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Abstract

The aim of this paper is to prove the existence of an approximate weak solution
for a steady fluid-structure interaction problem. A fictitious domain approach with
penalization is used. Omne of the main ingredients is an extension theorem for do-
mains with Lipschitz boundaries. The fluid and structure domains are not necessarily
double connected and the structure is not completely surrounded by the fluid. These
assumptions are more realistic for some engineering and medical applications.

Key Words: fluid-structure interaction, fictituous domain.
2010 Mathematics Subject Classification: Primary 35A01, Secondary 74F10.

1 Introduction

The present paper is devoted to the study of the behavior of an elastic structure immersed in
an incompressible fluid. We study the case where the fluid does not surround completely the
structure. This configuration is encountered in diverse engineering and medical applications:
artificial heart valves, hydraulic shock absorber, etc. We use Stokes equations to model the
flow motion. The displacement of the structure, under the small deformations assumption,
will be modeled by linear elasticity equations. Only the steady case will be studied.

Existence for steady interaction between a fluid and an elastic structure was proved in:
Rumpf [31], Grandmont [18], [20], Bayada, Chambat, Cid, Vazquez [2], Flori, Giudicelli [14],
Surulescu [32], Galdi, Kyed [16]. In these papers, the fluid equations are reformulated in a
reference configuration. Consequently, the coefficients of the fluid problem are non-constant
and depend on the structure deformation. For the unsteady case, existence results can be
found in Grandmont, Maday [19], Desjardins, Esteban, Grandmont, Le Tallec [12], Beirao
da Veiga [3], Grandmont [7], [21], Bociu, Toundykov, Zolésio [4]. In the case where the
structure is rigid, existence results are presented in [10], [33]. Generally, in the literature,
when the fluid and structure domains are both in 2D, or both in 3D, either the fluid
completely surrounds the structure or conversely and the domains are regular.

The aim of this paper is to prove the existence of an approximate weak solution for a
steady fluid-structure interaction problem under weaker asumptions. We use as in Halanay,
Murea, Tiba [22] and [24] a fictitious domain approach with penalization. One of the main
ingredients is an extension theorem for domains with Lipschitz boundaries that applies some
results from Chenais [8] and Galdi [15]. In Halanay, Murea, Tiba [22], using a non-linear
penalization term, a regularization of the characteristic function and regular domains, the
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regularity W2P, p > 2 is obtained for the fluid velocity and for the structure displacement.
In Halanay, Murea, Tiba [24], the fluid and the structure domains are doubly connected, the
structure is completely surrounded by the fluid and the domains are regular, the existence
of a weak solution for the fluid-structure interaction problem is obtained. Numerical results
using this framework are presented in Murea, Halanay [25] and Halanay, Murea [23]. In
the present paper, weaker hypothesis on the geometry are used: the fluid and the structure
domains are not necessary double connected and the structure is not completely surrounded
by the fluid, i.e. the intersection of the closures of the fluid-structure interface and of the
exterior boundary of the fluid is non-empty. This configuration is more realistic for some
engineering and medical applications.

Some of the techniques from this work may be compared with certain fixed domain
approaches in shape optimization Neittaanméki, Tiba [29], Neittaanméki, Sprekels, Tiba
[28], already applied to free boundary problems and variational inequalities originating in
elasticity Murea, Tiba [26], [27].

2 Setting for a fluid-structure interaction problem

Let D C R? be a bounded, connected, open set with Lipschitz boundary 0D = ¥; U %
such that 31 N ¥y = 0 and ¥y N Xy = {51, S2}, see Figure 1.

Let QF be the undeformed structure domain, and suppose that it is a bounded, con-
nected, open set. Its boundary is Lipschitz and admits the decomposition Q5 = T'p U Ty,
such that I'p NTy = 0. We denote the intersection points I'p N Ty = {Ry, Re}. On I'p we
impose zero displacement for the structure. We assume that Qg CDandTp C Xs.

Suppose that the structure is elastic and denote by u = (u1, u2) : Qg — R? its displace-
ment. A particle of the structure whose initial position was the point X will occupy the
position x = ¢ (X) = X + u(X) in the deformed domain Q = ¢ (QF).

