAv>+ZF<a7w,ﬁ> = (F(a). %), vweW -

br (,9,4) = 0, VieQ
has a unique solution.

The problem (3.21) is obtained from (3.15) and conversely by using the one-to-one
transformations T, and T, '. The equivalence of (3.21) and (3.15) follows from the
transport theorems in continuum mechanics (see [23]), the chain rule and basic results
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for Sobolev spaces (see [24]). The conclusion of this proposition is a consequence of the
existence and uniqueness of (3.15).

Let v, W be given in (H* (QOF))2 and G in Q. Then functions from R™ to R defined

)

>

are differentiable and the partial derivatives have the forms:

by
a — aF(

H D D

a}—>bp(

a}—><F(

2 8) <5>

dar , - . o we (1) O0; 0, ul, (T1) B O0; 00;\
Fap (VW)= ;/QF( H 07,07,  H a@aﬁ)d"

2 ~\ A~ ~ —~
_u;f (1) Ty OU; OW; \
- Z/QF( H o 0mom) &
2ul (F) ! (1) (32)? 00, 0T\
d
* Z/QF< H(H +u @) 05,05 )

—ug (1) (H? + (v (1) T2)%) 00; 0w; \ .
’ ;/n ( H(H +u (%)) Oz a“) =

obp . we (30) 00l (1) T2 0, \ .
- = - - d

0 . 2 ue (1) o
oy (P 8) = 3 [ St

This above result is a consequence of the differentiability of integrals with respect to
parameters. In our case the parameter is . Applying the Implicit Function Theorem,
we obtain the following result.

The applications o € R™ +— Vv € (H1 (QF)) and « € R™ — p € Q are differen-
tiables and the partial derivatives a" e W and ap € Q verify

ar (o g ) +0r (009 35) = 52 (B (@), %) = 522 (0.9.%) = Gk (0. W),
bF (Oé, g;kaz]\> = gZFk (Oé /‘;721\)
(3.22)

for all W in W and for all q in @
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3.7.3 Sensitivity of the cost function

If po € H! (QF) such that fOLpO xl,H+u(x1)) dry = 0, then fOLﬁO (v1,H) dzy = 0,
where py = po o T),. Also, we have fo 850 (z1, H) dx, = 0.

The application o € R™ +— J(«) is differentiable and the partial derivatives a‘%]k(oz)
have the forms:

z/OL (¢k(x1) —/OL %dwl - %(ml,H)) <§m:a <¢Z’(m1) —/O %dxl) 5 (ml,H)> day

- (3.23)

3.8 Numerical results

We are interested in simulating the blood flow through medium vessels (arteries). The
computation has been made in a domain of length L = 3 ¢m and height H = 0.5 cm
which represents a half width of the vessel. In this case, the fluid is the blood and the
structure is the wall of the vessel.

The numerical values of the following physical parameters have been taken from [1].
The viscosity of the blood was taken to be p = 0.035 —2—, its density pf' =1 -2, The
thickness of the vessel is h = 0.1 em, the Young modulus £ = 0.75-10° =, the densn:y
/0 =11 Cma

The gravitational acceleration is go = 981 <7 and the averaged volume force of the
structure is f%(x1) = —gop°h.

On the rigid boundary, we impose the following boundary conditions:

_ a3
U1($1,$2> - { ( H2> ‘/07 (xlwr?) - 21 U 23
Vo, (71, 22) € X

U2($1,$2) = 07 (xlwr?) €X

where Vy = 30 <2 (see [25]). The volume force in fluid is £¥ = (0, —gop™)".

The numerical tests have been produced using freefem++ v1.27 (see [26]).

For the fluid we have used the Mixed Finite Element Method, P2 Lagrange triangles
for the velocity and P1 for the pressure.
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3.8.1 Optimization without using the derivative

Numerical test 1.

We use the same notations as in the previous sections, in particular m and ¢; refer
to the equation (3.16). We set m = 1 and ¢,(z;) = x; — L/2. In this case ¢y = gop°h,
ug =0, ¢; =0 and

2} (L —21)" (21 = L/2)
240D ’

We remark that the displacement of the interface is computed exactly.
We have evaluated the cost function for equidistant points of step length 0.5 in the
interval [—20, 5]. For each a;, we generate a mesh for Q| where the displacement u

depends on a;. A typical mesh of 198 triangles and 128 vertices is shown below.

uy(zy) = u(zy) = aquq(xy).

Figure 3.2: A typical mesh

The condition (3.4) was not violated. Then, we solve the Stokes equations (3.15) on
this mesh.

" J(alphat)

Figure 3.3: The cost function

The graph ay — J(«q) seems to be strictly convex, consequently the optimal control
is unique (see Figure 3.3). The cost function has the value J = 158.76 for ar; = 0. The
minimal value of the cost function J = 3.04 was obtained for a; = —7.

The displacement of the vessel is very small, so the behavior of the blood flow is like
the Poiseuille flow.
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Figure 3.4: The displacement of the vessel magnified by 10
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Figure 3.5: The optimal control a;¢(x;) and the optimal observation po(xy, H +u(z1))

The optimal control is —7 and the pressure on the interface can be approached by
—T(xy — L/2) + gop°h. The pressure difference between the outflow (right) and inflow
(left) is —7L.

If we take the averaged volume forces in the vessel of the form f°(z;) = 21’;‘1‘2/0 T, —
0°go h we obtain the Poiseuille flow for the blood. The pressure on the interface in this
case is p(xy, H) = —21‘}‘2/0 x1 + gop’h where —21‘?;0 = —8.4 and the pressure difference
between the outflow and inflow is —8.4L, so there is a lose of the pressure. The dis-
placement of the interface is consequent: the shape of the vessel is inflow at the left and
outflow at the right (see Figure 3.4). In Figure 3.5 we observe the difference between
the optimal control and the optimal observation. In the fixed point approach, the two
graphs must be identical.

If the condition (3.4) is violated, we have

inf {H+4u(z)}=0

Ile[O,L]

and we say that the vessel is collapsed. Numerical results for this case are presented in
[27].
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3.8.2 The BFGS algorithm

The BFGS algorithm is a quasi-Newton iterative method for solving unconstrained op-
timization problem inf {J(a); o € R™}.

Step 0 Choose a starting point a® € R™, an m x m symmetric positive matrix H
and a positive scalar €. Set k = 0.

Step 1 Compute V.J(a").

Step 2 If |[V.J(aF)|| < e stop.

Step 3 Set d* = —H,VJ(a").

Step 4 Determine o' = o* +6,d*, 6, > 0 by means of an approximate minimiza-
tion

k1Y o i k k
J(a )NrglzlglJ(a + 6d").

Step 5 Compute §;, = ot — aF.

Step 6 Compute VJ(a*™!) and v, = VJ(a* ) — VJ(aF).
Step 7 Compute

PH, 6,08 ST H, + HyyioF
I‘I/Hl:ltlﬁrf+<1+7’C Wk) KOk Ok i ¥ HETkOk

K ) o F Yk
Step 8 Update k = k + 1 and go to the Step 2.

For the inaccurate line search at the Step 4, the methods of Goldstein and Armijo
were used. If we denote by ¢ : [0, 00) — R the function g(8) = J(a*+6d*), we determine
0, > 0 such that

g(0) + (1 = \) 0,g'(0) < g(0k) < g(0) + Nrg'(0) (3.24)

where A € (0,1/2).

In the BGSF algorithm, we have used (3.21) which is the ALE version of the Stokes
equations in the reference domain in order to compute the cost function and we have
used (3.22) and (3.23) in order to compute V.J(«).

Remark 3.2 In order to compute VJ(a) by (3.22) and (3.23), we have to solve m
linear systems which have the same matriz. The linear systems were solved by LU
decomposition. We observe that (3.21) and (3.22) have the same left-hand side, so
when we compute VJ(a) we can use the same LU decomposition obtained computing
J(a) by (3.21).

We could compute V.J(«) by the Finite Differences Method

ﬁ( )~ J(a+ Aagei) — J(@)
80% a= Aak

(3.25)



The BFGS algorithm for a nonlinear least squares problem 107

where ey is the k-th vector of the canonical base of R™ and Acay, > 0 is the grid spacing.
In this case, the cost function J need to be evaluated in each o+ Aagex, k=1,...,m.
We have to solve m linear systems obtained from (3.21), but the matrices are different,
so using the analytic formula of the gradient (3.22) is more advantageous.

Numerical test 2.

We have performed the numerical test in the case m =1 and ¢(x;) = 1 — L/2.

In the table below, we show the gradient of the cost function computed by (3.22)
and (3.23), respectively by the Finite Differences Method (3.25) with Aa; = 0.5, which
proves the validity of the analytic formula.

ay | VJ(aq) using (3.22) and (3.23) | VJ(«y) using Finite Differences (3.25)
-20 -77.88 -76.50
-15 -47.55 -46.09
-10 -17.22 -15.70
-5 13.13 14.63
0 43.49 45.03
) 73.87 72.40

The starting point for the BFGS algorithm is «; = 0 and the stopping criteria is
VTl < 107°.

Iterations oy J(oa) | |IVI(aq)|l o
0 0 158.70 43.49
1 -43.49 | 4003.66 -220.03
2 -7.17907 | 2.95985 | -0.100582
3 -7.16247 | 2.95899 | 0.000232724
4 -7.1625 | 2.95899 | -2.53259e-10

The condition (3.4) was not violated. The minimal value of the cost function J =
2.95899 was obtained for oy = —7.1625, after 5 iterations. The line search algorithm
for the approximate minimization at the Step 4 was not activated, we take 6 = 1. The
computed displacements of the vessel are almost the same as in the Figure 3.4. If we
activate the line search algorithm and we set to 3 the maximal number of evaluation
of the cost function at the Step 4, we obtain o = 0, aj = —7.17207, a? = —7.16251,
af = —7.16249, af = —7.1625.

Numerical test 3.

We take m = 4. Let & = (i — 1)L/(m — 1) for 1 < ¢ < m be an uniform grid of
[0, L]. For each ¢ = 1,...,m, there exists a unique ¢; polynomial function of degree 3,
such that ¢;(§;) = d;j, where ¢§;; is the Kronecker’s symbol. The functions ¢; are not
necessary the same as the trace on the interface of the pressure finite element functions.
Other choice for ¢; could be the vibration modes of the beam equations.
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Let w;, ¢; be the solutions of (3.20). We have computed u;, ¢; exactly, using the
software Mathematica. The displacements u; are polynomial functions of degree 7.

The fluid equations were solved in the reference mesh shown in Figure 3.2.

The starting point for the BFGS algorithm is a = 0 and the stopping criteria is
VTN, <107 The analytic formula of the gradient was employed.

Iterations J IVJ]
0 158.70 21.29
1 42 .88 3.51
2 20.39 2.38
3 0.168155 0.30
4 0.165842 | 0.008
5 0.165653 | 2.5e-7

Five iterations are required to achieve |[VJ| . < 107% and the obtained discrete
optimal control is

(a1, o, 3, ) = (13.2723413, 2.89419278, —2.704038443, —13.46249563).

The optimal value of the cost function for m =4 is J = 0.165653 which is less than
J =2.95899 in the case m = 1.

Figure 3.6: The optimal control function ) ", «; <(bi(x1) — %fOL (bi(xl)dzl) and the

optimal observation po(z1, H + u(xy))

The displacement of the vessel is very small, it is less than 0.04 ¢m. The computed
velocity distribution is similar to a Poiseuille flow (see Figure 3.7).
3.9 Conclusions

Using the Least Squares Method and the Arbitrary Lagrangian Eulerian coordinates,
a two dimensional steady fluid structure interaction problem was transformed into an
optimal control problem.
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Figure 3.7: The displacement [cm] of the vessel magnified by a factor 20 and the velocity
[em/s] reduced by a factor 100

The BFGS algorithm has given satisfactory numerical results even when a reduced
number of discrete controls were used. The analytic formula of the gradient was em-
ployed. Computational results reveal that the displacement of the interface is very small
when the velocity profile is parabolic at the inflow and outflow.

We have obtained a smaller optimal value by increasing the number of the controls
and by changing the shape of the control functions.

In a forthcoming paper, the techniques used here will be adapted to the unsteady
fluid-structure interaction problems. The vibration modes of the structure will be the
control shape functions.
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Chapter 4

Optimal control approach for the
fluid-structure interaction problems

This chapter is based on the paper:

C.M. Murea, Optimal control approach for the fluid-structure interaction problems,
Proceedings of the Fourth Furopean Conference on Elliptic and Parabolic Problems,
Rolduc and Gaeta, 2001, J. Bemelmans et al (eds.), World Scientific Publishing Co.
Pte. Ltd., pp. 442-450, 2002

4.1 Introduction

A fluid-structure interaction problem is studied. We are interested by the displacement
of the structure and by the velocity and the pressure of the fluid.

The contact surface between fluid and structure is unknown a priori, therefore it is
a free boundary like problem.

In the classical approaches, the fluid and structure equations are coupled via two
boundary conditions: the continuity of the velocity and of the constraint vector at the
contact surface.

In our approach, the equality of the fluid and structure velocities at the contact
surface will be relaxed and treated by the Least Squares Method.

We start with a guess for the contact forces. The displacement of the structure
can be computed. We suppose that the fluid domain is completely determined by the
displacement of the structure. Knowing the actual domain of the fluid and the contact
forces, we can compute the velocity and the pressure of the fluid.

In this way, the equality of the fluid and structure forces at the contact surface is
trivially accomplished.

The problem is to find the contact forces such that the equality of the fluid and
structure velocities at the contact surface holds.

115
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It’s a exact controllability problem with Dirichlet boundary control and Dirichlet
boundary observation.

In order to obtain some existence results, this exact controllability problem will be
transformed in an optimal control problem using the Least Squares Method.

This mathematical model permits to solve numerically the coupled fluid-structure
problem via partitioned procedures (i.e. in a decoupled way, more precisely the fluid
and the structure equations are solved separately).

The aim of this paper is to present an optimal control approach for a fluid structure
interaction problem and some numerical tests.

4.2 Notations
We study the flow in the two-dimensional canal of breadth Lo
0= {(I‘l,l’g) ER2; O0<z < LQ, —H <2y < +H}

In the interior of the canal there exists a deformable beam fixed at the one of the
his extremities (see the Figure 4.1).

—_— - >
. ID
R
; 3
I
|
I
— B—Cc Bcr [T
I
|
- 5 X - >
I
I
I
I
l
X1
Y

Figure 4.1: The flow around a deformable beam

In the absence of the fluid, the beam has the parallelepiped shape [ABCD]. The
coordinates of the vertices are

A= (-n0), B=(-rLy), C=(r,L1), D=(r0).

The beam is deformed under the action of the fluid and it will have the shape
[AB'C'D]. The deformation of the beam is described using the displacement of the
median thread

u = (ug,u) : [0, L] — R
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which satisfy the compatibility condition u; (0) = 0, us (0) = 0. For instant, we assume
that Uy = 0.
The domain occupied by the beam is

O = {(z1,22) €R% a1 €]0, L[, [ —us (1) <7}

Consequently, the domain occupied by the fluid is
QF = o\Q7.

The contact surface between fluid and beam is I', = |JAB'[U [B'C'] U ]C" D[ where

JAB'| = {(z1,22) € R* 21 €10, L1, 22 = uz (z1) — 1},
[B'C'] = {(xl,xg) €R%* ;= Ly, my € [-1, r]},
|C'D] = {(z1,22) €R* 21 €0, L1[, 22 =us (21) +7}.

The other boundary of the fluid domain is noted I';.

4.3 Beam equations

The beam has one end clamped and the other is free. It is deformed under the flexion ef-
forts and we suppose that the longitudinal traction compression forces are negligible. We
don’t take into account the effect of the transverse shear. We present the mathematical
model, following [1].

In view of the Sobolev Embedding Theorem, we have

H? (0, L[) = € ([0, L1])

and we denote

U={¢ecH*(0,L]); ¢(0)=¢'(0)=0}.
Let Dy € R 7% be given by the formula

D2 = E/ I‘g deQdeg
S

where FE is the Young’s module and S is the cross section of the beam. We set

as . UxU—-R
d? d?
as (é,4) = Dy / 0 (2) LY (4.1)

— — dxy.
oo a7 ) g ()91
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Remark 4.1 As a consequence of the Lax-Milgram Theorem, we have the following

result:
Let ¥ € L*(]0, Ly[) and ny € L*(]0, L1[). Then the problem:
Find us in U such that

ag (ug, 1) = /}OL [772 (x1) ¥ (21) daq +/ S (@)Y (2)dey, Y eU (4.2)

]Ole[

has a unique solution.

The volume forces (the gravity forces) are included in f5. We denote by 7, the fluid
forces acting on the beam.

When the data and the solution are smooth enough the solution us verifies the strong
formulation given by:

u/2/// - ( _|_ f2 )) , Vo, € ]O7L1[
410 = i) = ) =

In the particular case f5 = 0 and ny(z1) = a + 1 + yi, we obtain

us(z1) = 3600, [15 (2 — 421 Ly + 6L3) a + 3 (2} — 10z, LT + 20L3) 3

+ (xl — 20z, L} + 45L7) 7] -

4.4 Fluid equations in moving domain

We suppose that the fluid is governed by the two dimensional Stokes equations in the
velocity-pressure-vorticity formulation:

Find the velocity v : ﬁf — R?, the pressure p : ﬁf — R and the vorticity w : ﬁf — R,
such that

.
P09 mor
%;El 0T
_p _ _w — J QF
6%2 ngl 2 m iz,
V2 (%] .
w—=——4+— = 0 inQFf
Ory  Oxy (4.3)
dive = 0 inQF
v = g only
v.-n = 0 onl,
p = po only
w = 0 onljy.
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On I'y,, we have the boundary conditions v -n =0 and p = py. The validity of these
boundary conditions was proved using the least squares variational formulation. See ([3,
Chap. 8]) for more details.

The boundary conditions p = py and v -7 = 0 were studied in [10] and the slip
boundary conditions v-n = 0 and (on)-7 = 0, where o is the stress tensor, were studied
in [11] and [12], but these boundary conditions aren’t appropriate for our approach of
the fluid structure interaction.

Now, we will present the least squares variational formulation for the problem (4.3).
Let ug be the solution of the equation (4.2).
We have

H? (0, L[) = € ([0, L1])

therefore the domain QI has a Lipschitz boundary, so that we can define the spaces
H' (QF), HY/?(Iy) and HY?(T,). We recall that 9QF = T, UT;. We denote by
n = (ny,n2) the unit outward normal vector and by 7 = (—ng,n1) an unit tangential
vector to 9QL.

We denote by - the scalar product.
Let us consider the following vectorial spaces

W = {w:(wl,wg)eHl(Qf)z; w=0onT, andw-n:OonFu},

Q = {qEHl(Qf);qzoonFu},
M = {wEHl(Qf);w:Oonfl}.

Let g € Hé/Q (T';1)? be given, such that frlg -n do = 0. Then there exists vy €
H! (95)2, such that divey = 0in QF, vy =0 on I, and vy = g on T.

Let po be given in H'/2(T',). Then there exists a function in H' (QF), such that its
trace is pp. We denote this function by py, also.

Proposition 4.1 For all us in U, and f¥ in L? (95)2, the problem:
Findv—vgeW,p—p € Q, we M, such that

op Ow 0q ap op Oow 0q ap
(81’1 +MaZL’27 81’1 +'u8x2) + (

8x2 M@xl ’ 8x2 M&xl
+ (div o, divw) (4.4)

0 0 0. 0
= f,—q+u—p + f,—q—,u—p , YweWVgeQ,Vpe M
1 Lo 0o 0x,

has a unique solution.
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Here, p > 0 is the dynamic viscosity of the fluid, f¥ is the external given force per
unit volume and (-, -) is the inner product of L* (QF).