We admit that QF C D and the fluid occupies Qf = D\ ﬁi The boundary I'y, =

ﬁi N ﬁf represents the fluid-structure interface. The boundary of the deformed structure
is 005 =T p UTy and the boundary of the fluid domain admits the decomposition 9QL =
YU \Ip)Uly.

We have that I'p NT'y, = {R1, R2}. We assume that I'p and T’y meet transversally, this
means that the tangents in R; to I'p and I'y, are different and the same propriety holds in
R5. In other words, the angles of I'y, and I'p in R; and Ry are not 0 or w. Consequently
OQL is Lipschitz. The fluid-structure geometrical configuration is represented in Figure 1.

The fluid equations are described using Eulerian coordinates, while for the structure
equations, the Lagrangian coordinates are employed. The gradients with respect to the
Eulerian coordinates x € {3 of a scalar field ¢ or a vector field w are denoted by Vg, Vw.
The scalar product of two vectors v and w of R? is denoted as v - w = Ele v; wi. If
0 = (0ij)1<; j<o a0d T = (7ij), <; ;<o are two tensors, we denote o : 7 = 2 2521 0ijTij-
The divergence operators with respect to the Eulerian coordinates of a vector field w and
of a tensor o are denoted by V-w and V - o.

Similarly, when the derivatives are with respect to the Lagrangian coordinates X =
0~ 1(x) € QF, we use the notations: Vxu, Vx -u, Vx - 0.

If A is a nonsingular square matrix, we denote by det A, A~!, AT its determinant,
the inverse and the transposed matrix, respectively. We write cof A = (det A) (Afl)T the
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Figure 1: Geometrical configuration. The bold boundary is Xs.

co-factor matrix of A. We write A~T = (A‘l)T.

We denote by F (X) = I+ Vxu(X) the gradient of the deformation and by J (X) =
det F (X) the Jacobian determinant, where I is the unit matrix. We assume that J (X) > 0,
for all X € Q5.

Strong formulation

The problem is to find the structure displacement u : ﬁg — R2, the fluid velocity
v ﬁi — R? and the fluid pressure p : ﬁi — R such that:

~Vx-0%(u) = 5 inQS (2.1)

u = 0, onIp (2.2)

-Vt (v,p) = fF, inQf (2.3)

V-v = 0, inQf (2.4)

v = g, onl (2.5)

v = 0, onXe\Tp (2.6)

v = 0, onTly (2.7)

W (X) o (v(x),p(x) 0" () = —o (u(X))n® (X), VX ETo, x=p(X) (28)

where £ : QF — R? are the applied volume forces on the structure and n® is the structure
unit outward vector normal to 9Q5. Similarly, we define f¥' : Qf — R? and n’’ the fluid
unit outward vector normal to 9Q%. In (2.5), g : ¥1 — R? is a prescribed velocity, such
that le g -nfds = 0. Since we look for a continuous solution, the boundary conditions

(2.5) and (2.6) must be compatible. We assume that g € C(X; U X2 \ I'p) such that g =10
on 22 \ FD.

We have denoted by o (u) : QF — R* the stress tensor of the structure and by o' (v, p) :
QF — R?* the Cauchy stress tensor of the fluid. We point out that the stress tensor of the
structure is defined on the undeformed structure domain 25 and it will be the linear version
of the Piola-Kirchoff tensor. The Cauchy stress tensor of the fluid is defined in the deformed
domain Q. The constitutive relations will be precised later.
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We have used the notation w (X) = ||J (X) F~7 (X) n® (X)H]R2 = ||cof (F (X)) n® (X)H]R2
for X on 92§, which is a kind of Jacobian determinant for the change of variable formula
for integral over surface, see Ciarlet [9], section 1.7. The equation (2.8) represents the action
and reaction principle: the forces acting on the fluid-structure interface are equal in size
and opposite in direction.

3 Weak formulation using fictitious domain technique
with penalization

Denote by |[|]|,,, s the usual norm of the Sobolev space W™ (2). When s = 2, we use the
well known notation H™ () = W™?2 (Q) and ||-||,,, ¢, its norm. For a vector-valued function

u = (u1,us) € (H™())?, we use the same notation ull,, o = (Hulﬂfng + ||uQanQ)
For a function 1 € C°(Q) we denote by [¥llco@) = supyxeq [¥(x)| and if ¥ € C%(Q), we

use the notation [[¢[|¢2(q) = maxo<jaj<a [[DVllco ), where a = (a1, az) is a multi-index,

lal
aj,a € N, || = a1 + az and D*Y = 38 m

z‘flam;"2 :
—\2 .
Y = (1h1,92) € (C*(Q))” we use the notation [[1h]|c2q) = maxi=12 [¥illc2(q)-
According to Boyer, Fabrie [5], Proposition I11.2.9, p. 142, since Q3 is bounded with

Lipschitz boundary, any u € (Wl"’o(Qg ))2 is equal almost everywhere to a Lipschitz con-
tinuous function in Q3 still referred as u, and we have

For a vector-valued smooth function

Lip(u) < C(25) [ully .08

where the constant C(2§) > 0 depends on Q5 and

u —u
Lip) - sy [ =G
x#£y |X - yl
x,y€QS

The map u € (VVLOO(Qg))2 — det (I+ Vu) € L*°(Q5) is continuous. Then, for every

0 < § <1, there exists 0 < 15 < ﬁ such that
0

1-6<det(I+Vu)<1+446, ae xcQ (3.1)

for all u € (Wl"’o(Qg))2 that satisfy Hqu.,oo,Qg < ns. We define

2
Bs = {ue (Wh*(9Q5)) ;s Jully o 05 <75, u=00nTp}. (3-2)

We thus get that, for u € Bs, Lip(u) < 1, which gives the injectivity of the map ¢(X) =
X + u(X).
Next, we define the characteristic functions x5 : D — R by

1, xe€Qf
Xﬁ(x):{ 0, xeD\QS.
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Now, we present the constitutive relations of the structure and of the fluid. We assume
that the structure verifies the linear elasticity equation. The stress tensor of the structure
written in the Lagrangian framework is ¥ (Vx - u) + 2u%ex (u), where A%, 4% > 0 are the
Lamé coefficients and ex (u) = 1 (Vxu+ (Vxu)?).

Let us introduce the Hilbert spaces

we = {WS € (H1 (Qg))2; w? =0 on FD},
= (H (D))",

L%(D)—{qeLQ(D); /qux—()}.

Q
Let us introduce the bi-linear form ag : W% x W9 — R,
as (u,ws) = /S ()\S (Vx 1) (Vx - w?) +2u%ex (u) @ ex (W) dX.
Qs

We assume that the fluid is Newtonian and the Cauchy stress tensor is given by o' (v, p) =
—pI + 2ufe(v) where I is the unit matrix, x4 > 0 is the viscosity of the fluid and
e(v) =3 (Vv+(Vv)T).

Introduce the notation

ap: (H' (D))2>< (H! (D))2—>R, aF(v,W)z/D2uFe(v):e(w) dx
bp: W xQ—R, bF(W,p)z—/D(V-W)pdx.

Following for example Girault, Raviart [17], the properties below hold:

Jap >0, Yw e W, ap|w|ip <ap(w,w) (3.3)

IMp >0, Vv,w e W, |ap(v,w)| < Mp vl p Wl p (34)
b

Br >0, inf sup — (w,q) = Br (3.5)

q€Q,970 e W, w0 ||W||1,D ||Q||0,D

ANp >0, Yw e W, Vg€ Q, [br(w,q)| < Nr Wl p lldllo,p (3.6)

We assume that ff° € (L2(D))2, 9 € (L2(Q§))2 and g € (H'/? (8D))2, such that
g =0 on X5 and le g -n’'ds = 0. For a given u € Bs, we define:

e fluid velocity v, € (Hl(D))2, ve=gon Xy, v. = 0 on X,
e fluid pressure p. € Q,

e structure displacement u, € W*,
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as the solution of the following weakly coupled system of PDE’s:

afp (VE,W) + bF (Waps)

%/ng(vs.wv%;vw)dx = /DfF-wdx,vweW (3.7)
br(ve,q) = 0,Yq€@ (3-8)
as (u.,w®) = . £9. wdX + /QS J (0 (ve,pe) o) F~T 0 Vxw® dX
; 5
+§ /Qs T((veop) - w® + (Vveop) F~": Vxw?) dX
- /QS J (£ o) - w5 dX, Yw® e W9 (3.9)
5

where p(X) = X + u(X), F(X) =1+ Vxu(X), J(X) = det F(X).