Proof. We first prove that
0 ap |I?
‘ q P '
0

dr, "o,
where [|-|| is the standard norm of L? (QF).
Le us consider that ¢ € C' (2F), g =0on T, and p € C*(QF), p =0 on I';. We

%090 " G 1 2 IV
0s oz1 ||, 0 0

have

oq . op|* |[oa oo 2 2o 2 dq  Op dq  Op
— — — —u—| = 20—, — | —2u | =—,—/ | .
'axl +:uax2 0+ ax2 Iual'l 0 ||quO+/“’L ||vp||0+ 2 ax17 ax2 2 61'2761'1

But using Green’s formula, we have
0q OJp B 0q Op
81’1 ’ 8ZL’2 81327 8ZL’1

—/ @n da—/ @n do — il + il
N agfq&zg ! o0F q@xl 2 e 0x207, & 0x101

9?p 9?p
N /pl ¢(Vp-7) do+ (q,  Owy01, + 8:1718:172) ’
92p _ 9%

By assumption of the regularity of p, we have Tagbe = Baides-

Since p = 0 on 'y, we obtain that Vp-7 =0 on I['; and then, by a density argument,
the equality from the beginning of the proof holds.

The rest of the proof runs as in [3, Sect. 8.2.2]. O

4.5 Optimal control approach of the fluid-structure
interaction problem

In the classical approaches, the fluid and structure equations are coupled via two bound-
ary conditions: continuity of the velocities and continuity of the forces on the contact
surface.

We denote by A = (A1, A2) the forces induced by the beam on the contact surface.
Consequently, —\ represent the forces induced by the fluid acting to the beam.

We denote by S : M — U the application which computes the displacement of
the beam knowing the forces on the contact surface. This application is linear and
continuous.

We denote by F': U x M — W x () the application which computes the velocity and
the pressure of the fluid knowing the displacement of the beam (therefore the domain
of the fluid) and the forces on the contact surface. This application is non-linear on
Ux M.
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Figure 4.2: The computing scheme

We search to find out A, such that vjp, = 0. This is a exact controllability problem.
In our approach, the target condition will be relaxed. We assume that the forces on the
contact surface have the form A\ = —pgn, where pg is the pressure of the fluid.

We consider the following optimal control problem:

. 1
inf J (a1, o, B, Bas 71, 72) = B v 7'”(2),ru (4.5)
subject to:
(a1, o2, B1, B2, 71, 72) € K CR° (4.6)
1
ug(zy) = 360D, [15 (2] — 421 Ly + 6L7) (ar — o)
3 (2} = 100, L2 + 2013 (B — ) (4.7)

+ (2] — 202, L + 45L7) (71 — 72)]
(v, p,w) solution of the Stokes problem (4.4) with

(a1 + Bizy + ma?), if (z1,22) €A, B']
po (w1, 22) = ¢ (g + faxy + 7217), if (21,79) €D, (4.8)
(5= 2)po(B) + (1 +2) m(C), if (ra,22) € ]B,C

It’s an optimal control problem with Dirichlet boundary control (py) and Dirichlet
boundary observation (v, ).

The relation (4.6) represents the control constraint.

The relation (4.7) represents the displacement of the beam under the cross forces
Ao = (a1 + Biw1 +m123) on JA, B’ and Ay = (—ag — Bewy — Y923) on | D, C'[. We assume
that the displacement of the beam under the longitudinal forces \; is negligible.

This mathematical model permits to solve numerically the coupled fluid-cable prob-
lem via partitioned procedures (i.e. in a decupled way, more precisely the fluid and the
cable equations are solved separately).

Remark 4.2 The ezistence of an optimal control could be find in [5] for a related prob-
lem. In [7] it is proved the differentiability of the cost function and it is given the analytic
formula for the gradient.
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Remark 4.3 An open problem is to find additional conditions in order to obtain zero
for the optimal value of the cost function. This is an approximate controllability problem.
For a linear model (the domain of the fluid doesn’t depend upon the displacement of the
structure), we can find approzimate controllability results in [4], [8] and [9].

Remark 4.4 Ifv -7 is constant on Iy, then v is constant on I',,. Using [9, Prop. 3.1,
we can prove that (on)-n = —pg, where o is the stress tensor. Consequently, solving the
beam equations under the action of the surface forces —\ = pgn on I',, is reasonable.

4.6 Numerical tests

The parameters for the simulation are listed below:

the geometry Ly = 0.5, Ly =1, H = 2, r = 0.05,

the beam Dy =5,

the fluid p =1, ff' =0, g = (0,Vx;) on the left and right parts of I'y, g = (0, V) on
the bottom of I';, g = (0,0) on the top parts of I';, V' = 0.5.

The choice of these parameters induces small displacements of the beam. The fun-
damental hypothesis in linear elasticity of the beam is that the displacements remain
small. The optimal control approach for fluid structure interaction presented in the
present paper could be employed also for the large displacements of the structure, but
in this case we have to use a well adapted model for the structure.

For a guest (ay, as, B1, B2, 71,72), we compute the displacement of the beam using
the formula (4.7).

Now, we know the moving boundary of the fluid and we generate a mesh consisting
of triangular elements. Then, we solve the fluid equations (4.4) with boundary condition
(4.8). We have used the P; finite element for the velocity, the pressure and the vorticity.

The target is to minimize the cost function (4.5).

The numerical tests have been produced using freefem+ (see [2]).

The boundary condition v -n = 0 on I', was replaced by v, = 0.

The computed velocity isn’t a divergence-free field. For a better approximation of
the incompressibility condition, we can penalize the term (div v, divw) in (4.4).

The optimal value of the cost function is J=2.36033e-04 and it was obtained for the
penalizing factor 10°. In this case ||div |3 is 4.80281e-04.
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Figure 4.3: The computed velocity around the beam

In the Figure 4.3, we can see the corresponding displacement of the beam and the

velocity of the fluid. The velocity of the fluid was multiplied by 2 for a better visualiza-
tion.

We can avoid to generate a new mesh for each evaluation of the cost function by
using the dynamic mesh like in [6].
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Chapter 5

Numerical simulation of a pulsatile
flow through a flexible channel

This chapter is based on the paper:

C.M. Murea, Numerical simulation of a pulsatile flow through a flexible channel,
ESAIM: Math. Model. Numer. Anal. 40 (2006), no 6, 1101-1125

Abstract. An algorithm for approximation of an unsteady fluid-structure
interaction problem is proposed. The fluid is governed by the Navier-Stokes
equations with boundary conditions on pressure, while for the structure a
particular plate model is used. The algorithm is based on the modal de-
composition and the Newmark method for the structure and on the Arbi-
trary Lagrangian Eulerian coordinates and the Finite Element Method for
the fluid. In this paper, the continuity of the stresses at the interface was
treated by the Least Squares Method. At each time step we have to solve
an optimization problem which permits us to use moderate time step. This
is the main advantage of this approach. In order to solve the optimization
problem, we have employed the Broyden, Fletcher, Goldforb, Shano method
where the gradient of the cost function was approached by the Finite Differ-
ence Method. Numerical results are presented.

Introduction

We consider a pulsatile incompressible flow through a channel with elastic walls. Fol-
lowing [28], the therm pulsatility means the rapid increase and decrease of the flow rate
in a first phase, followed by a longer phase where the flow rate is small. This kind of
fluid-structure interaction arises in car industries, for example the dynamic behavior of
a hydraulic shock absorber [22] or in the design of sensors subject to large acceleration

129
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during impact [20] or in bio-mechanics, for example, the interaction between a bio-fluid
and a living tissue [29].

The mathematical model which governs the fluid is the unsteady Navier-Stokes equa-
tions with boundary condition on the pressure. For the structure, a particular plate
model is used.

The most frequently, the fluid-structure interaction problems are solved numerically
by partitioned procedures, i.e. the fluid and the structure equations are solved sepa-
rately.

There are different strategies to discretize in time the unsteady fluid-structure inter-
action problem. A family of explicit algorithms known also as staggered was successfully
employed for the acroelastic applications [11]. As it shown in [22] and [26], the stag-
gered algorithms are unstable when the structure is light and its density is comparable to
that of its fluid, such in the bio-mechanics applications. For a simplified fluid-structure
problem, the unconditionally instability of the explicit algorithms is proved in [3].

In order to obtain unconditionally stable algorithms, at each time step we have to
solve a non-linear fluid-structure coupled system. This can be done by using: fixed point
strategies [22, 26, 13, 29], Newton method where the gradient is approached by Finite
Differences [30], quasi-Newton method [14], Newton method with exact Jacobian [12].
The starting point for these iterative methods at the current time step is computed by
extrapolating the solutions at the previous time steps.

We will see in the numerical tests presented in this paper that the solution at the
previous time step, which is used as a starting point for the next time step, it is not
close to the solution at the current time step. Such phenomena is amplified during the
phase when the flow rate increase or decrease rapidly or if we increase the time step.

The fixed point and Newton like algorithms are not suitable in this case, since these
methods diverge if the starting point is not sufficiently close to the solution.

In this paper, the continuity of the stresses at the interface will be treated by the
Least Squares Method and at each time step we have to solve an optimization problem
which is less sensitive to the choice of the starting point and it permits us to use moderate
time step. This is the main advantage of this approach.

The outline of this paper is as follows. In Section 1 the approximation of the struc-
ture by the modal decomposition and Newmark scheme is presented. The Arbitrary
Lagrangian Eulerian Method for Navier-Stokes equations in moving domain is detailed
in Section 2. The coupled fluid-structure algorithm is introduced in Section 3. In order
to solve the optimization problem at each time step, we have employed the Broyden,
Fletcher, Goldforb, Shano method and the gradient of the cost function was approached
by the Finite Difference Method. Numerical results are presented and discussed in
Section 4. The last section is devoted to some concluding remarks.



Numerical simulation of a pulsatile flow through a flexible channel 131

5.1 Approximation of the structure

5.1.1 Strong equations of the structure

The following system was obtained from the equations of a linear elastic, homogeneous,
isotropic plate (see [10]) which is parallel to the plane Ox;x3, under the hypothesis that
the vertical displacement is independent of x3.

Let L > 0 denote the length, h® > 0 the thickness, p° > 0 the mass density, £ > 0
the Young modulus, 0 < v < 0.5 the Poisson ratio, 7' > 0 the length of the time interval,
n:(0,L) x (0,T) — R the applied transverse force per unit area, u° : (0, L) — R the
initial displacement, %° : (0, L) — R the initial velocity.

The problem is to find the transverse displacement u : [0, L] x [0, 7] — R such that

Shsgtg( t>+1;(71_)y2>g4( =@, (et € (0,L) x (0,TY5.1)
u(0,t) = ,g 0,t)=0, te(0,T) (5.2)
w(L,t) =0, gu(L t)=0, te(0,7T) (5.3)
u(z1,0) = u’(zy), x1€(0,L) (5.4)
g::(xl,O):uo(xl), 21 € (0, L) (5.5)

The above model is suitable for the flat thin structures. The time derivative of the

S(1S\3 4 . 3 1
) (1h2 ) —ata? 8“2 was neglected since the structure is thin and conse-
E(h )8

quently (h®)3 is very small. On the contrary, the factor 50107 could not be neglected
because the Young modulus F is in general a big number.

In [28, 29], for numerical simulations of the blood flow in arteries, the vascular wall
was modeled as a axisymetric membrane

angular momentum

J*u 9%u Eh°
S8 s
h”> — h>Gk—s )+ —— t) = t).
ot? (21,1) = Ox? (xl’ )+ 12(1 — 1/2)R2u(x1’ ) = )
Some authors add the visco-elastic term aaggt to the membrane model in order to obtain

a priori estimation of an energy [23], or to regularlze the solution [4], or to stabilize the
numerical schemes [8].

5.1.2 Natural frequencies and normal mode shapes

This subsection follows the general reference [5] vol. 7, chap. XV and the particular
example 5.3, p. 192 from the same reference. Another general reference in this topic is
21].
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We denote by 0 < sg < --- < s; < ... the solutions of the equation
cos(s)cosh(s) =1, s> 0.

We set a; = s;/L. For each ¢ € N there exists an unique normal mode shape ¢; €
C* ([0, L]) such that

¢ (x1) = (%)4@(551), x1 € (0,L) (5.6)
5.0 = 52(0) =0, 5.7)
6(L) = 52(L) = 5:5)

/0 () dar = 1. (5.9)

Let w; = (%)2 % be the ¢th natural frequency associated with ¢,.

The normal mode shapes ¢; for i € N form an orthonormal basis of L?(0, L). There
exists an unique decomposition of 1 of the form

n(z1,t) = Zai(t)¢i(xl)-
i>0
The problem (5.1)—(5.5) has a solution of the form
u(wy, ) = qi(t)pi(z1)
i>0
where ¢; is the solution of the second order differential equation
1
2
q; (t) + wiq;(t) = Wozi(t), te(0,7) (5.10)
L
4:(0) :/ u® (1) gi(1) dar (5.11)
0
L
¢(0) :/ W’ (1) (1) dry. (5.12)
0

5.1.3 The Newmark method

We recall the Newmark method employed to approximate second order systems of or-
dinary differential equations.

Let N € N* be the number of time steps and At = T'/N the time step. We set ¢,, =
nAt forn =0,1,..., N. We denote af = a;(t,) and let ¢7*, ¢, §" be approximations of
Gi(tn), ¢i(tn), 4i (tn) respectively.
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Knowing ¢7, ¢7, ¢* and o, find ¢, ¢/, 7" such that:

1
.n+41 2 n+l __ n+1
Qi +wz qz - pshsaz’ ) (513)
G =g + A [(1 = 8)G + 0] (5.14)
1
@ = A (007 | (5 - 0) e o (5.15)

where ¢ and 6 are two real parameters.

Substituting (5.15) into (5.13) results in an equation that may be solved for G'™":
1 1
2 2 n+1 n+1 2 n ‘N 2 -
(1 + w; (At) 0) gt = —pshso‘i — w; {qi + At + (At) (5 — 9) qll ) (5.16)

Once ¢t is determined, (5.14) and (5.15) serve to define /""" and ¢!"*', respectively.

7

Following [5], vol. 9, p. 922, this method is unconditional stable for 20 > § > 1/2.
It is first order accuracy if 6 # 1/2. If § = 1/2, it is second order accuracy in the case
0 # 1/12 and forth order accuracy is achieved if § = 1/12.

Only the first m modes will be considered. We denote by

m—1 m—1 m—1
up (1) = Y@l di(w), dn(m) =Y didien), i (e) =) i di(w)
1=0 =0 1=0

du

5 (T1,tn), %(xl, t,) respectively.

the approximations of u(xy,t,),

5.2 Approximations of the unsteady Navier-Stokes
equations in a moving domain

5.2.1 Strong form of the unsteady Navier-Stokes equations

Let u : [0, L] x [0,T] — R be the transverse displacement of a thin elastic wall. For each
time instant ¢ € [0,7], we assume that u(-,¢) : [0,L] — R is at least of class C'. We
suppose that an admissible displacement verifies:

u(0,t) = 52(0,1) = 0, u(L,t) = (L, t) =0, Vtel0,T],
0< H+U($1,t>, V((L’l,t) € [O,L] X [O,T]

where H is a positive constant.
For each t € [0, 7], we introduce the notations (see Figure 5.1)

OF = {(z1.22) €R% 21 € (0,L), 0 < 22 < H +u(a,1)},
Ft = {(.’fl,l’g) € R27 X1 S (OJL)J Ty = H+U(x1,t>} .
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) m
Iy
Yo 1

Figure 5.1: Example of an admissible domain

Also, we denote

21 = {(0,372)ER2;$2€(0,H>},
% = {(21,0) eR* 21 €(0,1)},
Y3 = {(L,x) ER* 22 €(0,H)}.

The two-dimensional domain occupied by the fluid is QF, the elastic wall is T,
the rigid one is X5, while 3; and Y3 represent the upstream and downstream sections,
respectively. The boundaries ¥; and X3 are artificial.

In the following, we denote by n = (n1,n3)? the unit outward normal vector and by
T = (11,72)7 = (—ng,n1)T the unit tangential vector to 9QL".

For all ¢ € [0,T] and for all x = (x1,29)" € QF, find the velocity v(x,t) € R? and
the pressure p(x,t) € R such that:

oF ((2_:+(v-V)V) —pAv+Vp = fF vte (0,7),vxe QF (5.17)
Vv = 0, Vte(0,T),vxeQf (5.18)
vxn = 0, onX;x(0,7) ( )

p = Py, on;x(0,7) (5.20)
v = g, onyx(0,7T) (5.21)
vxn = 0, onX3x(0,7) (5.22)
p = Pou, onXzx(0,T) (5.23)

ou ’

v (21, H +u(xy,t),t) = (0, E(Qfl;t)) ;

V(zq,t) € (0,L) x (0,T) (5.24)
v(x,0) = v'(x), ¥xeQf (5.25)

where

e p" > 0and p > 0 are the mass density and the viscosity of the fluid,
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F = (fF, ff) are the applied volume forces, in general the gravity forces,

e g =(g1,92)" : Xy x (0,T) — R? is the imposed velocity profile on a part of the
rigid boundary,

o P, : Y1 x(0,T) — Rand P, : ¥3x(0,7) — R are prescribed boundary pressure,

0

e v0: Ol — R? is initial velocity and Qf" is the initial domain.

We have supposed that the displacement v and the velocity % of the moving wall

are known, consequently the moving domain QI which depends on u and the prescribed
velocity on the elastic boundary I'; appearing in the boundary condition (5.24) are given.
The following notations have been used: v = (vy,v5)", Vv = 2% 4 92 vy —

8ac1 8x )
2, 92, .
V1Ng — Vo, Av; = o3 + o3 fori=1,2,

8p V1 v
+
vp_ 8m1 ’ AV:<§U1)7 (V~V)V:(Ula ngg)'
8:(:2 U2 1895 +v 8952
The Navier-Stokes equations with boundary condition on pressure were firstly stud-
ied in [27].

5.2.2 The Arbitrary Lagrangian Eulerian coordinates and the
time discretization

The Arbitrary Lagrangian Eulerian (ALE) framework was successfully used for the fluid
structure interaction problems (see [29] and the references given there).

We denote by QF = (0, L) x (0, H) the reference domain and by I’ = (0, L) x {H} its
top boundary. Since the moving boundary is a graph of a real function and the reference
domain is a rectangle, we can construct explicitly so called the ALE map.

For each admissible displacement u, we consider following family of one-to-one con-
tinuous differentiable transformation A; : QF — QF given by:

o  H+u(@, ) \"
A (T1,79) = ('rla %ﬁz)

which admits the continuous differentiable inverse mapping

Haxs r
_1 _
Ay (1, 22) = (xl’H+u(a:1,t))

and verifies that A, (SAIF) =OF A, <f) =T, and A (Z) =7, VT € ¥.
We set x = A, (X) for each x = (1, 22) € QF and X = (71, T,) € QF.
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We denote by v(X,t) = v (A«(X),t) and p(X,t) = p(Ai(X),t) the velocity and the
pressure using so-called Arbitrary Lagrangian Eulerian coordinates.
Let X be fixed. According to the chain rule, we have

0A;

» THR) V) v (ARL0 + 5 AR).D

d ~
5 —(X,t) = T v (Aux),1)] = (

which implies

ov aV aAt
— (x,7 t t). 5.26
o = G - (%59 ) vix (5.20
Let N € N* be the number of time steps and At = T/N the time step. We set
tn, = nAt for n = 0,1,..., N. We will indicate v"*!(x), p"*!(x) the approximations of
V(X tni1), P(X, tnat) for xeQf .

We denote x = Ay, ,, (X) and consequently X = A; ! (x).
We can use the first order finite difference scheme

LV Rtai1) V&) V(A B tnr1) =V (Ary, (R) )

8t (X tna) = At - At
. v(x, tn+1)—v(AtnoA n+1( )tn) N vl (x)—v" (AtnoAt Jrl( ))
- At ~ At :

Observe that the derivative %—f(i, tne1) which depends on the ALE coordinates X can

v )V (A 0A () . .
be approached by the expression N ‘n written using the Eulerian co-

ordinates x.
By the definition, it follows

R T
OA <O7 Bu (3, t)%)

and by replacing X = A; 1“ (x), we obtain

T
i1y def OAL o = Ou -
9" (x) = ot (X)|t=tnyr = ( "ot (1, tnt1) H+U(xlvt”+1)) ‘

Finally, from the equality (5.26), we can employ the approximation

ov viHl(x) — (Atn Atn+1(x))
E(X? tn-i—l) ~ At

— (9" (x) - V) v (x). (5.27)

The time-advancing scheme is: knowing the velocity v : Qf — R? of the fluid at
the previous time step and the displacement w(-,¢,.1), the velocity ‘?9?( tni1) of the
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+1 . OF
SR04

moving boundary at the current time step, find the velocity v" — R2, the

pressure p"*' 1 Q| — R of the fluid, such that

n

F Vn+1 n n+1 n+1 n+1 n+1 FV F
p +((V -0 )-V)V — pAV"T + Vp = p —+f

At At

in Qf (5.28)
Vv = 0in Q) (5.29)
vt xn = 0on X, (5.30)

Pttt = B (s tnt1)
on ¥ (5.31)
vt = g(. t,1) on By (5.32)
vitlixn = 0Oon X (5.33)

P = Poul(itnta)
on X3 (5.34)

n+1 du '
v (2, H +u(xy, thgq),t) = <0, a(asl,tnﬂ)) :

0<z < L. (5.35)

where V™ (x) = v" (A, o A, (x)) for all x in Qf .