For more details of the derivation of the above weak formulation, we refer to Halanay,
Murea, Tiba [22]. The sum of the last three terms in (3.9) is equal to the fluid forces acting
on the structure. We will prove later that, for a given u, the system (3.7)-(3.8) has an
unique solution v¢, p.. There exists a unique solution u. of (3.9), see Halanay, Murea, Tiba
[24] and u. has the physical meaning of structural displacement.

Let Py : (Hl(Qg))2 — (WLOO(Qg))2 be a regularization operator, which will be con-
structed later, where § > 0 is a fixed parameter. Define the nonlinear operator 79 : Bs —
(VVLOO(Qg))2 by T?(u) = Pg(u.). The operator T? is the composition of three operators:

Fe:Bs — ((HI(D))QvQ)u Fe(u) = (ve,pe),
8.+ (Bs, (H'(D)*,Q) » W5, Se(u,ve,po) = u.

and Py, more precisely T¢ (u) = Pp (S (u, F-(u))) .
In the following, we will prove that T is well defined and that it has at least one fixed
point in Bs.

4 Extension operators

Let D, Q be as in the Section 2. As in Halanay, Murea, Tiba [24], we assume that

0905 has the uniform cone property and

the geometry of the cone is independent of u € Bs. (4.1)

In Chenais [8] it is proved that the Lipschitz boundary condition and domains with the
uniform cone property are equivalent in a certain sense.

Lemma 1. We suppose that %o is an open segment of the Oxy axis and D C Ri =
{(w1,22) € R% x5 > 0}. We assume that T'p and Ty, respectively Yo and X1, meet
transversally. Then there exists an uniform extension operator

Ey:{ve (H (Qﬁ))z, v=0onTp}— (H) (D))Q,
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such that
Ei(v) = v, inQ

IExM)hp < Kullvllos

where the constant K1 > 0 is independent of Q5 , but it depends on the geometry of the cone
from the assumption (4.1).

Proof. We have that I'p C ¥o. We denote by sym : R? — R? the symmetry operator with
respect to the axis Oz, given by

sym(z1,x2) = (21, —22).

Let v € (H' (Q5 )2 such that v =0 on I'p. It is known that, if v € (H* (Qﬁ))2 then
v=(vosym)e (H! (sym(Qﬁ)))2, see for example Brezis [6], Prop. IX.6, p. 156.

Figure 2: Geometry obtained by symmetry with respect to the axis Oz

We define the domain Q, = Q5 U sym(Q25) UTp, as in Figure 2 and the function
Vi, — R2
v in Q3
v = 0 onlIp
-V in sym(Q3).

We have that €, is bounded open domain. We denote the intersection points TpNT, =
{R1, Rs2}. Since I'p and 'y meet transversally, then R; and Ry will not be turning points
of 09, and consequently € has Lipschitz boundary.

But v=v=0onTp, then ve (H' (Q))2

We set D1 = DU sym(D)UXs which is a bounded open domain. Since X9 and X7 meet
transversally, D; has Lipschitz boundary. Since , CC Dy, from Chenais [8], there exists

the operator e : (H! (Qu))2 — (H} (Dl))2 such that

e(v) = v, inQy

el p, K|Vl q.,

IN
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where the constant K is independent of u, but it depends on the geometry of the cone from
the assumption (4.1).
We can construct the extension operator E; as follow:
1

Ei(v) = B (e(v) —e(V) o sym).

We have that e(V) is in (Hg (Dl))2 as well as e(v) o sym and it follows that Ey(v) €
(H} (Dl))2. We observe that Ey(v) o sym = —FE1(v).

Let C§° (D1) denote the space of infinitely differentiable functions with compact sup-
port in Dy. Let ¢y, € (C5°(D1))? such that ¢, — e(¥) in (H} (Dl))2. We set ¢p =
3 (Y — Yr o sym) and we have that ¢p — E1(v) in (Hg (Dl))z. For the continuous function
ér : D1 — R? such that ¢y (21, —22) = —¢r(x1,22) in D1, we get ¢p(z1,0) = 0 for all x;.
Let vx, : (Hg (Dl))2 — (H1/? (22))2 be the trace on Y. We have ys, (¢x) = 0, for all k.