This is a first order time accurate scheme. The time derivative was approached by
the backward Euler method. The nonlinear term (v - V)v was treated semi-implicit,
therefore we obtain a linear system whose associated matrix is not symmetric and it
changes at each time step.

5.2.3 Mixed Finite Element approximation

We introduce the following Hilbert spaces:

W — {W c (Hl (QF

tn+1))2; w xn=0on X; U3, WzOOn&UFth},
Qn-l-l — L2 (in+l)

Find the velocity v*™ € (H* (inﬂ))2 satisfies the boundary conditions (5.30),

.92), (0.33), (0. and the pressure p S such that
5.32), (5.33), (5.35 d th ntl e [2 Qf;ﬂ h th

G () (v w) 4B () = 0 (w), Ve €
b%“ (V”“, q) 0, Vg € Qntt
(5.36)



138 C.M. Murea

where
oF
apt (viThw) = = (v w)
Fu (VX vV xw) +p (Vv V- w) (5.37)
dpt (vihow) =t (V=9 V) v w) (5.38)
bt (w.q) = —(V-w,q) (5.39)
F
i w) = LV w) £ (W)
_/ P (-,tn+1)n-wd7—/ Pou( i) - wdy  (5.40)
21 Z3

and (-, -) is the scalar product of L* (Qf ) or (L? (Qf;ﬂ))z.

Following [27, 17], the bilinear form (V x y,V x w)+(V -y, V - w) is W™ elliptic
and b}ffl satisfies inf-sup condition or Ladyzhenskaya-Babuska-Brezzi condition. If the
bilinear form a%™ + d%™! is elliptic on the subspace {w € W"*!; V. w = 0}, then the
problem (5.36) has an unique solution.

For the approximation of the fluid velocity we have been used the finite elements Py
+ bubble also refereed to as MINI elements introduced by Arnold, Brezzi and Fortin.
For the fluid pressure the finite elements P; have been employed.

5.3 Approximation of the coupled fluid-structure
equations

5.3.1 Strong form of the coupled equations

In the previous sections, we have introduced separately the structure and the fluid
equations.

The coupled fluid structure problem is: find the transverse displacement u satisfies
(5.1)—(5.5), the velocity v and the pressure p satisfy (5.17)—(5.25) such that

ou 2
(@1, t) == (0" e2) oy \/1 + (8—x1(x1’t)) (5.41)

where 0" = —pI + 1 (Vv + VvT) is the stress tensor of the fluid, e; = (0,1)" is the
unit vector in the x5 direction.

The displacement of the structure depends on the vertical component of the stresses
exerted by the fluid on the interface (equations 5.1 and 5.41). This cames from the
continuity of the stresses across the interface.
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The movement of the structure changes the domain where the fluid equations must
be solved (equations 5.17 and 5.18). Also, on the interface we have to impose the
equality between the fluid and structure velocity (equation 5.24).

The stresses exerted by the fluid —on are defined on the elastic wall Ty, while
the stresses on the structure n are defined on the horizontal segment I". The factor

2
\/1 + (aa—x“l(xl, t)) which appears in the equation (5.41) is necessary to have

L 2
ou
F _ F_ .
/Ft on-eydy= /0 (a n ez)(thM(Iht)) \/1 + <8x1 (xl,t)) dxy.

The displacement u must be admissible or equivalent the elastic wall I'; does not
touch the bottom boundary 5.

The existence results for the fluid structure interaction can be found for example in
[16, 1] for the steady case and in [15, 9, 2, 4] for the unsteady case. We didn’t cited here
the results concerning the interaction between a fluid and a rigid solid in rotation or in
translation.

5.3.2 Identification of the stresses on the interface using the
Least Squares Method

We recall that, the most frequently, the fluid-structure interaction problems are solved
numerically by partitioned procedures, i.e. the fluid and the structure equations are
solved separately. This can be done by using fixed point or Newton like methods. If the
starting point is not chosen “sufficiently close” to the solution, these methods diverge.
In the following, the equation (5.41) will be treated by the Least Squares Method
and at each time step we have to solve an optimization problem which is less sensitive
to the choice of the starting point. This is the main advantage of this approach.
In order to evaluate the cost function, we must call one time the structure solver, to
update the mesh and to call one time the fluid solver. We present the details below.
The unknowns of the optimization problem are the stresses on the interface.
Suppose that at the previous time step t,, we know:

e the approximations of the displacement, the velocity and the acceleration of the
structure denoted respectively by

m—1 m—1 m—1
up(zn) =Y qrdi(xr), () =Y d'eix), din(x) =Y §éilx):
=0 =0 =0

e the polygonal approximation of the fluid domain denoted by Qf’”;
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e the finite element approximations of the velocity and the pressure of the fluid
denoted by v} and pj respectively.

We seek an approximation of the stresses on the interface at the current time step
tor1 of the form 7%t () = S al ¢ (x1), where o™, i = 0,...,m — 1 are the
parameters to be identified.

Let @ = (g, ..., 1) € R™,

Structure sub-problem o
Fori=0,...,m — 1, knowing ¢}, ¢, ¢, find Q;, Q;, Q; such that:

. 1 1
1 2(At)? = — w2 |+ A+ (AP = — I 42
(13 A00) G = o= |ap + A+ (a0 (5 -6) ] 642

Qi = 4 + At [(1 —8)q; + 5@} : (5.43)
1 ..
Qi = ¢ + Atg} + (At)? [(5 - 6) g+ GQZ} (5.44)
The above equations have been obtained from (5.16), (5.13), (5.14) replacing o t!, ¢,
qzn—i_l? qzn—H by (079 Qzu Qu Qz reSpeCtlvely
Set

D= Y Qb U) =Y Qo). U= Qo)

Fluid sub-problem
Let 75 be a mesh with triangular elements of the reference domain QF . We define
the mesh with triangular elements 7, by moving each node of ’271 using the map

We denote by QF the polygonal domain corresponding to the mesh 7, and we have
00F =3, U, U3 UTYy, where 'y, is the top boundary.
Let us introduce the finite dimension spaces

. 2
W, — {wh e <C° (Qf)) . VK triangle of T, wa|x € P1 + bubble,

w,xn=0on% UX3 w,=0o0n3UIl},

Qn = {Qh c (Y (ﬁf) : VK triangle of 7y, qn|x € Pl}-

Remark that the finite element spaces are defined directly on the physical domain.
Many authors (see [28, 22, 29]) use a different framework: the test function in the
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physical domain is obtained from the one in a reference domain via the ALE map. In
this case, we have to pay attention to the quadrature formulas (see [29]).
Find the velocity vy, satisfies the boundary conditions

v Xxn = 0, on each vertex of ¥; U X3,
v, = g(,tas1), on each vertex of 3,
AT
vy, = (O, U) , on each vertex of the top boundary I',

and the pressure p, € ), such that

{ a%—’_l (Vha Wh) + d?‘—i_l (Vha Wh) + b?‘—i_l (Wh>ph) = gn-‘rl (Wh) ) vVVh S Wh (5 45)

Vit (v, qn) = 0, Van € Qn

When ¢**1 (w},) is evaluated, we have to replace A;, o A; " by Aun oA;" in the definition

(5.40).

Definition of the cost function

The right side part of the equation (5.41), which represents the stresses from fluid
acting on the interface, will be approached by Zﬁf)l Bidi(x1).

Let us define fort =0,...,m — 1

L oU 2
_ , F '
[ o) 0 - en) o 1 (o))

Since n = (ny,ny)7 = ﬁ ( o1 71) we obtain

U
1+(m

L ovp1 Ovp 2 ou Ovp,2
o ) | | 0, 20 dz,.
/0 o) (p P <0x2 "o )( (’m) " or, )<m1,H+U<w1>> B

Set the cost function

tn41

Jn+1

l\DI»—t

m—
=0
The terms containing the viscosity can be neglected from the boundary expressions.
Consequently, we could use the simpler formula

L
:/ ¢i(z1)pn (v, H+ U(x1))dxy, i=0,...,m—1.
0

We recall that the stresses on the interface at the current time step t¢,,.; will be
approached by nit (z1) = S al T g(xy).
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The parameters o't for 0 < i < m — 1 will be “identified” solving an optimization
problem, more precisely

def .
o= (gt at) € arg min ST (a).
acR™

We will see in the following that the above defined cost function is related to the
fixed point approach for fluid-structure interaction.

We introduce the structure operator given by S(a) = (Q, Q, Q) and the fluid oper-
ator given by
F(Q.Q.Q) = B, where (Q.Q,0) = (@i, Q1,0

Our approach is to minimize

0<i<m—1

1 1
I @) = 5l = Bl = 5 lla = Fo S(a);

where ||-||, stands the Euclidean norm of R™.

The fixed point framework is to solve F o S(ax) = .

Some authors use the displacement of the structure in place of a as a fixed point. In
the following we will study the sensitivity of the displacement and velocity of the struc-
ture with respect to a. This enables us to compare the solution computed minimizing
the cost function with the ones presented in [26, 14, 12].

Let o
(4Q, 4@, dQ) = S(@) — S(B)
where <dQ,dQ,dQ) _ (d@i,in,in)0<'<  and set
m—1 m—1
dU(xl) = Z sz‘ ¢z’(331), dU(xl) = Z sz’ ¢z($1)
i=0 =0

We denote by ||| 2 ) the usual norm of the space L*(0,L).

Proposition 5.1 We have

(At)%0
: (AL)S
< n+1 . .
HdU o S s V2T@) (5.47)

Proof. From the equations (5.42)—(5.44), we obtain that

1 1

T R0 s (%~ 0 dQi = (A05dQ;,  dQ; = (A0 Q.

40, =
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Since 6 > 0, we have (1 + w?(At)?0) > 1 and consequently

(At At)?0
< Sita=sl. 1dal < S0 jai— .

40

1
< oo Al || <

Using that {¢;},.y is a orthonormal basis of L?(0, L), we have

) o ) (A1)20\°
||dU||L2(O7L) = Z |dQs|” < ShS Z
=0 =0

By definition 27" (a) = 3.7 " |a; — Bif°. Therefore, it follows (5.46).
In the same manner, we can prove (5.47). O

The inequalities (5.46) and (5.47) mean that the difference between the displace-
ments or the velocities of the structure obtained at two consecutive steps of fixed point
algorithm is bounded by an expression depending on the cost function.

5.3.3 Coupled fluid-structure algorithm by the BFGS Method

In order to solve at the current time step t,.; the optimization problem min J"™!(cx)
for a« € R™, we employ the quasi-Newton iterative method called Broyden, Fletcher,
Goldforb, Shano (BFGS) scheme (see for example [6], chap. 9).

Step 0. Choose a starting point a™™5? € R™, an m x m symmetric positive matrix
Hy and a positive scalar €. Set k = 0.

Step 1. Compute V.J"H(atF).

Step 2. If |[VJ""! (a™™F)|| < € stop.

Step 3. Set d* = —H, VJ"™ (a" "),

Step 4. Determine atHA+l = oLk 4 9, d* 0, > 0 by means of an approximate
minimization

Jn+1(an+1,k+1) ~ rg%l Jn+1 (an—i-l,k + Gdk)

n+1,k+1 n+1,k

Step 5. Compute d, = « -«
Step 6. Compute VJ" (" 1EHL) and v, = VJ T (rt b)) — v gt (gntLk),
Step 7. Compute

Ty 55 AL H, + H, (5
Hk+1:Hk+<1+7k sz) k KV 1k EVE

T ) 6w O Yk
Step 8. Update &k = k 4 1 and go to the Step 2.

The matrices Hy approach the inverse of the Hessian of J.
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For the inaccurate line search at the Step 4, the methods of Goldstein and Armijo
were used.

The coupled fluid-structure algorithm is: suppose that at the previous time step ¢,
we know u?, = S gy, at = S0 iy, i = S s, v and pi, then solve

m m

ot € arg min J" ()
acR™

using the BFGS scheme. The solution a™*! is the last term of the suite o190, ...

an-‘,—l,k’ an-{—l,k—&—l7
The stresses on the interface at the current time step ¢, are given by

-1

nett (@) =) ol (xy).

3

3

Il
o

At each evaluation of the cost function we have to solve one structure sub-problem,

to update the mesh and to solve one fluid sub-problem. We denote by w™, ¢/ g+t

the solution of the structure sub-problem and by v} and p}™! the solution of the fluid
sub-problem when J"*! is evaluated in the point a™*!.

In this paper, we compute VJ""!(a) by the Finite Differences Method

aJn 1 (@) ~ J" o+ Aagey) — J" ()
80% Z&ak

where ey is the k-th vector of the canonical base of R™ and Aay, > 0 is the grid spacing.

5.3.4 Fixed point, Newton and BFGS Methods

In this section, we analyze different iterative methods for solving coupled fluid-structure
problems.

In the previous section, we have presented the BFGS Method in order to solve the
optimization problem

inf J(a) = % la = FoS(@)|?

acR™

where ||-|| stands the Euclidean norm of R™.

The fixed point framework is to solve F o S(ar) = «a.

Let G : R™ — R™ the nonlinear application given by G(a) = F o S(a). In order to
approach the fixed point G(a*) = a*, we could use the following algorithm

o’ cR", ot =G(ah).

If G is a contraction and if the starting point a is sufficiently close to the solution,
then the sequence {ak} is linearly convergent to a*.
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We can set F': R — R", F(a) = a — G(a), then the fixed point problem is
equivalent to F'(a) = 0. The Newton Method can be employed for finding the roots of
F:

o’ c R, ottt =af — (VF(ak)T)_l F(a®).

If the Jacobian matrix VF(a*)T is nonsingular and the starting point is sufficiently
close to the solution, then the sequence {ak} is quadratically convergent.

In a general framework, the BFGS Method is designed to find approximation of the
local minimizers of .J, solutions of the nonlinear system V.J(a) = 0. Its convergence is
superlinarly. In our particular case J(a) = L || F (a)|?, we get

VJ(a) = (VF(a)) Fa).

Consequently, if a* is a local minimizer, then (VF(a*)) F(a*) = 0. What is most sur-
prising is the fact that if the Jacobian matrix VF(a*)T is nonsingular, from the above
equality we obtain that F'(a*) = 0! In other words, a local minimizer a*, with nonsin-
gular Jacobian matrix VF(a*)T, is a global minimizer of zero residual, i.e. J(a*) = 0.
Only in the case when VF(a*)T is singular and F(a*) # 0, the solution computed by
the BFGS Method is not a solution of the fluid-structure coupled problem.

We have to recall that the Newton method fails if VF(a*)” is nonsingular.

Concerning the convergence rate, the fixed point algorithm is slower than the BFGS
Method, which is slower than the Newton Method. But, if the starting point is not
sufficiently close to the solution, the fixed point and Newton algorithms diverge.

On the contrary, the BFGS Method is less sensitive to the choice of the starting
point and, in general, it is convergent to a local minimizer from almost any starting
point. This is the main advantage.

At each iteration of the Newton Method we have to solve a linear system of matrix
VF(ak)T, but it is not the case if we employ the BFGS Method, since the matrices
Hj, approach the inverse of the Hessian. Moreover, if the Jacobian matrix VF(a*)7T is
singular or ill-conditioned, the Newton Method doesn’t work.

5.4 Numerical results

5.4.1 Case of an impulsive pressure wave in a higher compliant
channel

Input data. We have tested on the 2D benchmark proposed in [13] arising from blood flow
in arteries. Our numerical experiments have only an academic purpose. The structure
equation (5.1) is not appropriate to model the artery wall. However, the algorithm
presented in this paper can be easily adapted to simulate the blood flow in arteries by
replacing (5.1) by the one dimensional axisymetric membrane model.
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The computation has been made in a domain of length L = 6 ¢m and height H =
1 em. The viscosity of the fluid was taken to be = 0.035 -, its density pf =1 g 3
The thickness of the elastic wall is h° = 0.1 ¢m, the Young modulus £ = 0.75-10° -,
the Poisson ratio v = 0.5, the density p® = 1.1 —45. The volume force in fluid is
' = (0,0)7.

We remark that the structure is light and its density is comparable to the ones of
the fluid. For this data, the fixed point algorithm with relaxation can diverge if the
relaxation parameter is not carefully chosen [26].

For the boundary conditions we have used:

Po(x,t) = 10%(1 — cos(27t/0.005)), x € £,0 <t < 0.005
B x€5,,0005<t<T
X, t) = 0,

( XGEQ,OStST
Pout(x> t) = 07

XGEg,OStST

and for the initial conditions we have taken: ©® =0, 4 =0, i° = 0, v® = 0.

The maximal pressure imposed at the inflow is Py, (+,0.0025) = 2000 dgﬁs and the
time duration of the over-pressure at the inflow is 0.005 s.

We have performed the simulation for N = 500 time steps with a time step At =
0.0005 s which gives a time duration "= NAt = 0.25 s.

The numerical tests have been produced using freefem++ v1.34 (see [18]).

Only the first 5 modes have been considered for the structure. In order to compute
the normal mode shapes, the system (5.6)—(5.9) has been solved using the software
Maple. For the Newmark algorithm we have used § = 0.6 and 6 = 0.5.

For the approximation of the fluid velocity and pressure we have employed the tri-
angular finite elements P;+bubble and P; respectively. We have used three reference
meshes of parameters presented in Table 5.1.

At mesh size h | no. triangles | no. vertices
0.0005 | hy =0.25 196 127
0.0005 | he =0.17 226 448
0.0005 | hs =0.10 1250 696

Table 5.1: Parameters for the three tests with same time step and different mesh sizes

The gradient of the cost function is approached by the Finite Differences Method
with the grid spacing Aay = 0.001.

Starting point for the minimization algorithm. In our computations, the stress at the
previous time step a” is used as starting point in the iterative method at the current
time step. We remark in the left picture of Figure 5.2 that the starting values of the
cost function are huge during the over-pressure imposed at the inflow. This means that
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the starting point is not closed to the solution, where the cost function reaches
the zero value. Also, we observe that the starting values of the cost function are
not very sensitive to the mesh size.

Stopping criteria and efficiency. At each time step, the optimization problem have
been solved by the BFGS algorithm.

We have employed the freefem++ implementation of the BFGS algorithm which use
the stopping criteria: ||[V.J|| < € or the number of iterations reaches a maximal value
nbiter. We have performed the computations with € = 10~* and nbiter = 8. We set to 4
the maximal number of the iterations for the line search. For the Least Squares problems
of zero residual, a more useful stopping criteria is ||.J|| < €, but it is not implemented
yet.

To sum up, at each time step the cost function is called at most

maximal number iterations BFGS x (m + maximal number iterations line search).

At each evaluation of the cost function we have to solve one structure sub-problem, to
update the mesh and to solve one fluid sub-problem.

The final values of the cost function are less than 10~3 almost everywhere with very
few exceptions (see Figure 5.3).

From the formulas (5.46) and (5.47), it follows:

. (At)§ 0.0005 - 0.6 »
dU’ < 27 (@) < 20 00 ST B A 1.21 - 10
H 2,L) —  p°hS (@) < 1.1-0.1
(At)%0 (0.0005)2 - 0.5 - _
1dUN 20y < S 2/ a) < V2 1079 25,0810 8.