Since 7y, is a linear continuous function, we get vz, (E1(v)) = 0, then Ey (v)|p € (Hg (D))2.

From construction, we have gzi = g;’i o sym and gz; = —gsz o sym in sym(Q3). Tt
follows
120, = /Q V.V 4 VY Ve dx
= / V-V—l—VV:Vde—i—/ V-Vv+4+ VV:Vvdx
U sym(QF)
= 2/ Vv + Vv Vvdx = 2|v|[] os
Qs o
We have that |le(V)[[, p, = [le(V) o sym]|; p,, then
1 ~ ~
1My < 1B Wb, < 5 (le@lp, + le@ o syml, p,)
= He(v)Hl,Dl < KWHLQU = \/ﬁKHV”LQE
From e(V) = v in €2, we obtain e(v) = v in Q3 and e(v) = —V in sym(Q%) which gives
e(V) o sym = —V o sym = —v in Q3. Finnaly, we get E1(v) = v in Q3. g

Theorem 1. Under the hypotheses of Lemma 1, there exists an uniform extension operator

E:{VE(Hl(Qﬁ))Q; V-v=0inQ5, v=0 onI‘D}—>(H§(D))2,

such that
V-E(v) = 0, inD
E(v) = v, inQJ
”E(V)”LD < Ko ||VH1,Q§

where the constant Ky > 0 is independent of 5, but it depends on the geometry of the cone
from the assumption (4.1).
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Proof. We follow the Lemma 5.1 from Halanay, Murea, Tiba [24] or Corollary 3.1, Chapter
III, p. 136 from Galdi [15]. Let Z be an open rectangle such that Q2 C Z C D, the bottom
side of the rectangle is included in ¥y and dist(Z,X1) > 0, see Figure 3.

1

)

Figure 3: Configuration of Z.

We can apply Lemma 1, then there exists

2

Ei:{ve (H' (95)*; v=0onTp} — (H! (2))
such that

Ey(v)
[Ex(V)ll,z < Killvllygs-

v, in Q3

A

We denote )
-~ [ Ei(v), inZ
El(")_{ 0, in D\ Z.

Since E;(v) belongs to (Hg (Z))2, then E/’;\(_V/) is in (H} (D))2.

Now, we solve the Bogowskii problem in D \ QS

u’

—o\\ 2
3.1, p. 129. There exists w € (H& (D \ Qi)) such that

see for example Galdi [15] Theorem

V-w = V.E(v), nD\Q
w = 0, on the boundary ofD\ﬁi
g < K [0-E], e

where the constant K > 0 is independent of Q3. In fact, if a bounded domain is the union
of a star-shaped domains with respect to every point of some balls, then the constant K
depends only on the radius of the balls, see Theorem 3.1, p. 129, Galdi [15]. In the same
reference, Lemma 3.2, p. 39, it in proved that a Lipschitz domain is the union of this kind
of star-shaped domains. We could prove that the radius of the balls does not change under
small perturbation of a domain.
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We introduce
w=dJ w, inD \ﬁi
0, in QY

and we have that w € (H{ (D))2.

The uniform extension operator with free divergence is defined by
E(v) = Ey(v) — W which belongs to (H} (D))2. Moreover, it verifies

P

V) — Ei(v)=Ei(v)=v, inQJ
E) { Ey(v) —w, inD\ﬁi.

The rest is as in the Lemma 5.1 from Halanay, Murea, Tiba [24]. O

Remark 1. In the case when the boundary 3o is not a straight segment, we can follow the
procedure presented in Evans [13], Appendixz C, p. 711. We can suppose that 3o is the graph
of a real function vy of class C*. We introduce the applications ®(x1,12) = (1,72 — y(71))
and ¥(y1,y2) = (y1,92 +v(y1)). We have that @1 = ¥ and det(VP®(x)) = 1 as well as
det(VU(y)) = 1. We have that ®(X2) is a straight segment and we can apply the Lemma
1 for ®(QF) and ®(D). The conclusion of Lemma 1 remains true.