In [26], at each time step, the coupled fluid-structure problem was solved by fixed
point strategy with a relaxation parameter. At the start up of the simulation an im-
portant number of iterations (see [26], Figure 4.14, p. 150) is necessary to satisfy the
criteria

|dU|| HdUHLw
01~ [o]
LOO

The convergence of the fixed point algorithm can be accelerated using the Aitken’s
[14] or transpiration method [7].

Good convergence rate was obtained in [14] where the derivative of the operator was
replaced by a much simpler operator. In order to achieve ||[dU|| < 107 six iterations of
quasi-Newton method are required.

In [12], the block Newton algorithm is used where the jacobian is evaluated exactly.
The convergence is obtained in 2-3 iterations, only.

max <1074
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Behavior of the computed solution. The coupled fluid-structure algorithm is numer-
ically stable for At = 0.0005 s.

The wave starts from the left side (see Figures 5.4, 5.5) and it will be reflected at the
right side. The animations including the displacement of the structure and the pressure
of the fluid can be visualized on the web page of the author. The pulse speed is about
170 em/s. In [13, 26], a 3D fluid-structure model is coupled with a 1D reduced model
in order to reduce the reflexion due to the inappropriate boundary conditions for the
structure and for the fluid on the right side.
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Figure 5.2: Starting values of the cost function during the pressure impulse (at the left)

and after (at the right) for the mesh sizes hy (top), he (middle), hy (bottom).
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Figure 5.3: Final values of the cost function at each time step for the mesh size h;.

t = D150

A A e il

SR L e
§ & T & F 8 8

t = D.0S0D

b o= D050
‘ "
P |
&8 g

dynes
cm? ]

Figure 5.4: Fluid pressure [



Numerical simulation of a pulsatile flow through a flexible channel 151

t=0.0150

t=0.0300

t=0.0450

t= 0.0600

t=0.0750

Figure 5.5: Displacements [em] of the top wall and fluid velocity [“*]. The arrows were
scaled by a factor 0.1
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5.4.2 Case of a sine wave of the pressure input in a less com-
pliant channel

We will test now the sensitivity of the computed data by increasing the time step At.
The BFGS method will be successful from farther starting point.

The simulations were performed for £ = 3 - 10° —Z— the Young modulus of the
structure and for a five times longer over-pressure at the inflow:

P ) — | 10°(1 = cos(2n/0.025)), x € 21,0 <1< 0.025
in\%, - O; X62170025§t§T

The other parameters are the same as in the previous test.

For the three numerical tests, we have used the same reference mesh of 448 triangles
and 267 vertices.

The time step At, the mesh size h, the number of time steps N and T' = NAt are
reported in Table 5.2.

At h N| T
0.0005 | 0.17 | 200 | 0.1
0.0010 | 0.17 | 100 | 0.1
0.0025 | 0.17 | 40| 0.1

Table 5.2: Parameters for the three numerical tests

The stress at the previous time step a” is used as starting point in the iterative
method for solving the minimization problem mingegm J" ™! () at the current time
step. The starting values of the cost function J"™(a™) are showed in the left column
of Figure 5.6.

Remark that some values of the cost function in the starting points can reach 1.8-10°
when At = 0.0005 or 5 - 10° when At = 0.0010 or 1.2 - 10° when At = 0.0025. These
great values mean that for some time instants, the solution at the previous time
step is not closed to the solution at the current time step.

Also, we observe that values of the cost function in the starting points are very
sensitive to At.

At each time step, the BFGS algorithm find efficiently an optimal value of the cost
function less than 0.00055 (see the right column of Figure 5.6).

We have performed less than 10 iterations of the BFGS algorithm and less than 5
iterations for the line search at each time step.

Even in the case of important displacements of the structure, the algorithm is suc-
cessful (see Figure 5.7).
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Figure 5.6: Starting (left) and final
(top), At = 0.0010 (middle) and At = 0.0025 (bottom)
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t=0.0450

Figure 5.7: Displacements [cm] of the top wall and fluid velocity [?*]. The arrows were
scaled by a factor 0.05
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5.4.3 Modified Newton Method

The Modified Newton Method (Newton Method with line search strategies) inherits the
fast local convergence of the Newton Method and, in the same time, it is less sensitive

to the starting point. We will see that, in some situations, this method can be a better
choice than the BFGS Method.

Step 0. Choose a starting point a” € R™ and a positive scalar €. Set k = 0.
Step 1. If ||[F(a")| < e stop.

Step 2. Set d* = — <(VF(ak))T) - F(aF).

k1 — of +0,d*, 6, > 0 by means of an approximate mini-

Step 3. Determine «
mization

HF(akH)H A rglzi{)l HF(ak + Qdk)H :
Step 4. Update k£ = k 4+ 1 and go to the Step 1.

In this paper, we make distinction between the Modified Newton Method described
above and the Newton Method where at the Step 3, we always take 6, = 1.

First, we will employ the Modified Newton Method for a nonlinear problem in R2?,
then for a fluid-structure interaction problem presented previously.

Validation tests

Let F: R? — R? be defined by
2 2
Fla) = F(a1,02) = ( exp(ag — 1) + a3 —2 )

which has the roots (1,1)7 and (1, —1)7. Numerical results obtained by Newton Method
for solving F(a) = (0,0)7 are presented in [19]. The Jacobian of F' can be computed

analytically by
T 20&1 20./2
(VF(e))” = < exp(a; — 1) 2an ) ’

Observe that the Jacobian is singular for ay = 0.

We have investigated Newton, BFGS and Modified Newton methods for two initial
starting points: @’ = (2,3)" and a® = (3,5)7 using freefem++ [18]. The line search
strategy implemented in freefem++ starts with the step # = 1 and then, if it is not
acceptable, reduces it using backtracking with cubic interpolation (see [6], Section 6.3.2,
pp. 126-129).

We denote by J(a) = L|F(a)|]®, where ||| is the Euclidian norm of R2. The

2
gradient can be computed analytically by VJ(a) = (VF(a)) F(ax).
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The first starting point: o' = (2,3)7

Newton Method. Only 4 iterations are needed to the Newton Method in order to
satisfy the stopping criteria ||F(a)|| < €, where ¢ = 1073. At the initial iteration
we have a® = (2,3)7, J(a®) = 107.723. At the final iteration we have obtained:
at = (1, 1.00011)7, J(a') = 5.01828¢ — 08 and

F(a) = (0.000224015, 0.000224015)".

BFGS Method. The stopping criteria |[VJ(a)| < € for e = 1073 is reached after 25
iterations. The mean number of evaluations of the cost function J is 5.16 for the inaccu-
rate line search. At the final iteration we have obtained: a* = (1.00015, —1.00036)7,
J(a®®) = 9.05405¢ — 07 and

VJ(a®) = (0.000299141, —0.000724457)".

Modified Newton Method. We have performed the computations with the same line
search strategy as in the BFGS Method. The stopping criteria ||F'(ex)|| < € holds after
12 iterations, where ¢ = 1073. The mean number of evaluations of the cost function
J is 4 for the inaccurate line search. At the final iteration we have obtained: a!? =
(0.999982, 0.999824)T J(c'?) = 1.42877¢ — 07 and

F(a'?) = (—0.000386687, —0.000369091)".

Discussions. The Newton method is the faster. The BFGS Method performs 25
iterations, while the Modified Newton Method only 12 to obtain a final cost function of
about 1077, The Newton and Modified Newton Methods approach the root (1,1)7 and
the BFGS Method finds the other root (1,—1).

The second starting point: a® = (3,5)

The Newton Method is divergent for this starting point. The history of the cost
function is the following: J(a®) = 974.747, J(a) = 396.045, J(a?) = 1309.35.

The Modified Newton Method will stagnate from the 9th to the 30th iteration near
the point
a = (3.47282, 0.000614253)" which is not a solution because J(a) = 99.1761 and
F(a) = (10.06, 9.85592)7. This stagnation is a consequence of the fact that the Jaco-
bian is singular for a, = 0.

We have performed 30 iterations of the BFGS Method. The mean number of eval-
uations of the cost function J for the inaccurate line search is 4.33. At the final iter-
ation we have obtained: a3 = (0.996168, —0.998812)7, J(a®) = 6.9477¢ — 05 and
VJ(a®®) = (0.00758799, 0.002399)7.

Also, we have tested the BFGS Method with the starting point
a = (3.47282, 0.000614253)" which is a stagnation point for the Modified Newton
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Method. After the 21 iterations, the BFGS Method finds o = (—0.47772, 1.33111),
where J(a) = 3.62384¢ — 09.

Discussions. If the starting points is not close to the solution, the Newton Method
is divergent. Contrary to the Modified Newton Method, the BFGS Method gives satis-
faction even in the neighborhood of the points where the Jacobian is singular.

Solving fluid-structure interaction by Modified Newton Method

In Section 5.4.2, we have presented numerical results for solving a fluid-structure inter-
action problem. At each time step, the BFGS Method was employed to solve inf J(a) =
HIF ()

The aim of this section is to compare the performances of the Modified Newton
and BFGS methods for solving a particular fluid-structure interaction problem. The
stopping criteria for the Modified Newton Method || F(a)|| < € is not equivalent to the
one used by the BFGS Method ||VJ|| = [[(VF(a)) F(a)|| < €, so we will proceed in the
following manner: at each time step, we perform the same number of iterations of the
both methods. We will compare the values of the cost function J(a) after 10 iterations.
Then we will observe which method gives the smaller values. The same inexact line
search strategy will be employed.

Moderate time step

For the time step At = 0.0005, the BFGS methods finds final values of J less than
0.0006. The numerical results obtained by the Modified Newton Method are reported
in the right plot of Figure 5.8. The BFGS method wins at each time iteration.
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Figure 5.8: Final values of J obtained by the BFGS (left) and Modified Newton Method
(right) for At = 0.0005

Concerning the CPU time, in order to perform N = 200 time iterations, the BFGS
Method needs 2 hours, 30 minutes and 55 seconds while the Modified Newton Method
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needs 3 hours, 34 minutes and 38 seconds on a computer with two processors of 3.6 GHz

frequency.
The Jacobian of F' was computed by the same Finite Differences scheme as for V.J

OF _ Fla+ Aagey) — F(a)

80% (Ol) - AOék
where ey is the k-th vector of the canonical base of R™ and Aay, > 0 is the grid spacing.
The columns of the Jacobian are the vectors gTF' In spite of the fact that the gradient of
J is a vector of dimension m and the Jacobian of F'is a m x m matrix, the computation
of the both needs the same number of evaluation of F', more precisely m+1. Contrary to
the BFGS Method, at each iteration the Modified Newton Method requires the solution
of a linear system in order to compute the direction d*.

Also, for the time step At = 107, the BFGS methods finds values of .J smaller than

the Modified Newton Method.

Small time step

We have performed numerical tests for N = 100 time iterations with the step At =
107°. We can see in Figure 5.9, that the Modified Newton Method finds smaller values
than the BFGS Method.
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Figure 5.9: Final values of J obtained by the BFGS (left) and Modified Newton Method
(right) for At =107°

The CPU time is 76 minutes and 9 seconds for the BFGS Method and 107 minutes
and 27 seconds for the Modified Newton Method.

After the time instant ¢ = 0.0003, the BEFGS Method obtains final values of J which
have the first digits 0.0002955. The further digits change, but this is not visible on the
left plot of Figure 5.9.

Discussions. The numerical results presented in this section suggest to use the
Modified Newton Method for small time steps, while the BFGS Method is preferable
for moderate time steps.
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5.5 Conclusions

In this paper, the continuity of the stresses at the interface was treated by the Least
Squares Method. At each time step we have to solve an optimization problem which is
less sensitive to the choice of the starting point and it permits us to use moderate time
step. This is the main advantage of this approach.

For moderate time step, the solution at the previous time step is not close to the
solution at the current time instant. Such phenomena is amplified during the phase
when the flow rate increase or decrease rapidly or if we increase the time step. In
order to solve the optimization problem, we have employed the BFGS method which is
successful from farther starting point. The gradient of the cost function was approached
by the Finite Difference Method.

The coupled fluid-structure algorithm has good stability properties.

We conclude with a suggestion from [6]: use Newton like methods for their fast local
convergence when ever it seems to be working well, otherwise use a slower method such
BFGS but which is designed to converge to the local minimizer from almost any starting
point.
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Chapter 6

Dynamic meshes generation using
the relaxation method with
applications to fluid-structure
interaction problems

This chapter is based on the paper:

C.M. Murea, Dynamic meshes generation using the relaxation method with applica-
tions to fluid-structure interaction problems, An. Univ. Bucuresti Mat., 47 (1998), No.
2, pp. 177-186

6.1 Introduction

The numerical solutions for some partial differential equations in moving boundary
domains using the Finite Element Method requires to know a mesh of the domain at
each time step.

We assume that the boundary of the domain is known at each instant.

We could generate the mesh of the domain at the instant ¢y + At ignoring the mesh
at the initial instant ¢, but this approach has the following bad points: the mesh
generation takes time and we don’t own a mesh generator capable to built a mesh for
the 3D domains with complex geometry knowing only the “skin” of the mesh.

Consequently, we shall try to adapt the initial mesh to the current boundary.

In [1], the displacement of an interior node is computed iteratively making a mean
of the displacements of the neighboring nodes.

In [3, p. 90], the displacement of an interior node is computed making a weight mean
of the displacements of the boundary nodes.

In [6], the placement of the interior nodes is obtained minimizing a deformation
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energy of an elastic body.

Also, a method based on a minimization of a deformation energy will be employed
in this paper in order to generate the dynamic meshes. The all generated meshes will
have the same number of nodes as the initial mesh.

6.2 Presentation of the method

Let Q° be a domain in R? and 7;? his mesh.
Let {A; }1<i<npv be the nodes of the mesh.
The coordinates of the nodes are (29, v?, 2{),c.cypy-
Let us consider the following sets of indices:

Int ={i€{l,...,NBV}; A; is an interior node of Q°}
Fr={ie{l,...,NBV}; A, is a boundary node of Q°}

For each node A; of the mesh, we note J; the set of the indices of the neighboring
nodes, more exactly

Ji={je{l,...,NBV}; [A;A]] is an edge of T;)}

The domain Q° moves and we assume that the new coordinates (T;, U;, Zi);cp, of
the boundary nodes are known.

The problem is to replace the interior nodes in order to obtain a reasonable mesh
for the deformed domain.

Modeling each edge of the mesh by a string, the new coordinates of the interior nodes
(Ti, Ts» Zi)icpne Will be computed minimizing the following energy:

J (@i, yi, 23 1 € Int) =

S > (@—2) + Wi — ) + (2 — 2)7]
1<i<j<NBV
(iteInt)Vv(jelInt)

Proposition 6.1 The optimization problem without constraints inf J has a unique so-
lution characterized by:

Vi € Int
1

T; = m;@ and the similar relations for y;, Z; (6.1)

Proof: The application J is two times continuous differentiable and her Hessian is a
diagonal matrix.

Since for all 7 in Int we have §°J/0z? = card (J;) and the similar relations for y;
and z;, it follows that J is elliptic (see [2], for example).

Using the standard optimization results, we obtain that the optimization problem
without constraints inf J has a unique solution characterized by the relations (6.1). O
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6.3 Approximation using the relaxation method

In order to solve numerically the linear system (6.1), we could use a lot of algorithms.
We have prefered a relaxation like method for her efficiency (only 3-4 iterations are
sufficient for obtaining a reasonable mesh) and which can be easily implemented.

The algorithm

Step 1 We know:
(7, ¥ 2 )1<i<ypy the coordinates of the nodes of the initial mesh;
(Ts, v, zz)ZE 7, the coordinates of the boundary nodes of the moved mesh;
w € R the relaxation parameter;
k < 0 the iterations counter;

Step 2 For all i € Int we compute:

k1 k
z;t _(1_w>xi+card ( Z $ + Z x])

jeJinNInt JELNFT

M1 similarly.

We compute 3+ and 2!
Step 3 We set k < k + 1 and go to Step 2

In the following, a convergence result will be proved.

Theorem 6.1 For any ( iy yz7 )1<2<NBV and (x“ yz? )zGFT’ wa € (07 ]‘] then the
above algorithm is convergent to the unique solution of the optimization problem inf J.

Proof: The algorithm has the form X**! = BX* + ¢, where

l—w ifi=j
B = (bij)i,jeInﬂ bz‘j = ﬁ(ﬁ) if € J;NInt
0 otherwise

It is known that X* is convergent if and only if p (B) < 1.

We have
< — g
p(B) < [|Bl|o = max (EG \%\)
j€di
< max [ 1 w_l_wcard(J N Int) 1
X p—
"~ i€lnt card (J;) -

but we have to prove the strict inequality.
We proceed by contradiction: let A be an eigenvalue of B such that |A| = 1.
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First, we prove the following inequalities:

VieInt, |X—bu|> ) |byl

JjEInt
JFi

For all i € Int we have || — [b;| < |\ — byl
If there exists 7 in Int such that

A= bl < D byl

jEInt
J#L

A< ) byl

j€Int

then

Since w € (0, 1] and using the values of b;;, it follows
card (J; N Int) <1
card(J;)  —

which is a contradiction, consequently the inequalities (6.2) hold.
The matrix B is evidently symmetric.

l<l—w+w

C.M. Murea

(6.2)

We shall prove that it is irreductible, too. It is known that a matrix is irreductible
if and only if his associated graph is strongly connex (see [5, vol. 1, p. 35, Lemma 27]).
The associated graph of the matrix B is in fact the mesh 7,0 after we have eliminated
the boundary nodes and all edge that have as an end point a boundary node. Therefore

B is irreductible.

Knowing that the matrix B is symmetric and irreductible, from the inequalities (6.2)
and according to a Gerschgorin - Hadamard theorem (see [5, vol. 1, p. 57, Theorem

57]), we have
VieInt, |X—byl =) |bl
jeInt
j#i
It follows
Vi € Int, || — |bi| < Z |bij| =
jelnt
i
_ card (J; N Int)
Vielnt, 1<1-—
v € int, - Wi card (J;)

But there exists ¢ € Int such that
card (J; N Int) < card (J;)
therefore
card (J; N Int)

1
card (J;) =

dielnt, 1<1l—-w+w

We have get a contradiction, consequently the theorem is proved.
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6.4 Some numerical results

In order to made the mesh of the domain at the initial instant, we have used the 3D
mesh generators MODULEF [7]. The mesh has: 74 boundary nodes, 29 interior nodes,
336 tetrahedron. All adapted meshes will have the same characteristics.

The domain moves and we can see in the Appendix A how the algorithm adapts the
initial mesh to the current boundaries. Only 3-4 iterations are sufficient for obtaining
the adapted meshes.

We have used NSP1B3 [4] in order to see the nodes of the mesh in a vertical section
of the domain. The nodes lie at the points of the little arrows.

The initial and the current boundaries are not homothetical, therefore we can’t use
the homothetical transformation in order to generate the adapted meshes.

6.5 Applications to a fluid structure interaction
problem

A three dimensional fluid structure interaction problem is studied under the following
hypotheses: the fluid is incompressible and limited by an elastic structure, the all interior
cavity of the structure is filled by the fluid, the structure is thick. A part of the external
boundary of the structure is fixed.

We suppose that the structure is governed by the time-dependent linear elasticity
equations and the fluid is governed by the time-dependent Stokes equations.

6.5.1 Mathematical model

Under the hypotheses above, a variational formulation is proposed in [9]. The key of
this model is a Lagrange multiplier used to treat one of the problem’s constraints: the
equality of the fluid’s and structure’s velocities at the contact surface. This Lagrange
multiplier has the physical signification of the density of the forces at the contact surface
and it permits to decouple the problem. Knowing the density of the forces at the contact
surface, we solve independently the fluid’s and structure’s problems and we obtain the
velocity and the pressure of the fluid from the fluid’s problem and the displacement and
the velocity of the structure from the structure’s problem.

The problem is to find the density of the forces at the contact surface such that the

fluid’s and structure’s velocities are equal at the contact surface. The existence and the
uniqueness of the solution of this three-dimensional problem are proved in [10].



170 C.M. Murea

6.5.2 Numerical aspects

In order to approximate the solution, first we had discretized in time using Finite Dif-
ference Method, after that we used Mixed-Hybrid Finite Element Method.

Discrete time problem

The time discretization corresponds to the implicit Euler method for the fluid’s
problem and Newmark method for the structure’s problem.

In [9] it is proved that the time discrete problem is well posed. Also the stability of
the semidiscrete algorithm is proved.

Finite Element approximation

In [8] it’s presented the choice of the mixed-hybrid finite elements such that the fully
discretized problem is well posed.

The numerical procedure proposed in the same work solves at each time step a
symmetrical linear system by an iterative method. At each iteration, two decoupled
problems are solved: one for the fluid and the other for the structure. The both problems
have as control the density of the forces at the contact surface and the iterative method
finds the “good” control such that the fluid’s and structure’s velocities are equal at the
contact surface. The iterative method is convergent.

The stability in time of the algorithm is proved, too.

Implementation of the adapted mesh algorithm

Let us suppose that we have solved numerically the coupled fluid structure problem
up to the n'* time step.

Interpoling the structure velocity computed at the first n time steps, we can obtain
the structure displacement at the (n + 1) time step.

Supposing that the all interior cavity of the structure is filled by the fluid, the
new shape of the fluid domain is well established by the structure displacement. Now
we adapt the initial mesh to the current boundary using the relaxation like algorithm
presented in this paper and then we recompute all matrices which depend upon the new
mesh of the fluid domain.

The coupled fluid structure problem at the (n + 1) time step was solved using the
algorithm presented in [8, p. 116].

The main program calls subroutines from [4] in order to solve the fluid’s problem
and from [7] in order to solve the structure’s problem.

In Appendix B are presented the computed velocities of the coupled fluid structure
problem at two different instants. We can see that the algorithm finds the “good” density
of the forces at the contact surface such that the fluid’s and structure’s velocities are
equal at the contact surface.



6.6 Appendix A

nombre de Reynolds = 1.875E+03 ; viscosite = 4.000E-06 ; tenps = 050
I" equation du plan est : +.000 X +1.000 Y  +.000 Z =

nomdu fichier : "resu.file" date : 02/07/96

+.000 eps = +4. 000E- 03

a) A vertical section of the initial mesh

nonbre de Reynolds = 1.875E+03 ; viscosite = 4.000E-06 ; tenps = 050
1" equation du plan est : + 000 X +1.000 Y  +.000 Z = +.000 eps = +4. 000E- 03
nom du fichier : "result3d.file" date : 03/07/96

c¢) Displacements magnitude: 5.5%
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nombre de Reynolds = 1.875E+03 : viscosite = 4.000E-06 ; tenps = 050
I" equation du plan est : +.000 X +1.000 Y  +.000 Z =
nomdu fichier : "resultid.file"

+.000 eps = +4. 000E- 03
date : 03/07/96

b) Displacements magnitude: 2.2%

nonbre de Reynolds = 1.875E+03 ; viscosite = 4.000E-06 ; tenps = 050
1" equation du plan est : + 000 X +1.000 Y  +.000 Z = +.000 eps = +4. 000E- 03
nom du fichier : "result10d.file" date : 03/07/96

d) Displacements magnitude: 16.5%

Figure 6.1: The initial a) and the adapted meshes b), ¢), d)
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6.7 Appendix B

nonbre de Reynolds = 1.875E+03 ; viscosite = 4.000E-06 ; tenps = 050
|"equation du plan est : +. 000 X +1.000 Y +.000 Z = +.000 eps = +4.000E- 03
nomdu fichier : "resultld. file" date 03/ 07/ 96

a) Computed fluid velocity

nonbre de Reynolds = 1.875E+03 ; viscosite = 4.000E-06 ; tenps = 050
|"equation du plan est : +. 000 X +1.000 Y +.000 Z = +.000 eps = +4.000E-03
nomdu fichier : "vitstid.file" date 03/ 07/ 96

b) Computed structure velocity

Figure 6.2: A coupled fluid structure problem. Magnitude of the displacements: 2.2%
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nonbre de Reynolds = 1.875E+03 ; viscosite = 4.000E-06 ; tenps = 050
|"equation du plan est : +. 000 X +1.000 Y +.000 Z = +.000 eps = +4.000E-03
nomdu fichier : "result10d.file" date 03/ 07/ 96

a) Computed fluid velocity

nonbre de Reynolds = 1.875E+03 ; viscosite = 4.000E-06 ; tenps = 050
|"equation du plan est : +.000 X +1.000 Y +.000 Z = +.000 eps = +4. 000E- 03|
nomdu fichier : "vitstiod.file" date : 03/07/96

b) Computed structure velocity

Figure 6.3: A coupled fluid structure problem. Magnitude of the displacements: 16.5%
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Chapter 7

Finite element methods for
investigating the moving boundary
problem in biological development

This chapter is based on the paper:
C.M. Murea, G. Hentschel, Finite element methods for investigating the moving

boundary problem in biological development, Progress in Nonlinear Differential Equa-
tions and Their Applications, Vol. 64, 357-371, Birkhauser Verlag, Basel, 2005

Abstract. We describe two finite element algorithms which can be used
to study organogenesis or organ development during biological development.
Such growth can often be reduced to a free boundary problem with similar-
ities to two-fluid flow in the presence of surface tension, though material is
added at a constant growth rate to the developing organ. We use the specific
case of avian limb development to discuss our algorithms.

7.1 Introduction

Biological development involves both growth and changes of form which can often in-
volves free moving boundaries [22]. Such moving boundary problems are similar in some
respects to two fluid flow interfaces such as the Hele-Shaw problem with surface tension
also called Mullins-Sekerka problem. In general, however, in contrast to incompress-
ible flows, growth due to mitosis and nutrients ensure that material is constantly being
added (and sometimes removed when cell death or apoptosis occurs). In addition, spe-
cific boundary conditions (in general different for each organ or cell type considered)
will result in a more complex boundary value problem than those studied in Hele Shaw
cells. In this paper to be specific we shall consider avian limb development, though
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we believe that similar finite element algorithms described here will be useful for other
problems of organogenesis or organ morphogenesis and biological development.

In this paper we will consider the evolution of two dimensional moving domains.
The more realistic but more complex case of three dimensional domains separated by
two dimensional interfaces will be described in a future publication. In the case of the
avian limb, the ventral-dorsal length scale (back of limb to palm) is normally small
compared to the proximal-distal (tip of finger to point at which the limb joins the main
body of the organism) or the posterior-anterior distance (from thumb to little finger)
and therefore two dimensional simulations are quite informative. In addition, at the
developmental stage we are interested in, namely the embryo the whole limb which is
only of a millimeter in scale, has approximately the shape of an ellipse with boundary
['y(t) and a boundary I'y(¢) grafted to the trunk of the organism. In general only
the growth velocity of I';(¢) parallel to the gradient of a pressure, while the growth of
['5(t) can be described by the motion of the joining vertex with the main trunck (in the
more complex three dimensional case this single point becomes a closed one dimensional
contour). The pressure in the limb whose gradient describes the rate of growth of the
limb is the solution of a Poisson problem with Dirichlet boundary conditions depending
on the curvature of the boundary.

In Section 7.2 we give a brief description of some relevant aspects of avian limb
development. Then in Section 7.3 we present a mathematical formulation of the resulting
free boundary problem.

In Section 7.4 two algorithms are described to solve numerically integrate the result-
ing equations of motion and find the dynamical evolution of the interface.

In the first algorithm the boundary of the domain is approached by a polygon and
the pressure is computed by a Finite Element Method. The computed pressure is a
piecewise linear function, globally continuous. The curvature is computed as the inverse
of the ray of the circle passing through three consecutive vertices of the boundary. The
gradient of the pressure is then computed in a vertex of the mesh, as a weighted mean
of the gradients in the neighborhood triangles. For the time discretization, we use the
forward finite difference Euler’s scheme. A dynamic mesh technique is used in order to
generate a triangular mesh at each time step. Starting from the mesh at the precedent
time step and knowing the boundary at the current time step, we generate a mesh by
redistributing the interior vertices using an optimization algorithm. The number of the
interior vertices are constant. Also the connections of all meshes are the same, i.e. if i,
7, k are the vertices of a triangle in the mesh at the precedent time step, these points
are the vertices of a triangle in the current mesh.

While in the second algorithm, the boundary is approached by cubic spline interpo-
lation which gives a curve twice continuously differentiable. The curvature is computed
using the parametrization of the splines. Again at each time step, a new mesh is gener-
ated, but this time, the generation of the current mesh is independent from the previous
one.
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In Section 7.5 we describe the numerical tests of our algorithms. Finally in Sec-
tion 7.6, we give a brief discussion of the potential of these approaches for studies of
organogenesis and biological development.

7.2 Early Avian Limb Development

Early avian limb development presents a beautiful example of organogenesis and bi-
ological pattern formation: Well-defined developmental axes exist which need to be
understood. Limb growth changes the size and shape of internal domains in which bio-
chemical processes occur. Cartilege formation via mesenchymal cell condensation occurs
which will later differentiate into bone and form the skeletal limb. Many of these features
appear to be robust: if comparisons are made anatomically with such an apparently dif-
ferent vertabrates as chicken and mouse, it is remarkable the extent to which the gross
features of patterning observed during development are conserved by evolution. All of
which suggests that universal physical mechanisms controlling development exist.

The embryo produces the raw materials (e.g. proteins, polysaccharides, RNAs) for
its development from the available nutrients, according to rules embodied in the genetic
code; diffusion, spreading, differential adhesion and chemotaxis transport these materials
to specific regions of the organism. The mechanical or chemical changes which may take
place in the course of the transport (change of concentration, cell shape, adhesiveness
and cohesiveness) are signals that often affect the production of the building material
itself, that is, gene activity.

In the course of these events cells differentiate and become more specialized. Dif-
ferentiation involves regulated gene expression, but elaborate interactions among cells
determine where and when new genes are expressed. In addition, morphogenetic changes
require coordinated cell movement. The formation of the avian limb requires the estab-
lishment of proximal-distal positional gradients and transverse periodic modulations of
morphogens to control the formation of individual and multiple parallel skeletal ele-
ments. These morphogen patterns act on limb mesenchyme to promote the formation
of precartilage condensations, and ultimately the chondrocytes that will give rise to the
cartilaginous primordia of the limb skeleton, which ultimately are replaced by bone.

In this paper we wish to investigate only one aspect of this morphogenesis. Namely
what type of overall shape is to be expected as a result of growth of the developing
embryonic limb. To investigate this problem we consider a minimal model which incor-
porates the key features of this biological growth. Key is the addition of material at a
rate S to the extracellular matrix in which the cells move (more generally the rate of
growth will be S(x,t) as it could be both spatially varying and have a temporal depen-
dence due to genetic switching mechanisms). This means that that the material flow in
the limb will obey

V.v=_S. (7.1)
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We treat growth of the limb as due to a creeping flow because of the very low Reynolds
numbers involved [8]. Therefore we can expect the flow to obey Darcy’s Law

v=—aVp (7.2)

where p is a pseudo pressure field, which obeys Ap = —S/« in the limb domain.
Finally we need biologically reasonable boundary conditions. As it appear there is no
flow of material into the main body of the organism at I'5(¢) we shall take slip boundary
condition here
v-v =0, (7.3)

where v is the outer unit normal vector to the boundary, while the elastic properties of
the epithelial layer of cells forming the skin layer at I';(¢) will result a pressure at this
boundary obeying

p =k, (7.4)

where 7 is the effective surface tension of the limb [9] while « is the limb curvature.
The equation of the normal velocity of the boundary I'y(¢) is

V,=v-u. (7.5)

The above condition requires that the boundary I'y(¢) moves with the fluid.

It is the integration of this free boundary value problem that we study below. This
mathematical model agrees favorably with the analysis presented in [3] based on bio-
logical experiments where the limb is considered as a homogeneous and highly hydrated
core embedded in an dense envelope.

7.3 The free boundary problem

We study the evolution of a bounded connected open domain Q(t) of R? with boundary
00(t) = T'1(t) Uy (t), where I'y(¢) and I'y(¢) are two non empty subsets of 0€2(t). Here
t > 0 is the time. We assume that I';(¢) is a non closed curve of class C? and its ends
evolve on the Oy ax. The boundary ['5(¢) is the segment which has the same ends as
['1(t). Let v denote the outer unit normal vector to the boundary.

From the equations (7.1)—(7.5), we can eliminate v and we obtain a system in p only.
In the moving domain €2(¢), we have to find the pressure p(x,y,t) : Q(t) — R, such that

—Ap = S/a  in Q(t)
p = vk onl'(t) (7.6)

)
a_]; = 0 onlu(t)



Finite element methods for moving boundary problem 181

Figure 7.1: Schematic illustration of the free boundary problem

where «, 7, S are positive real constants and x is the curvature of I';(¢). We use the
sign convention that convex domains have positive curvature of the boundary.
The boundary I'y(t) evolves according to the law

Op
V, = —a- (7.7)
where V,, is the normal velocity of I'y(¢).
We know the initial domain
Q(0) = Q°. (7.8)

We consider the problem (7.6)—(7.8) of determining the evolution of Q(¢) and to find
the pressure p(z,y,t) for t € [0,T], where T > 0 is a given real constant.

This problem is similar to the Hele-Shaw problem with surface tension, but in our
case the pressure is no longer harmonic (Ap # 0).

Let p(z,y,t) = £ (22 + y*). We set P = p+p and we obtain from (7.6)~(7.7) the
following problem : in the moving domain €2(t), we have to find the pressure P(z,y,1) :
Q(t) — R, such that

AP = 0 in Q(t)
P = ~vs+p onl(?)
or . i (7.9)
5 = on 2(
and the normal velocity of the boundary I';(¢) is
oP 0p

Though we cannot prove the existence and uniqueness of our solution, the existence
and uniqueness of classical solution for the Hele-Shaw with surface tension problem was
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proved in [7], suggests that this is the case here also. It is possible that, in order to
obtain the existence and uniqueness of solution, we have to prescribe the angles between
the boundaries I';(¢) and T's(¢). The problem of existence and uniqueness is now under
active investigation by G. Simonett.

As it was shown in [12], the shape of the moving domain is determined solely by its
normal velocity. In other words, if the velocity of I';(¢) has the form

V=V, v+V,-7

where 7 is the unit tangent vector to the boundary and V,, is given by (7.7), then the
movement of the domain and the pressure are the same as in the case V, = 0. We set
V. = —a(Vp-7) and then V = —aVp. The advantage of this choice is that we do not
need to evaluate the normal vector to the boundary when we compute the velocity of
the boundary.

It is convenient to describe the curve I';(¢) by the parametric coordinates

z = r(6,1),
Yy = T2(97t)7

Let us introduce the following generalized cylinder:

Qr=J (@) x {1).

t€]0, T

0 € [a,b].

The problem (7.6), (7.7) and (7.8) is equivalent to the following:
find 7 = (r1,72) : [a,b] x [0,T] — R?* and p : Qp — R, such that

or B op
e 0,t) = —an- (ry (0,t),r2(0,t),t), VO € [a,b],Vt €]0, T
% 0,t) = —ag—z (r1 (0,t),r2(0,t),t), VO € la,b],Vt €0, T
r(0,0) = (r1(0),r3(0)), Vo € [a,b]
where r = (r? 79) is a parametric representation of T'y(0) and p (x,y, ) is the solution
of (7.6).
Since % =0 and v = (—1,0)" on T'y(), we have % = 0 on ['y(¢). If we suppose

that p € C? (Q(t)) NC! (Rt)), we obtain that 22 = 0 at the ends of I'y(t), also

(r1 (a,t),r2(a,t),t) =0,V €]0,T]
(ry (b, t), 79 (b,t),t) = 0,Vt €]0,T].

SISSISS

Then ZL (a,t) = %L (b,t) = 0 and consequently 1 (a,t) = ry (b,t) = 0, V¢ €]0, .

The boundary could be parametrized in multiple ways, but the solution must be
independent of parametrization.
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7.4 Numerical methods

The free boundary problem (7.6)—(7.8) is similar to the Hele-Shaw problem with surface
tension also called Mullins-Sekerka problem.

To solve numerically the Hele-Shaw problem with surface tension, there exists an
efficient approach named 6 — L introduced in [12]. The variables are the tangent angle
0 to the moving boundary and its arc length L. This framework makes the application
of an implicit method for time integration easy and it permits to study the problem in
a long time interval [13], [4]. In this approach a Fredholm like boundary integral has
solved and the integral representation of a harmonic function is used. This is specific
to some linear problems with constant coefficients. This method is not appropriate if
we replace the linear Darcy’s law (7.2) by the non-linear Navier-Stokes equation with a
volume source located at a certain point in the domain

0 (2—:+(V-V)V) —,uAV—i—Vp:f-l-%V(V-V)

where pg > 0 is the density of the fluid and p > 0 its viscosity.

A frequented framework used for Navier-Stokes equation in moving domain is Arbi-
trary Lagrangian Eulerian together with the Finite Element Method [14].

Other approaches are Time-Space Finite Elements [1], Level Set Method [21] and
Immersed Boundary Methods [17]. The last one was employed to study the avian limb
development in [6]. One of the disadvantage of the continuum models is the complex
implementation required to handle the moving boundary of the domain where we have
to solve a system of PDEs.

In [15] the software CompuCell is presented, where a purely continuum approach for
morphogenesis is used in combination with a discrete cellular automata. One of the part
of CompuCell is based on the cellular Potts model (CMP). A criticism of this formalism
is that it neglects simple force balance between cells.

In this paper we present two algorithms which belong to the general framework called
“front-tracking methods” [5]. The numerical results were produced for the Darcy’s law,
but these algorithms could be used for the steady Navier-Stokes equation also.

7.4.1 The first algorithm

For the time discretization, we use the forward finite differences Euler’s scheme. We
denote by At the time step and by N = T/ At the number of time steps. We approximate
I'y(nAt) by a polygonal line I'? of vertices (z,y!) for i = 0,..., M. We have z{ =
x, = 0, for all n. We denote by (2" the polygonal domain bounded by I'f and the Oy
ax. For each vertex (z;,y;) of ', we compute the discrete curvature x™ (z;,y;) as the
inverse of the ray of the circle passing through the three points (z? ;,y" ), (¥, y!) and

('r?-i-lv yz'n-g-l)'
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The problem (7.6) is solved numerically by the Finite Element Method. The com-
puted pressure p™ is approached by P; function, globally continuous. We follow [18] for
computing the discrete gradient of p". Let A be a vertex of I'f. We denote by star(A)
the set of all triangles T" of the mesh such that A is a vertex of T. We compute the
discrete gradient of p™ at the point A as following:

ZTestar(A) AT@CL(T) ’ Vpn‘ T
ZTEstar(A) Area(T) 7

where p”| 7 is the linear function representing the restriction of the function p™ on the
triangle T'.

Algorithm 1

Generate a triangular mesh for QY using freefem+- [2].
for each n from 0 to N — 1 do

Step 1: Compute the discrete curvature k™ (x;,y;) at each vertex (z;,y;) of

Ir.
Step 2: Compute p” by the Finite Element Method
—Ap™(z,y) = S/a, in Q"
P (i, yi) = K" (Ti,yi), Y (2i,4:) vertex of I'f
a 7
% (z,y) = 0, on I';.

Step 3: Compute the discrete gradient of p™ at each vertex of I'}.
Step 4: Compute the vertices of I}

8 n
K ant (2, )

T oy
: oz i
op"
n+1 n n ,n
! = y'— alAt— (2, y!
Yi Yi o (=, yi")
for each vertex (7, y?) € I'}, i =0,1,..., M, then set ™ = 271 = 0.

Step 5: The boundary I'5*! is the segment of ends (27", yi/ ') and (25, ygt).

Step 6: Compute a triangular dynamic mesh for Q" where
oL = TP U THH! using the algorithm [16].

endfor;

At the Step 6, we start from the mesh at the precedent time step and knowing the
boundary at the current time step, we generate a mesh by redistributing the interior
vertices using an optimization algorithm. The number of the interior vertices are con-
stant. Also, the connections of all meshes are the same, i.e. if i, j, k are the vertices
of a triangle in the mesh at the precedent time step, these points are the vertices of a
triangle in the current mesh.
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7.4.2 The second algorithm

Let (2!, y?) fori = 0,..., M be points on I'; (nAt). Let {a = s < 51 < --- < spr = b} be
a partition of an interval [a, b]. We will compute the interpolating cubic spline functions
't = {(x(s),y(s)), s € [a,b]} with the properties:

e z(s) and y(s) are twice continuously differentiable on [a, b],

e 1(s) and y(s) coincide on every subinterval [s;, s;41], ¢ = 0,..., M — 1 with poly-
nomials of degree three,

o z(s;) =a and y(s;) =y fori =0,..., M,
e 2"(a) =2"(b) =0 and y'(a) = y'(b) = 0.