Remark 2. Also, Theorem 1 holds if ¥o is not a straight segment. To prove that, we can
use Remark 1 to get the extension operator Ei without divergence free. The second part of
the proof is the same as in Theorem 1 based on the solution of the Bogowskii problem which
does not use the straightness of 3.

5 Estimations

Proposition 1. We preserve the setting of Lemma 1. Assume that ' € (LQ(D))Q, g€
(H'/? (8D))2, such that g =0 on X, le g -nf'ds =0 and u € Bs. There exists a unique

solution of (3.7)-(3.8) such that v € (Hl(D))Q, ve=g on X1, ve =0 on X2 and p- € Q.
Moreover, there exists a constant Cy independent of € > 0 and u € Bs, such that

0.0 < C1 ([IE ]y + gl oz, ) - (5.1)

Proof. Let Z be an open rectangle such that Q5 C Z C D, the bottom side of the rectangle
is included in X9 and dist(Z,%1) > 0, see Figure 3. Following Galdi [15], there exists

vy € (H1 (D\?))2, such that V-v, = 0in D\ Z, vy = g on ¥; and v, = 0 on
d(D\ Z)\ 1. We extend v, by zero in Z and we get vy € (H' (D))2 such that V-v, =0
in D, vy =g on ¥; and v, =0 on ¥3. Moreover, we have

HVs”l,D + [|pe|

IVoll1,p < Ks llglly /25, -

From (3.7) and using that v, = 0 in Q% we obtain

1
ar (Ve — Vg, W) + br (W, ps) + B (Ve = Vg, W) g5 = / 7 wdx — ap (vy, W) (5.2)
u D
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for all w € W. From (3.8), we get
br (Ve — vy, q) = 0,Yg € Q. (5.3)

From the Babuska-Brezzi theorem, see for example Girault, Raviart [17], the problem (5.2)-
(5.3) has a unique solution v, — v, € W and p. € Q.
Putting w = v. — v, in (5.2), we get
1 F
ap (Ve — Vg, Ve —Vg) + - (Ve = Vg, Ve = Vg) 1 g5 = £ (ve —vg)dx
v D

—ap (Vg,Ve — Vg).

Using the ellipticity, the continuity of ar and the fact that v, = 0 in QS it follows

1
orlve =yl p+ 2 Ivellag < [ £ (ve = vhdx—ar (v ve = v,)
< 105 Ive = Vallo.p + M Ivglly p Ve = vl
<

(17l + M 1l ) Ve = Vil o

and then
1
Ve = vyl p < ap (HfFHo.,D + MrKs Hng/QvEI) '

From the triangle inequality, we obtain
IVellyp < 1ve =Volly o+ Vgl p < Ka (€] + gl s, ) - (5.4)

The next steps are as in Halanay, Murea, Tiba [24]. Putting w = E(v,) in (3.7), where
FE is the extension operator defined in Lemma 1, we get

ap(ve, B(ve)) + é/ Xﬁ (ve - E(ve) + Vv : VE(v.))dx = / £ . E(v.)dx
D D
then

L : ve))dx = FLE(vo)dx —ap(v v
g/szg (ve - E(ve) + Vve : VE(v.))d /Df E(v.)d r(ve, E(ve))

and consequently

Lo o2
Zvelliog < £ o 5 1BV o, + M |IVelly,p | EVe)lly,p -

It follows using Lemma 1 and (5.4)

1
~ Ivelliag < (1€, + Mr v

1’D) Ky < K (HfFHoyD + Hg|‘1/2721) . (5.5)
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Now, we can estimate the fluid pressure. From (3.7), we have

1
|br(w,pe)] < / . wdx| + |ap (ve,w)| + ‘g/ X5 (Ve - w+ Vv, : Vw) dx
D D
1
< HfFHO)D ||W||0,D + Mr ||V€H1,D HWHLD + - HV8||1,Q§ HWHLQE
1
< (I8 oo+ Mr Vel + 2 el g ) Il

Taking into account the estimations (5.4) and (5.5), we get

Yw € Wa |bF(WapE)| < KG (HfFHO)D + Hg||1/2721) HWHI,D '