For the numerical tests, we have chosen s; =i, for i =0,..., M.
In order to prevent the oscilations, we could choose a = 0 and

2 2
s — s = (= a) o (=)
The curve (z(s),y(s)), s € |a, b] has a continuous curvature given by
2'(s)y"(s) — 2" (s)y'(s)

k(s) = L
((2(5)) + (' (s))%)”

(7.11)

Algorithm 2

Let (2?,4?) for i = 0,..., M be points on I';(0).
for each n from 0 to N — 1 do

Step 1: Compute the cubic spline functions
[T ={(z(s),y(s)), s € la,b]}

Step 2: Compute the curvature k™ (x;,v;) at each vertex (zI',y!) using
(7.11).

Step 3: Generate a triangular mesh for Q" using freefem+ [2], where
o™ =TT UTlY and I'y is the segment of ends (27, y},) and (xf, yg)-

Step 4: Step 5: Step 6: Compute p", Vp"™ and (z]'*!, y"™') as in the Al-
gorithm 1.

endfor;

At he step Step 3, the generation of the current mesh is independent from the
previous one.

We shall now describe some numerical tests of the efficacy of these algorithms in
studies of organogenesis.
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7.5 Numerical tests

7.5.1 The initial domain is a semicircle

First let consider the case where the initial domain is a semicircle of ray Ry. Then, if
we set the parametric representation of I'y(0) as

(0) = Rycos(h), 86[ T 71'}

0
1 .
r9(0) = Rosin(0), 272

the evolution of the boundary I';(¢) is described by

St
Tl(e, t> - RO 6;t C.OS(G)7 9 € |:_z7 E:| ) t> 0
r9(0,t) = Rpe? sin(h), 2°2
The pressure has the form
S g
z,y,t) = — (R2 e — 2% — y?) + .
p( y ) 4@ ( 0 y ) RO e%

The algorithms have been implemented using the programming language C++ and
the Finite Element classes of F. Hecht [10]. The numerical results were displayed using
gnuplot.

The first simulation was performed using the Algorithm 1 for Ry = 1, § = 2,
v=1, a =0.5, At = 0.05. The number of time steps is N = 10.

A dynamic mesh technique is used in order to generate a triangular mesh at each
time step. We have used the algorithm described in [16] for the mesh generation. The
initial mesh has: 208 vertices, 362 triangles, M = 32 (the number of vertices on the
boundary I'y), h = 0.155178 (the mesh size).

Figure 7.2: The initial mesh (left) and the mesh after 10 time steps (right)

The number of vertices, triangles, boundary edges are the same for the first 10
meshes. In the below table, we see the evolution of the mesh size h.
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Time step (n) 1 2 3 4 5
Mesh size (h) | 0.155 0.171 0.187 0.202 0.216

Time step (n) 6 7 8 9 10
Mesh size (h) | 0.231 0.244 0.256 0.266 0.276

After 10 time steps, the domain might be a semicircle of ray €% ~ 1.648721.

Figure 7.3: The evolution of the moving boundary (0-10 time steps)

The second simulation was performed using the Algorithm 2 for Atz = 0.0005 and
N = 1000 (the number of time steps). The others parameters are the same as in the
first simulation.

The software freefem+ [2] was used to generate a triangular mesh at each time step.
The numbers of the vertices and of the triangles are not the same for the all meshes.
For example, the mesh after 1000 time steps has 205 vertices and 356 triangles.

After 1000 time steps, the domain might be a semicircle of ray €%° ~ 1.648721.

Figure 7.4: The boundary after 0, 100, ..., 1000 time steps
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7.5.2 A non-convex initial domain

Let now consider a case when the initial domain is no-convex as in Figure 5. The
boundary I'1(0) has two flat parts on the bottom, on the top and three semicircles of
rays r1 = 0.6, 72 = 0.2 and 73 = 0.2 respectively.

The simulations ware performed for: S = 2, o = 0.5, v = 0.5, At = 0.0001 and
N =180 (the number of time steps).

Figure 7.5: The initial domain

Figure 7.6: The initial (continuous) and the final (dashed) boundaries. Algorithms 1
(left) and 2 (right)

We have observed that the pressure is almost constant near the two flat parts of 'y (¢)
and near the largest semicircle. Consequently, these parts of boundary don’t move.

We obtain boundary with self-intersection (like the 8) after 182 time steps using the
Algorithm 2 and after 230 time steps using the Algorithm 1.
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7.5.3 Concluding remarks

The second algorithm is superior to the first one due in principal to a better approx-
imation of the curvature and a better mesh. We can improve the results by moving
the boundary along the normal velocity which preserves a reasonable distribution of
the vertices on the boundary. The velocity of the boundary could be computed more
accurate by using P2 Finite Element for the pressure. Also adapting mesh techniques
could be employed for improving the quality of the mesh.

In the first numerical test, we have solved the free boundary problem until time
t = 0.5 and in the second, until ¢ = 0.018.

We have to use implicit in time algorithms in order to study this kind of free boundary
problem in a long time interval. The Arbitrary Lagrangian Eulerian framework together
with the Finite Element Method will be employed in a future paper. These methods
could be employed for the Navier-Stokes equation with surface tension.

7.6 Discussion

The algorithms described above could form the basis for many important investigations
of organogenesis and biological development in general. Of course they will need to be
extended in several directions to give a quantitative picture of how growth and form
develops. Obviously highly computationaly intensive three dimensional simulations are
necessary. While genetic switching mechanisms will need to be incorporated in order to
understand the temporal properties of biological development. But in addition to these
questions many other lines of investigation need to be developed.

For example we know that cell condensation and bone development depend on re-
action diffusion mechanisms in a progress zone of undifferentiated cells at the tip of the
limb. The size of this progress zone can be expected to have a significant impact on the
resulting prepattern created in the limb [19, 20, 11]. This is because even at the most
basic level the number of standing waves of a heterogeneous distribution of a chemical
species formed by a reaction-diffusion mechanism depends both on the scale of the basic
pattern (set by the magnitude of the biological parameters) and on the space available
for this pattern to develop (set by the domain size). Thus a very question is how the
size of this progress zone changes with time? In order to answer this question studies of
limb growth will form a vital ingredient.

Another question involves how the skeletal elements themselves, once formed, would
influence growth of the developing limb? Fairly significant changes in internal domain
organisation occur between early development when the stylopod and zeugopod are cre-
ated, and later on when the digits appear. This question will require the development
of algorithms for complex connected domains in which the skeletal elements create in-
ternal boundaries to growth. In addition, the existence of such internal domains will in
turn influence reaction-diffusion mechanisms in the interdigital regions. Such reaction-
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diffusion mechanisms might be relevant to properly controlled cell death leading ulti-
mately to digit formation. The influence will be very dependent on the relative scale of
the patterning compared to the size of the interdigital domains.

Clearly these algorithms need to be developed in several directions for studies of
biological development and these will be reported in future publications.
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Chapter 8

A Finite Element Method for
Growth in Biological Development

This chapter is based on the paper:
C.M. Murea, G. Hentschel, A Finite Element Method for Growth in Biological De-
velopment, Math. Biosci. Eng. 4 (2007) 2, 339-353

Abstract. We describe finite element simulations of limb growth based on
Stokes flow models with a non zero divergence representing growth due to
nutrients in the early stages of limb bud development. We introduce a “tissue
pressure” whose spatial derivatives yield the growth velocity in the limb and
our explicit time advancing algorithm for such tissue flows is described in
detail. The limb boundary is approached by spline functions in order to
compute the curvature and the unit outward normal vector. At each time
step, a mixed-hybrid finite element problem is solved, where the condition
that the velocity is strictly normal to the limb boundary is treated by a
Lagrange multiplier technique. Numerical results are presented.

8.1 Introduction

The subject of limb development has generated much recent interest in the Biology and
Physics communities. The reason for this interest is both because of its importance
as an example of well defined organogenesis during embryological development and be-
cause the biological and physical process underlying skeletogenesis are still far from
clear. Among the many open questions that exist are those related to how the overall
limb shape develops. There exits a vast literature on the molecular biology involved
in limb development [19], [21], [26], [27], [4], but how this molecular biology translates
into patterning and growth is less clear. New experiments, however, suggest that the
time is now ripe to investigate computationally how overall limb shape develops during
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vertebrate limb growth. As we are dealing with a complex free boundary problem, we
will need to develop new algorithmic approaches to biological fluid flows in non convex
domains, and this paper is a contribution to this area of biocomplexity. Such work is
not only important from a conceptual viewpoint. Its health implications are significant
as this research can be expected to impact several pharmacutical and bioengineering
technologies.

In Section IT we describe the basic biology required to understand how the overall
limb develops its complex asymmetric form. This is a rich source of biocomplexity, for
concurrent with the development of overall growth and form, internal spatiotemporal
distributions of morphogens, activators, inhibitors and associated gene products occur
that both depend on and control limb growth and form.

In Section IIT we describe the types of free boundary problems associated with creep-
ing flows in non convex growing domains that occur during organogenesis. Specifically,
in such developing domains, we need to solve for the growth velocity in the limb using
a Stokes flow with a non zero divergence representing local nutrients generating the
observed growth. We introduce a “tissue pressure” whose gradient yields the growth
velocity and calculate the resultant scalar field using biologically plausible boundary
conditions including expressions for the tissue pressure at the limb boundary formu-
lated in terms of the instantaneous limb curvature, and the imposition on the internal
epithelial surface of the limb the biologically plausible boundary condition that the tan-
gential velocity field is zero. At the boundary joining the limb with the main trunk of
the vertebrate embryo we impose a less restrictive slip condition for the growth velocity.
The growth rate of the limb is then given by the normal velocity of the fluid at this
moving boundary.

In Section IV we describe in detail a new finite element algorithm for studying
such flows. Mathematically, several general frameworks for solving Stokes equations in
moving domain have been developed. These include the Arbitrary Lagrangian Eulerian
together with the Finite Element Method [16], the Level Set Method [25], the Immersed
Boundary Method [22], and the Particle Method [5], [17]. The approach we develop here
is an explicit time advancing scheme belongs to the framework called “front-tracking
methods”.

In Section V we apply our algorithm to track the free boundary and internal growth
velocity field in both initially semicircular (in the very early vertebrate embryo the limb
bud is approximately semicircular, see Figure 8.1), and in non convex domains. Finally
we discuss our results in Section VI.

8.2 Biology underlying vertebrate limb development

Studies of limb development involve many interconnected questions from what are the
mechanisms controlling overall limb shape to how does internal structure in the growing
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limb bud develop. There exits a large literature on the molecular biology involved in
limb development [19], [21], [26], [27], [4], but how this molecular biology translates into
growth and form is less clear. An examination of limb physiology shows that this is
a complex process. Clearly defined axes exist—proximal-distal, anterior-posterior, and
dorsal-ventral. Different sizes and shapes for the stylopod (one bone in the upper arm or
thigh), zeugopod (two bones in the forearm or calf) and autopod (different numbers of
nonidentical segmented digits) are observed in the tetrapod limb. From a computational
viewpoint the situation is equally challenging. We need to understand both how the
overall limb develops its complex asymmetric form, and concurrent with this process how
internal asymmetric spatiotemporal distributions of morphogens, activators, inhibitors
and associated gene products result in the skeletal limb forms created by evolution.
Recently there have been new insights into skeletal development. Thus, much recent
evidence suggests that the early stages of skeletal pattern formation in the developing
vertebrate limb depend on complex dynamics involving several growth factors and dif-
ferentiation of cells with receptors that allow response to these factors. We have shown
that this biology is indeed sufficient to generate the basic patterning of the generic ver-
tebrate limb [14]. Computational work in three dimensions [18], [2] has both confirmed
and extended this mechanism [14]. It incorporates a core set of cellular-biochemical
processes known to occur in limb bud mesenchyme and is capable of generating both
wrist and ankle spot-like elements [1] in addition to the longer stripe-like bone elements.

But nearly all studies described above were carried out in growing rectangular or
parallelpiped domains. Real biological development, however, involves both growth and
changes of form of free moving boundaries [29]. This is certainly the case of the limb
bud (see Figure 8.1).

Therefore in this paper we describe tissue flows and their associated algorithmic
implementation that both help shape the embryonic limb and help convect internal
morphogens and gene products vital to the development of internal form. As we are
concentrating on external epithelial domain grown and form we suppose it can be de-
scribed mathematically as a free moving boundary problem controlled by internal Stokes
flow due to internal tissue growth fed by a continuous source of nutrients S(x). This
boundary value problem is similar in some respects to other two-fluid flow interfaces in
Hele-Shaw cells with surface tension. Such flows are known to give rise to nontrivial
interfacial structure due to the existence of the Mullins-Sekerka instability. More gen-
erally they fall into the general category of creeping flows in the presence of moving
boundaries. The fact that creeping flows are involved can easily be seen by estimating
the associated growth Reynolds number. As the typical length scales in the develop-
ing limb are L ~ 107'cm, while typical convective velocites induced by growth are
V' ~ 107%cm/sec, while the kinematic viscosity of water v ~ 1072cm?/sec, the resulting
flows typically have Reynolds numbers in the range Re = LV/v ~ 107°. As mesoder-
mal cellular flows will have effective viscosities significantly larger than water, then the
Reynolds numbers will be even smaller [8]. Another similarity is that at least in the
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Day 4 D Day 6 E

Figure 8.1: A schematic drawing of the early stages of both external and internal growth
of the embryonic verebrate limb bud.

first approximation growth is two-dimensional. In the developing limb fibres connect
the dorsal and ventral walls of the limb bud [3] leading to two-dimensional flows. Also
the phenomenon of convergent extension [28], in which flattened cells tend to develop
in the two-dimensional plane defined by the proximal-distal (shoulder to digit tip) and
anterior-posterior (thumb to little finger) axes will help justify a growth description in
terms of two dimensional flows.

There are, however, several differences from the usually studied incompressible Stokes
flows. As mentioned above, growth due to mitosis and nutrients ensure that material is
constantly being added (and sometimes removed when cell death or apoptosis occurs).
In addition, the surface tension in the developing limb embryo is heterogeneous due to
the fact that the epithelial cell layer is weaker near the AER, and consequently boundary
conditions will result in a more complex boundary value problem than those studied in
Hele Shaw cells.

There exists a previous integration of the influence of growth on form in the context
of the avian limb bud [6]. There it was assumed that the flow was a Navier-Stokes
flow in the presence of homogeneous boundary conditions. In addition, the growth
was assumed to be strongly dependent on the local FGF concentration released by the
apical ectodermal ridge (AER) near the tip of the limb bud. More recent evidence
suggests, that mitosis and therefore growth is not strongly influenced by the local FGF
concentration, but rather its main influence is on cell differentiation.
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The need to develop general methods for integrating creeping flows in biology have
motivated our search to develop finite element algorithms for creeping flows in the
context of avian limb development. We also believe that similar finite element algorithms
will be useful in the more general context of organogenesis.

8.3 Mathematical model

8.3.1 The Basic Ingredients

We consider, therefore the following minimal model which incorporates the key features
of this biological growth. Addition of material occurs everywhere either at a constant
rate S or more generally the rate of growth can be assumed to be S(x,t) as addition of
material could be both spatially varying and have a temporal dependence due to genetic
switching mechanisms. This means that that the tissue flow in the limb will include a
continuous distribution of sources and therefore obey

V-v=5, (8.1)

where v is the fluid velocity.

We treat growth of the limb as due to a creeping flow because of the very low
Reynolds numbers involved [8]. Therefore we can expect the flow to obey the Stokes
equation with volume source

—pAvV +Vp =f + gvs (8.2)

where p is a pseudo pressure field defined by p = P — pgu;., where P is the pressure of
the fluid and p is the viscosity of the fluid.

Finally we need boundary conditions. As it appears there is no flow of material into
the main body of the organism we shall take slip boundary conditions at the boundary
of the limb connected to the main body

v-v =0, (8.3)

where v is the outer unit normal vector to the boundary, while the elastic properties
of the epithelial layer of cells forming the skin layer will result a pressure at the free
growing boundary that obeying

p(s) = P(S) = Pair = 7(5)’%(3% (84)

where ~y(s) is the effective surface tension of the limb at a point s on the free boundary [9]
while x(s) is the limb curvature at point s.
The equation of the normal velocity of the free boundary is

Va(s,t) =v(s,t) - v. (8.5)
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8.3.2 Detailed Structure of the Dynamics

We now describe in detail the structure of the creeping flow dynamics we wish to in-
tegrate. We study the evolution of a bounded connected open domain Q(t) of R? with
boundary 0€2(t) = I'1(t) U T's(t), where I'1(¢) and I's(t) are two non empty subsets of
OQ(t). Here t > 0 is the time. We assume that T';(¢) is a non closed curve of class C?
and its ends evolve on the Oy axis (see Figure 8.2). The boundary I'y(t) is the segment
which has the same ends as I'1(¢). Let v = (v, %) denote the unit outward normal
vector and by 7 = (—us, 1) the unit tangential vector to the boundary.

Figure 8.2: Schematic illustration of the free boundary problem

In the moving domain (¢), we have to find:
the velocity v(z,y,t) = (vi(z,y,t), va(z, y, 1)) : Qt) — R?
the pressure p(z,y,t) : (t) — R of the fluid, such that

AV Vp = £+ 5VS Q) (8.6)

V.ov = S in Q) (8.7)

v.er = 0, onl4(?) (8.8)

p = 7k, on'(¢) (8.9)

v-r = 0, ony(¢) (8.10)

Quz _ 00 on () (8.11)
or Oy ’

where p > 0 is the viscosity of the fluid, f = (f1, fo) are the applied volume forces,
S > 0 is the rate of growth, v > 0 is the effective surface tension and k is the curvature
of I'; (t). We use the sign convention that convex domains have positive curvature of the
boundary.
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Remark 8.1 In a previous work [20], we have studied a similar problem, where the
fluid velocity was not necessarily normal to the boundary T'1(t). In [15], it is suggested
the tmportance to prescribe either the normal or the tangential component of the fluid
velocity, in order to enforce the stability of the finite element approximations. In the
present paper, the fluid velocity is supposed to be normal to the boundary I'y(t) (see
equation (8.8)). FEwven if the actual assumption concerning the fluid velocity on free
boundary is not the most appropriate from the biological point of view [7], this constraint
is required by the boundary condition concerning the pressure (8.9).

The equation (8.11) is a natural boundary condition associated to the essential
boundary condition (8.10).
The boundary I'y(¢) evolves according to the law

V,=v-v (8.12)

where V, is the normal velocity of T';(¢).
The combination of (8.8) and (8.10) requires that the the boundaries I'; (¢) and I's(t)
are normal at the intersections, more precisely

Vir, ) - Vrop) = 0, in the two corners (8.13)

where vr, ;) and V|, () are the outer unit normal vectors to I'y () and I'y(t), respectively.
Without this condition, the fluid velocity will not be continuous in the two corners. This
requirement is biologically plausible in terms of flow, though of course the boundaries
of real limb domains are not exactly normal to each other in geometrically.
We know the initial domain
Q(0) = Q°. (8.14)

We consider the problem (8.6)—(8.14) of determining the evolution of §(¢) and to
find the velocity v(z,y,t) and the pressure p(x,y,t) for t € [0,T], where T > 0 is a
given real constant.

8.4 The Finite Element Algorithm

We develop a key algorithm to study such creeping flows in the presence of moving
boundary conditions.

In order to evaluate the curvature terms, the boundary is approached by cubic spline
interpolation which gives a curve twice continuously differentiable. The curvature is
computed using the parametrization of the splines.

At each time step, a new mesh is generated, but the generation of the current mesh
is independent from the previous one.
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To numerically solve these equations we use finite element methods. We introduce
for each ¢ € [0, 7] the following Hilbert spaces:

W) = {W:%wthE(H%Q@»f;uq:OonFﬂﬂ}, (8.15)
Q) = L*(Q1), (8.16)
Alt) = HY2(Dy(1) (8.17)

The weak form of the problem (8.6)—(8.11) is to find v(t) € W(t), p(t) € Q(t) and
w(t) € A(t) such that

a(v(t),w)+b(w,p(t))+c(w,w(t) = ((w), Ywe W(t) (8.18)
b(v(t),q) = g(a), Vg€ Q) (8.19)
c(v(t),\) = 0, VAeA(t) (8.20)
where
vy  On Oowy  Owy
o () ()
+p (V-v) (V- -w)dx (8.21)
Q)

b(w,q) = /Q W) qdx (8.22)
c(w,\) = /F o (wive — wory) Nds (8.23)

= H -wdx w-v)ds

0(w) = Qw@+3v@ d+upm5( )d
_/F Y v (w-v)ds (8.24)
9(q) = —/Q(t)Squ (8.25)

Remark 8.2 Some authors use the notations v X v = v1vs —vy1; and V X v = % - %—7;1
for two dimensional vectors. We have to note that, in this case, v X v and V X v are
scalars, not two dimensional vectors. The bilinear applications (8.21) and (8.23) could

be rewritten more concisely as:

a(v,w) = ,u/Q(t)(va)(wa) dx—l—/ue/ﬂ(t)(v-v)(V~w) dx

c(w,\) = ,u/ (W x v) Ads.
Fl(t)
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For the weak form of Stokes equations with Dirichlet boundary condition on the
velocity, the standard bilinear form is

a(v,w)= u/ Vv : Vwdx.
Q(t)

The boundary condition on the pressure requires the use of the alternative bilinear form
(8.21).
From the Green’s formula and the following identity

/ VV:Vde:/ <%—%)<%—%)dx

vy Ovy
+ V-v)(V-w dx—l—/ (———)wu—wl/ ds
/m( (w2 =)

— (V-v)(w-n)ds—i—/ a—V-st,
20(t)

we can prove that if v, p is a strong solution of (8.6)—(8.11), then v, p, w =V x v is a
solution of (8.18)—(8.20).

The system (8.18)—(8.20) is a mixed-hybrid like problem in that the trial spaces
W(t), Q(t) and A(t) are independent and some trial functions are defined on the physical
domain, while other ones are defined only on the boundary. The main advantage of this
framework is the treatment of the constraints (8.7) and (8.8) by the Lagrange multiplier
technique, consequently, we are not forced to use finite elements which verify (8.7) and
(8.8).

The finite element approximation of Stokes equation with boundary condition on
the pressure was studied in [23],[24] and [12], but the condition (8.8) was treated in a
strong way.

We denote by At the time step and by N = T'/At the number of time steps.

We approximate I';(nAt) by a polygonal line

F?,h = [Agu Aqfu ) A;\L/[]

where the vertices A7 have the coordinates (z!',y") for : = 0,..., M. It is assumed that
xy = 2’y = 0, for all n which implies that Af and A}, evolve on the Oy axis.

We denote by €2} the polygonal domain bounded by I'?, and the segment [A7};, Ag].
Let 7, a triangular mesh of ).

For the approximation of the fluid velocity v, we have been used the triangular finite
elements P; + bubble also refereed to as MINI elements introduced by Arnold, Brezzi
and Fortin (see the general reference [10]), for the fluid pressure p the triangular finite
elements P; and for the Lagrange multiplier w, the segment finite elements P;.

We denote by v}, p}, wj' the finite element approximation of v(nAt), p(nAt),
w(nAt), respectively.
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Let v} the unit outward normal vector to the boundary I'?;,, which is constant on
each edge [A7, A7,].

In order to compute in (8.23) the integral term containing v, we have used the
approximation

M-1
/ (wxv))\ds%/ (wauZ)Ast:Z/
0 I, i=0 /|

In a similar way, we can approximate in (8.24) the term fFl(t) S (w-v)ds.

n o An
i’A

(Wy X VUp) A} ds.
i+1]

8.4.1 Treatment of the curvature terms

The treatment of the curvature terms requires particular care. We proceed as follows.
Let {0 = & < & < --- < &y = L} be a partition of an interval [0, L]. We will
compute the interpolating cubic spline functions S = {(z(£),y(§)), £ € [0, L]} with
the properties:

e z(§) and y(§) are twice continuously differentiable on [0, L],

e z(§) and y(&) coincide on every subinterval [£;,&41], ¢ = 0,..., M — 1 with poly-
nomials of degree three,

o 2(&) = ap and y(&) = yp for i = 0,..., M,
e 2"(0) =2"(L) =0 and y'(0) =y'(L) = 0.

For the numerical tests, we have chosen h = L/M, & = ih, for i = 0,..., M and
L=1.
We have for i =0,..., M — 1

_ &= (&)

z(§) = m; oh +mi+1T+Uf (€ —&)+vf, V€&, &ivl
where . "
up = (xz+1 x?) h (mz—i-l mz) 6
h2
We set mg = mj; = 0 and (m“’f Ve ,m“}'{4_1) is the solution of the linear system
41 0 my 5 (xf — 227 + %)

1

= % (93?—1 — 2z + 517?+1)

0 1 4 mi;_q % ($YAL/1—2 — 2wy, + xYJ\L/[)
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For y(§), we have similar formulas. For i =0,..., M — 1
3 3
€)= mr Sy CZ8 e ) ot Ve € 6 6o
6h 6h
where
y n ny L y N
u; = (?/z'+1 - yi) o (mz’—i-l - mi) G
h2
R N
/UZ yl mZ 6
The linear system to solve is:
21 0\ [ ™ e (W1 =)
1 4 : :
= % (?J?—l -2y + yzn+1>
4 1 : ) 3
0 1 2 ms, 12 (Y1 — vir)

The curve 8™ has a continuous curvature given by
(©)y"(§) — 2"(E)y'(€)
k(€)= 2 . (8.26)
(@ (©) + ()"

In the sequel, k' = k(&) stands for the curvature in the vertex A using the spline
functions.

In order to compute in (8.24) the integral term containing the curvature, we have
used the approximation

M-1
vk (W-v)ds ~ /
/rl(w z:; [Az.A7

| v (W - V) ds.

i+1

8.4.2 An explicit time-advancing scheme

From (8.12), a point on the boundary I';(¢) moves along the normal to the boundary
with the velocity v - v.

In a previous section, we have introduced v} the unit outward normal vector to the
boundary I'f ), constant on each edge [A7, A7, ], but which is not well defined on the
vertices Al

In order to compute the position of the vertices A7*! of the polygonal line quj;l, we
will use the normal to the spline function &™ given by
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More precisely, we set
x’."""l xn
(5 )= (50 ) + arvbie) ottt - w36 (5.27)

which is forward Euler’s scheme for the numerical approximation of (8.12).

Algorithm
Let A of coordinates (zf,%;), i =0,..., M be vertices of the polygonal line I'Y ;.
for each n from 0 to N — 1 do

Step 1 Generate 7," a triangular mesh of 2}'. Knowing the boundary points
A i = 0,..., M, the mesh can be generated automatically, using
FreeFem++ [13].

Step 2 Compute the spline function
S" = {(z(£),y(€)), £ €]0,1]} passing throw A, ¢ = 0,...,M. The
details were presented in the sub-section Treatment of the curvature

terms.

Step 3 Compute k' = k(¢;) the curvature at each vertex AP using the
formula (8.26).

Step 4 Find v}, p}, w} the finite element solution of (8.18)—(8.20). After
the finite element discretization, the problem to solve is a symmetric
linear system, not positive defined, of the form

A BT CT vn L"
B 0 0 P | =1 G"
¢ 0 0 Q" 0

Step 5 Compute v% the unit outward normal vector to the spline function
S™ using the formula

Step 6 Move the vertices of the boundary using the forward schema (8.27).

endfor;

8.5 Numerical tests

We have tested the algorithm presented in this paper for two kind of geometrical shapes:
a semicircle and a non convex domain. The both examples were also discussed in [20]
using Darcy’s law for the fluid flow, while the actual model is based on the Stokes
equations with volume source.
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8.5.1 The initial domain is a semicircle

First let consider the academic case where the initial domain is a semicircle of ray Ry.
We assume that the rate of growth S, the surface tension v are constants and we set
the applied volume forces f = (0,0). Of course, these assumptions are not biological
reasonable, but in this case, we know an exact solution of the free boundary problem
(8.6)—(8.14).

If we set the parametric representation of I'y(0) as

{x(e) — Rocos(d), y(0) = Rysin(), 6 ¢ [—f q}

the evolution of the boundary I';(¢) is described by

{x(Q) — Rye? cos(B), y(0) = Roe sin(d), 6 e [—g g} }
The velocity and the pressure have the form
Y
v(z,yt)=(52/2,5y/2), plz,yt)=—7%-
RO €2

The algorithm has been implemented using the language FreeFem++ [13] and the
numerical results were displayed using gnuplot [11].

The simulation was performed for Ry =1, u =1, f = (0,0), S=2,v=1, T = 0.5.
The time step is At = 0.005 while the number of time steps is N = 100.

Figure 8.3: Spline approximation of the initial boundary (left), after 50 time steps
(middle) and after 100 time steps (right)
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Figure 8.4: The initial mesh (left) and the mesh after 100 time steps (right).

t=0.000 t=0.500

Figure 8.5: The initial velocity (left) and after 100 time steps (right). The scaling factor
is 0.2.
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At the time instant ¢ = 0.5, the domain €2(¢) might be a semicircle of ray e
1.648721. Numericaly, at the time instant ¢t = NAt = 0.5, we obtain a semicircle like
domain where the ends of the polygonal line I'} , have the coordinates (0, —1.63703) and

(0,1.64173) (see Figure 8.3).

The number of the segments of the polygonal line I'Y ), is M = 32 and the number

of edges on the vertical boundary [A},, Ag] is 20 for all n.

The initial mesh has 200 vertices, 346 triangles and after 100 time steps we use a

mesh of 207 vertices, 360 triangles (see Figure 8.4).

The computed velocity (see Figure 8.5) is radial as the theoretical solution.

8.5.2 A non-convex initial domain

Let now consider a case when the initial domain is non-convex. The boundary I';(0) has
two flat parts on the bottom, on the top and three semicircles of rays r1 = 0.6, 72 = 0.2

and r3 = 0.2 respectively.

Figure 8.6: The initial mesh (left) and the mesh after 1800 time steps (right).

The simulation was performed for: =1, f = (0,0), S =2, v = 0.5, At = 0.0001

and N = 1800.

The number of the segments of the polygonal line I'?;, is M = 48 and the number
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of edges on the vertical boundary [A},, Ag] is 20 for all n.

The initial mesh has 302 vertices and 534 triangles (see Figure 8.6). In [20], the
flat parts of the boundary I'y(0) don’t move, consequently the growth is only in the Ox
direction. As we see in Figures 8.8 and 8.7, the domain growths also along the Oy axis.

In view of Figure 8.8, we can suppose that the domain will evolve to a domain with
a cut, while in [20] the same domain seems to evolve to a convex domain.

Using the same time step At = 0.0001, we have performed more than 1800 iterations,
while in [20] we have obtained self intersecting moving boundary after 182 iterations.
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8.6 Discussion

The finite element algorithm described above contain the basic ingredients required for
the study of the development of biological form as a consequence of growth via creeping
flows due to nutrient addition to a closed bounded domain surrounded by epithelial cell
walls. Perhaps the most interesting results of these simulations can be seen in Figure 8.7.
The internal growth velocity field is clearly developed a nontrivial spatial and temporal
structure that will effect not only the external shape of the limb bud but also internal
processes such as the spatiotemporal distribution of gene products, and consequently
the development of internal structure.

Our approach of course represents a minimal model in that it incorporates many
crucial biological processes, but at the same time leaves out many critical elements
that need to be considered in future algorithms. Such critical elements include inter-
nal domains created by skeletal elements that can both channel and hinder fluid flow.
Also there exist a core set of cellular-biochemical processes known to occur in limb bud
mesenchyme that will further sculpt the developing form of the organism. For exam-
ple nonuniformly distributed gene products such as Sonic hedgehog and Hox and Wnt
proteins, may alter the spatiotemporal distribution of nutrient release S(x,t) and con-
sequently growth and form with time. This could lead to both positive and negative
feedback phenomena with important biological consequence for development.

Finally, of course, explicit three dimensional simulations need to be undertaken in
order to investigate how spatially varying surface tension due to heterogeneous epithelial
properties effect growth and form. This is more complex algorithmically since in the two
dimensional case powerful tools exist that can automatically generate moving meshes
when the parametric description of the boundary is provided. We are now studying
the three dimensional version of these algorithms and are especially interested in how
heterogeneous properties of the epithelial layer will affect growth and form.

We believe, however, that all such considerations can be incorporated into develop-
ments of the basic algorithm proposed here and need to be studied further.



210 C.M. Murea and G. Hentschel



Bibliography

1]

2]

3]

M. S. Alber, T. Glimm, H.G.E. Hentschel, B. Kazmierczak, S.A. Newman, STA-
BILITY OF N-DIMENSIONAL PATTERNS IN A GENERALIZED TURING SYSTEM: IM-
PLICATIONS FOR BIOLOGICAL PATTERN FORMATION, Nonlinearity 18 (2004)
125-138.

K. Aras, T. Cickovski, D. Cieslak, C. Huang, SIMULATION OF CHICKEN LIMB
GROWTH WITH IRREGULAR DOMAIN SHAPE, (preprint, 2005)

V.G. Borkhvardt, GROWTH AND SHAPING OF THE FIN AND LiMB BuDS. Russian
Journal of Developmental Biology, 31 (2000) no. 3, 154-161.

J. Capdevila, J.C.I. Belmonte, PATTERNING MECHANISMS CONTROLLING LIMB
DEVELOPMENT. Ann. Rev. Cell. Dev. Biol. 17 (2001) 87-132.

G.-H. Cottet, PARTICLE METHODS FOR CFD, Lecture notes for Summer school
“Advances for CFD for industrial and geophysical turbulence”, Autrans, 2003.

R. Dillon, H.G. Othmer, A MATHEMATICAL MODEL FOR OUTGROWTH AND SPA-
TIAL PATTERING OF THE VERTEBRATE LIMB BUD. J. Theor. Biol., 197 (1999)
295-330.

Drossopoulou G, Lewis KE, Sanz-Ezquerro JJ, Nikbakht N, McMahon AP, Hof-
mann C, Tickle C., A MODEL FOR ANTEROPOSTERIOR PATTERNING OF THE
VERTEBRATE LIMB BASED ON SEQUENTIAL LONG- AND SHORT-RANGE SHH SIG-
NALLING AND BMP SIGNALLING. Development. 127 (7) (2000), 1337-48.

G. Forgacs, R.A. Foty, Y. Shafrir, M.S. Steinberg, VISCOELASTIC PROPERTIES
OF LIVING TISSUES: A QUANTITATIVE STUDY. Biophysical Journal 74 (1998)
2227-2234.

R.A. Foty, C.M. Pfleger, G. Forgacs, M.S. Steinberg, SURFACE TENSIONS OF EM-
BRYONIC TISSUES PREDICT THEIR MUTUAL ENVELOPMENT BEHAVIOR. Develop—
ment 122 (1996) 1611-1620.

211



212 C.M. Murea and G. Hentschel

[10] V. Girault, P.A. Raviart, FINITE ELEMENT METHODS FOR NAVIER-STOKES
EQUATIONS. THEORY AND ALGORITHMS, Springer Verlag, 1986.

[11] http://www.gnuplot.org

[12] F. Hecht, C. Pares, NSP1B3 : UN LOGICIEL POUR RESOUDRE LES EQUATIONS
DE NAVIER STOKES INCOMPRESSIBLE 3D, Rapport de recherche de I'INRIA-
Rocquencourt, 1991.

[13] F. Hecht, O. Pironneau, A FINITE ELEMENT SOFTWARE FOR PDE: FREEFEM++,
http://www.ann. jussieu.fr/“hecht/freefem++.htm.

[14] H.G.E. Hentschel, T. Glimm, J.A. Glazier, S.A. Newman, DYNAMICAL MECHA-
NISMS FOR SKELETAL PATTERN FORMATION IN THE VERTEBRATE LIMB. Proc. R.
Soc. B 271 (2004) 1713-1722.

[15] J.-L. Guermond and L. Quartapelle, ON THE APPROXIMATION OF THE UNSTEADY
NAVIER-STOKES EQUATIONS BY FINITE ELEMENT PROJECTION METHODS. Nu-
mer. Math. 80 (1998) 207-238.

[16] T.J.R. Hughes, W.K. Liu, T.K. Zimmermann, LAGRANGIAN-EULERIAN FINITE
ELEMENT FORMULATION FOR INCOMPRESSIBLE VISCOUS FLOWS. Comput. Meth-
ods Appl. Mech. Engrg. 29 (1981) no. 3, 329-349.

[17] S.R. Idelsohn, E. Onate, F. Del Pin, N. Calvo, FLUID-STRUCTURE INTERACTION
USING THE PARTICLE FINITE ELEMENT METHOD. Comput. Methods Appl. Mech.
Engrg. 195 (2006), no. 17-18, 2100-2123

[18] J.A. Izaguirre, R. Chaturvedi, C. Huang, T. Cickovski, J. Coffland, G. Thomas,
G. Forgacs, M. Alber, H.G.E. Hentschel, S.A. Newman, J.A. Glazier, COMPU-
CELL, A MULTI-MODEL FRAMEWORK FOR THE SIMULATION OF MORPHOGENE-
s1s. Bioimformatics 20 (2004) 1129-1137.

[19] F.V.Mariani, G. R. Martin, DECIPHERING SKELETAL PATTERNING: CLUES FROM
THE LIMB. Nature 423 (2003) 319-25.

[20] C.M. Murea, H.G.E. Hentschel, FINITE ELEMENT METHODS FOR INVESTIGATING
THE MOVING BOUNDARY PROBLEM IN BIOLOGICAL DEVELOPMENT, in: Progress
in Nonlinear Differential Equations and Their Applications, Vol. 64, 357-371,
Birkhauser Verlag, Basel, 2005.

[21] S. Newman, J. Tomasek, in: MORPHOGENESIS OF CONNECTIVE TISSUES, HAR-
wOoOD ACADEMIC PUBLISHERS, READING, U.K., 1996, pp. 335-369.



Simulation of growth in biological development 213

[22]

23]

[24]

[25]

[26]

[27]

28]

[29]

C.S. Peskin, THE IMMERSED BOUNDARY METHOD. Acta Numer. 11 (2002) 479
o17.

O. Pironneau, CONDITIONS AUX LIMITES SUR LA PRESSION POUR LES EQUATIONS
DE STOKES ET DE NAVIER-STOKES. C. R. Acad. Sci. Paris Sér. I Math. 303 (1986)
no. 9, 403-406.

O. Pironneau, FINITE ELEMENT METHODS FOR FLUIDS. Translated from the
French. John Wiley & Sons, Ltd., Chichester; Masson, Paris, 1989.

J. A. Sethian, LEVEL SET METHODS: EVOLVING INTERFACES IN GEOMETRY,
FLUID MECHANICS, COMPUTER VISION AND MATERIAL SCIENCE, Cambridge Uni-
versity Press, 1996.

C. Tickle, LIMB DEVELOPMENT: AN INTERNATIONAL MODEL FOR VERTABRATE
PATTERN FORMATION. Int. J. Dev. Biol. 44 (2000) 101-108.

C. Tickle, PATTERNING SYSTEMS-FROM ONE END OF THE LIMB TO THE OTHER.
Dev. Cell. 4 (2003) 449-58.

M. Zajac, G.L. Jones, J.A. Glazier, MODEL OF CONVERGENT EXTENSION IN
ANIMAL MORPHOGENESIS, Phys. Rev. Lett. 85 (2000) 2022-2025.

L. Wolpert, R. Beddington, J. Brockes, T. Jessell, P. Lawrence, E. Meyerowitz,
PrinciPLES OF DEVELOPMENT. Oxford, New York, Tokyo. Oxford University
Press, 1998.



214 C.M. Murea and G. Hentschel



Part 111

Annexe

215






Formation 217

Formation

Fonctions et établissement actuel : Maitre de Conférences titulaire, Université de Haute-
Alsace, Laboratoire de Mathématiques, Informatique et Applications

Adresse professionnelle : Laboratoire de Mathématiques, Informatique et Applications,
Université de Haute-Alsace, 4, rue des Fréres Lumiere, 68093 MULHOUSE Cedex

Numéro de téléphone : 03.89.33.60.34, fax : 03.89.33.66.53
Adresse électronique : cornel.murea@uha.fr

Internet : http://www.edp.uha.fr/murea/

Titres universitaires :

e Doctorat, Spécialisation : Mathématiques et Applications
Titre de la these : Modélisation mathématique et numérique d’'un probleme tridi-
mensionnel d’interaction entre un fluide incompressible et une structure élastique
Date et lieu de soutenance : 28 Juin 1995, Université de Franche-Comté, Besancon
Directeur de these : J.M. Crolet, Professeur a 1’Université de Franche-Comté
Jury de these : M. P. Lesaint - Président du jury, Mme D. Cioranescu - Rapporteur,
M. J.M. Thomas - Rapporteur, M. A. Halanay - Examinateur,
M. F. Hecht - Examinateur, J.M. Crolet - Directeur de these.

e Diplome d’Etudes Approfondies de Mathématiques et Applications, Juin
1992, Université de Franche-Comté, France

e Maitrise de Mathématiques, Spécialisation Informatique, Novembre 1992,
Université de Bucarest, Faculté de Mathématiques, Roumanie, major avec la moyenne
générale sur cinq années 10/10

Expérience professionnelle

e & partir de septembre 2000, Université de Haute-Alsace, Laboratoire de Mathé-
matiques et Applications, fonction : Maitre de Conférences

e octobre 1999 - aout 2000, Université de Franche-Comté, Besancon, Equipe de
Mathématiques et Laboratoire de Physique Moléculaire, fonction : Ingénieur de
Recherche

e octobre 1996 - septembre 1999, Université de Bucarest, Faculté de Mathématiques,
fonction : Assistant

e octobre 1993 - septembre 1996, Université de Bucarest, Faculté de Mathématiques,
fonction : Préparateur



218

Publications

Publications dans des revues internationales ou nationales avec
comité de lecture

1.

10.

C.M. Murea, Sur la convergence d’un algorithme pour la résolution découplée d’un
systeme de type Kuhn-Tucker, An. Univ. Bucuresti Mat., 46 (1997), No. 1, pp.
35-40, Zbl 894.65027

. C.M. Murea, Dynamic meshes generation using the relaxation method with ap-

plications to fluid-structure interaction problems, An. Univ. Bucuresti Mat., 47
(1998), No. 2, pp. 177-186

C.M. Murea, Domain decomposition method for a flow through two porous me-
dia, Bull. Math. Soc. Sc. Math. Roumaine, 41 (1998), No. 4, pp. 257-265,
MR1880365 (2002j:65121)

C.M. Murea, Optimization of satellite antenna, An. Univ. Bucuresti Mat., 48
(1999), pp. 207-216

. C.M. Murea, J.-M. Crolet, Formulation hybride pour un probleme d’interaction

fluide structure, Rev. Roumaine Mat. Pure App., 44 (1999), No. 3, pp. 435-445,
MR1839512 (2002d:74021)

C.M. Murea, La méthode du lagrangien augmenté pour un probleme d’interaction
fluide-structure, Rev. Anal. Numér. Théor. Approx., 29 (2002), No. 1, pp. 49-56

C.M. Murea, The BFGS algorithm for a nonlinear least squares problem arising
from blood flow in arteries, Comput. Math. Appl., 49 (2005), pp. 171-186,
MR2123400 (2006b:76084)

C.M. Murea, C. Vazquez, Sensitivity and approximation of coupled fluid-structure
equations by virtual control method, Appl. Math. Optim., 52 (2005), no. 2, pp.
183-218, MR2157200 (2007a:74032)

C.M. Murea, Numerical simulation of a pulsatile flow through a flexible channel,
ESAIM: Math. Model. Numer. Anal. 40 (2006), no 6, 1101-1125

C.M. Murea, G. Hentschel, A Finite Element Method for Growth in Biological
Development, Math. Biosci. Eng. 4 (2007) 2, 339-353

Toutes les revues ou j’ai publié sont indexées par Mathematical Reviews et Zentralblatt
fur Mathematik. Les articles 1 respectivement 3, 5, 7, 8, 16 ont fait I’'objet d’un rapport
en Zentralblatt fur Mathematik respectivement Mathematical Reviews.



Publications 219

Colloques internationaux avec comité de lecture et actes a large
diffusion

11.

12.

13.

14.

15.

16.

17.

C.M. Murea, J.-M. Crolet, A stable algorithm for a fluid-structure interaction
problem in 3D, in Contact Mechanics II, Computational Techniques, M.H. Ali-
abadi, C. Alessandri (eds.), pp. 325-332, Computational Mechanics Publications,
Southampton, Boston, 1995

C.M. Murea, J.-M. Crolet, Etude d’un probleme parabolique avec multiplicateur
de Lagrange, Proceedings of the anual meeting of the Romanian Society of Math-
ematical Sciences 97, pp. 237-242, Bucharest, 1998

C.M. Murea, J.-M. Crolet, Optimal control approach for a flow in unsaturated
porous media, dans Computational Methods for Flow and Transport in Porous
Media, J.-M. Crolet (ed.), Kluwer Academic Publishers, pp. 107-114, 2000

C.M. Murea, Optimal control approach for the fluid-structure interaction prob-
lems, Proceedings of the Fourth Furopean Conference on FElliptic and Parabolic
Problems, Rolduc and Gaeta, 2001, J. Bemelmans et al (eds.), World Scientific
Publishing Co. Pte. Ltd., pp. 442-450, 2002

C.M. Murea, G. Hentschel, Finite element methods for investigating the moving
boundary problem in biological development, Progress in Nonlinear Differential
Equations and Their Applications, Vol. 64, 357-371, Birkhauser Verlag, Basel,
2005

Th. Hangan, C. Murea, Elastic helices, Rev. Roumaine Mat. Pure App. 50
(2005), no. 5-6, 527-531, MR2204141 (2006i:58019)

C.M. Murea, C. Vazquez, Numerical control of normal velocity by normal stress
for interaction between an incompressible fluid and an elastic curved arch, Pro-
ceedings (CDROM) ECCOMAS CFD 2006, P. Wesseling, E. Onate, J. Périaux
(Eds), September 5-8, 2006, Egmond aan Zee, The Netherlands



220

Publications

Rapports de recherche

18.

19.

20.

C.M. Murea, Some numerical methods for three-dimensional fluid structure inter-
action problem with free boundary, Free Boundary Problems News, No. 12, pp.
31-32, 1996

C.M. Murea, Y. Maday, Existence of an optimal control for a nonlinear fluid-
cable interaction problem, Rapport de recherche CEMRACS 96, Interaction fluide-
structure, Luminy, 1996

C.M. Murea, J.-M. Crolet, Mixed-Hybrid Finite Element for a three-dimensional
fluid-structure interaction problem, 2000

Pré-publications

21.

22.

[. Mbaye, C. Murea, Numerical procedure with analytic derivative for unsteady
fluid-structure interaction

[. Mbaye, C. Murea, Approximation par la méthode des moindres carrés d’un
probleme bidimensionnel stationnaire d’interaction fluide-structure

Logiciels développés

Logiciel pour résoudre l'interaction Navier-Stokes et poutre en 2D. Langage :
freefem++, OpenDx, 2003-2004

L’approximation par la méthode d’éléments finis d'un probleme dans un domaine
en mouvement ot la vitesse de la frontiere dépend de la courbure. Langage : C++
(2002), freefem+-+ (2005)

Génération automatique des maillages dynamiques. Langage : C+4, 2001

Un algorithme de type EM pour I’estimation de mélange. Langage : Mathematica,
2001, en collaboration avec Dr. Florin VAIDA de I"Université de Harvard

Logiciel pour résoudre numérique les équations du cable pour un probleme d’inte-
raction fluide cable en 3D. Langage : C/C++, 1996

Logiciel pour résoudre I'interaction fluide (Navier-Stokes) structure (élasticité li-
néaire) en 3D. Langage : FORTRAN, 1993-1995



Communications orales 221

Communications orales a des conférences ou
colloques

2006

C.M. Murea, Simulation numérique d’un écoulement pulsatif dans un tube flexible,
Séminaire du Laboratoire de Modélisation et Calcul, IMAG, Grenoble, le 12 janvier 2006

C.M. Murea, Simulation numérique des problemes d’interaction fluide-structure et
applications, Journée Mathématiques et Industrie, le 7 avril 2006, Mulhouse

C.M. Murea, C. Vazquez, Numerical control of normal velocity by normal stress
for interaction between an incompressible fluid and an elastic curved arch, accepté pour
ECCOMAS CFD 2006, September 5-8, 2006, Egmond aan Zee, The Netherlands

C.M. Murea, Numerical approximation of the interaction between a pulsatile in-
compressible fluid and an elastic wall, accepté pour ECCOMAS CFD 2006, September
5-8, 2006, Egmond aan Zee, The Netherlands

C.M. Murea, Simulation numérique d’une probleme d’interaction entre un fluide
pulsatif et une structure élastique, séminaire du Laboratoire de Mécanique de Lille, le
12 octobre 2006

C.M. Murea, La Méthode du Lagrangian Augmenté pour un probleme d’interaction
fluide-structure, colloque Fluides et Structures, 7-8 décembre 2006, Mulhouse

2005

C.M. Murea, Numerical approximation of a pulsatile flow through an flexible pipe,
Journées de Metz 2005, Problemes de valeurs propres et applications, 8 avril 2005, Metz

C.M. Murea, Numerical approximation of a pulsatile flow through an flexible pipe,
2eme Congres National de Mathématiques Appliquées et Industrielles, 23 - 27 mai 2005,
VVF "Lac et Montagne”, Evian

C. Murea, Numerical control of normal velocities by normal stress in a fluid-
structure interaction problem, exposé dans le cadre du colloque Fluides et structures,
17-18 novembre 2005, Mulhouse

2004

C.M. Murea, Finite element methods for investigating the moving boundary prob-
lem in biological development, Journées de Metz 2004, Problemes a frontieres libres,
interfaces en mouvement: Méthodes mathématiques, Algorithmes et simulations, Ap-
plications, 28-30 avril 2004, Metz

C.M. Murea, The BFGS algorithm for a nonlinear least squares problem arising
from blood flow in arteries, 36eme Congres national d’Analyse Numérique, 31 mai - 4
juin 2004, Obernai, France

C.M. Murea , G. Hentschel, Finite element methods for investigating the moving
boundary problem in biological development, Nonlinear Elliptic and Parabolic Problems:
A Special Tribute to the Work of Herbert Amann, June 28-30, 2004, Zurich



222 Communications orales

C.M. Murea, Numerical approximation of a pulsatile flow through an elastic pipe,
CEMRACS 2004, 2 aout 2004, Luminy

C.M. Murea, Simulation numérique de l’écoulement sanguine dans les arteres,
Séminaire Calcul Scientifique - Analyse Numérique, Besancon, le 21 octobre 2004

C.M. Murea, Simulation numérique d’un écoulement pulsatif dans un tube flexible,
Workshop Fluides et Structures 18-19 novembre 2004, Mulhouse, France

2003

C.M. Murea, Fluid structure interaction with a reduced number of parameters,
Applied Mathematics and Applications of Mathematics, February 10-13, 2003, Nice

C.M. Murea, Numerical method for a two dimensional steady incompressible fluid
- beam interaction, Journées de Metz 2003, Développements récents de la Méthode des
Eléments Finis, Analyse, Mise en oeuvre, Applications, 02-04 avril 2003, Metz

C. Murea, Sensitivity and approximation of fluid-structure equations coupled by
virtual control method, Workshop on Fluid-structure coupled problems and nonlinear
Partial Differential Equations, October 9-10, 2003, Mulhouse

C. Murea, Sensitivity and approximation of fluid-structure equations coupled by

virtual control method, Seminaire Département de Mathématiques Metz, 6 novembre
2003

2002

C.M. Murea , G. Hentschel, Finite element approximation of a moving bound-
ary problem with curvature dependent speed, Free Boundary Problems: Theory and
Applications, Trento, Italy, June 4-9

2001

C.M. Murea - Optimal control approach for the fluid-structure interaction prob-
lems, The Fourth European Conference on Elliptic and Parabolic Problems: Theory-
Applications, Gaeta, Italy, 24-28 septembre 2001

Dans le cadre du groupe de travail Mathématiques Appliquées, Laboratoire de
Mathématiques et Applications, Université de Haute-Alsace, j’ai exposé 5 fois sur les
sujets :

- Interaction fluide - structure,

- ’approximation d’'un probleme dans un domaine en mouvement ou la vitesse de
la frontiere dépend de la courbure,

- Un algorithme de type EM pour l'estimation de mélange.

2000

C.M. Murea - Modéle de type controle optimal pour des problémes aux frontiéres
libres, Séminaire du Laboratoire de Mathématiques, Université de Haute-Alsace, Mul-
house, 21 janvier 2000



Communications orales 223

C.M. Murea - Modélisation mathématique et numérique des écoulements externes,
Séminaire du Laboratoire de Mathématiques, Université de Franche-Comté, Besancon,
27 janvier 2000

C.M. Murea - Modeéle de type controle optimal pour des problémes aux frontiéres
libres, Séminaire du Laboratoire de Modélisation et Calcul, IMAG, Grenoble, 17 février
2000

1998

C.M. Murea, P. Mader - Optimization of satellite antenna, Journées ASCI, Uni-
versité Paris Sud, Orsay, France, 23-27 février 1998

C.M. Murea, Y. Maday - FExistence of an optimal control for a nonlinear fluid-cable
interaction problem, Workshop on Control of Fluids and Structures, Institute “Henri
Poincaré”, Paris, France, March 9-13, 1998

C.M. Murea, C. Vazquez Cendén - Shape Sensitivity of the Stokes Equations.
Application to the Fluid-Structure Interaction Problems, Workshop on Control of Fluids
and Structures, Institute “Henri Poincaré”, Paris, France, March 9-13, 1998

C.M. Murea - Algorithms for MinMaz problems. Applications to the satellite an-
tenna, Conference of the Faculty of Mathematics, University of Bucharest, Romania,
May 8-9, 1998

C.M. Murea - Sensitivity Analysis for a variational system with shape prameter,
Conference on “Ordered Topological Linear Spaces”, Sinaia, Romania, June 16-18, 1998

C.M. Murea, J.-M. Crolet - Mixed-Hybrid Finite Element for a three-dimensional
fluid-structure interaction problem, Conference in “Computational Mechanics and Nu-
merical Methods”, Miskole, Hungary, August 24-27, 1998

C.M. Murea - La méthode du lagrangien augmenté pour un probléme d’interaction
fluide-structure, The 4th Franco-Romanian Conference in Mathematics, Metz, France,
August 31 - September 4, 1998

C.M. Murea, J.-M. Crolet - Optimal control approach for a flow in unsaturated
porous media, International Symposium on Computer Methods for Engineering in Porous
Media. Flow and Transport, Giens, France, Sept. 28 - Oct. 2, 1998

C.M. Murea, C. Vazquez - Computation of the gradient for a nonlinear fluid-
structure interaction problem, Conference at the University La Coruna, Spain, Decembre
11, 1998

C.M. Murea - Optimization of satellite antenna, Conference at the University La
Coruna, Spain, Decembre 18, 1998

1997
C.M. Murea, Y. Maday - Existence of an optimal control for a nonlinear fluid-cable
interaction problem, Journées ASCI, Université Paris Sud, 4-7 mars 1997, Orsay, France
C.M. Murea, G. Abdoulaev - Approzimation of a 8D nonlinear fluid-cable interac-

tion problem via partitioned procedures, Journées ASCI, Université Paris Sud, 4-7 mars
1997, Orsay, France



224 Communications orales

C.M. Murea - La méthode du lagrangien augmenté pour un probléme d’interaction
f luide-structure, Conference of the Romanian Society of Operational Recherche, May
9-10, 1997, Bucharest, Romania

C.M. Murea, J.-M. Crolet - Etude d’un probléme parabolique avec multiplicateur
de Lagrange, The annual meeting of the Romanian Society of Mathematical Sciences,
May 29 - June 1, 1997, Bucharest, Romania

C.M. Murea - Optimal control approach for the fluid-structure interaction problems,
International Congress on Free Boundary Problems, Theory and Applications, June 8-14,
1997, Herakleion, Crete, Greece

C.M. Murea, P. Mader - Optimization of satellite antenna, CEMRACS 97 on Shape
Optimization, August 28, 1997, C..LR.M. Luminy, France

C.M. Murea - Optimal allocation of the resources in the Romanian Army, Con-
ference on Modelling and Simulation in the Romanian Army, November 27-28, 1997,
Military Academy, Bucharest, Romania

C.M. Murea - Optimal control approach for the fluid-structure interaction problems,
Conference at the University La Coruna, Department of Mathematics, Spain, December
2, 1997

C.M. Murea - Mized-Hybrid Methods for fluid-structure interaction problems, Con-
ference at the University La Coruna, Dept. of Mathematics, Spain, December 2, 1997

1996

C.M. Murea - Modélisation mathématique et numérique d’une interaction 3D fluide
structure, Séminaire du Laboratoire Applications Scientifiques pour le Calcul Intensif,
CNRS UPR 9029, 18 avril 1996, Université Paris Sud, Orsay, France

C.M. Murea - Dynamic meshes generation using the relaxation method with ap-
plications to fluid-structure interaction problems, International Workshop on Optimal
Algorithms for Shape Design In Engineering, June 24-26, 1996, Laboratoiry ASCI, Uni-
versity Paris Sud, Orsay, France

C.M. Murea, J.-M. Crolet - Formulation hybride pour un probleme d’interaction
fluide structure, 3eme Colloque franco-roumain de Mathématiques, 23-27 sept. 1996,
Cluj-Napoca, Roumanie

C.M. Murea, Y. Maday- Some numerical methods for three-dimensional fluid struc-
ture interaction problem with free boundary, 3eme Colloque franco-roumain de Mathé-
matiques, 23-27 sept. 1996, Cluj-Napoca, Roumanie

C.M. Murea - Design optimal et probléemes aux frontieéres libres, 28-30 novembre.
1996, Session de communications de la Faculté de Mathématiques, Université de Bu-
carest, Roumanie

1995

C.M. Murea, J.-M. Crolet - A stable algorithm for a fluid-structure interaction
problem in 3D, The Second International Conference in Contact Mechanics, July 11-13,
1995, Ferrara, Italy



Communications orales 225

C.M. Murea - Uzawa like algorithm for a fluid structure interaction problem, ECMI
Workshop on Applied Mathematics and Industrial Problems, September 14-16, 1995,
Romanian Academy, Bucharest, Romania

C.M. Murea - Modélisation mathématique et numérique du coeur humain, The
18th Romanian Conference in Medical Informatics, 3-5 novembre. 1995, 1’Académie
Roumaine, Bucarest, Roumanie

1994

C.M. Murea, J.-M. Crolet - Etude d’un probleme d’interaction fluide incompres-
sible-structure élastique, 2éme Colloque franco-roumain de Mathématiques Pures et Ap-
pliquées, 2-6 mai 1994, E.N.S. Rue d’Ulm, Paris, France

C.M. Murea, V. Preda - Présentation d’un algorithme d’adaptation des maillages
pour les domaines en mouvement, Session spéciale de I’Académie Roumaine, 25 novem-
bre. 1994, Bucarest, Roumanie

1993

C.M. Murea - Utilisation des multiplicateurs de Lagrange dans les problemes d’opti-
misation infiniment dimensionnels, Session de communications de la Faculté de Mathé-
matiques, Université de Bucarest, 15-17 novembre. 1993, Bucarest, Roumanie



226

Implication et encadrement

Animation scientifique

Co-organisateur du colloque : Fluides et structures, 7-8 décembre 2006, Mulhouse,
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