The inf-sup condition of br implies that

bF (Wupé‘) F
Br lpellop < sup 2P < (6], + g ) 5.6
H EHO,D wEW 100 HWHl,D H HO.,D H ”1/2,21 ( )
From (5.4) and (5.6), we get (5.1). g

Proposition 2. We assume that f° € (LQ(Qg))2, £F e (LQ(D))2 and u € Bs. If v. and
pe are solutions of (3.7)-(3.8), then the problem (3.9) has a unique solution u. € W9 and
there exists a constant Co independent of € > 0 and u € Bg, such that

HusHLszg <Gy (HfSHO,Qg + HVEHLD + HpaHo,D + HfFHo,D) : (5.7)

The proof is as in Halanay, Murea, Tiba [24].

Proposition 3. There exists a family of linear reqularization operators depending on a
parameter 6 > 0

_g\2
Po : {u € (Hl(Qg))Q; u=0 on FD} — (CQ(QS))
such that:
i) there exists C5(6) > 0,
2
Vu e (Hl (Qg)) ;,u=0onTp, ”7)9(“)”52(55) < 03(9) Hu”l,ﬂg : (5'8)
Moreover, Py is compact in (WLOO(Qg))2.
ii) Pop(u) =0 on I'p.
Proof. 1) Let u € (Hl(Qg))2 such that u = 0 on I'p. We have that U = (uo sym) €
(H! (sym(Qg)))2 and we define the function u : R? — R?
u in Qf

u=<¢ 4 insym(Qf)

0 otherwise.
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We have that @ is in (L*(R?)) ? Let 6 > 0 be afixed parameter. We define the regularization

function
wix =0 [ (552 ) away
RZ

using the standard mollifier j, sece Adams [1], p. 29. We set jg(x) = 625 (%) . Following
the same reference, the Lemma 2.18, p. 29, we obtain that 1y € C*°(R?) and

DO (x) = / D% (x — y) Tly)dy

a\ﬂ\j
éh;llamgq :

where o = (a1, ae) is a multi-index, a1, a2 € N, |a] = ag + a3 and D%j = Using

Cauchy-Schwarz inequality for each component of u = (u1, uz), we get

ek | [ D%ty mity| < 1%l [l
R
then
sup | [ Do (x—y) m(y)dy} < Dol ge [l ge
x€R2 | JR2

which implies
10 lcogey < 1D oll g s 1
< 1D ollo.ze illg gz = 1D ollo ez v Il 5 -

We have D%jg(x) = 0~271°1(D*j) (%), then [ D%jgllyp> = 07 71%[|D¥j|| p-. We deduce
that

||ﬁ9||c2(]R2) = Ogll(f}EQHDaﬁeHcﬂ(W)

_1_ .
< 0513\);2 (9 | |\DO‘JH01R2> \@”U-Ho,szg ‘

Using the precedent inequality, we get

[Tl eaaey < Ca(6) ullg 0

where C3(0) = maxo<|q|<2 (9’140“ ||D°‘j||O7R2) V2. We define Py(u) the restriction of tig

_ _g\2
to Qg and we have that Py(u) € (C%Qg)) . Moreover, we deduce

Po()lca gy < 00lle2 g2y < C3(6) [[ullg o5
which gives (5.8).
The embedding C2(§§) C cl(ﬁﬁ) is compact (see Queffélec, Zuily [30], Prop. IL5, p.
— 2 _ 2
275). Consequently, Py is compact in (Cl(Qg)) . The injection (Cl(Qg)) C (VVLO"(Qg))2

is linear and continuous, consequently, the operator Py is compact in (WLOO(Qg ))2, too.
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ii) It remains to show that Pg(u) = 0 on I'p. Using the change of variable formula
(y1,%2) = (y1, —y2), we obtain

_ _ S x1 — —To — -
ug(xy,—x2) = 0 2/ ]< - 9 y1, 29 y2> ua(y1, y2)dy1dy
RQ

_ [ T1— -T2 + ~
= —07? J( ! ; g 29 y2>u(y1,—y2)dy1dyz
R2

and employing the identities u(y1, —y2) = u(y1,y2) and j(z1, —22) = j(z1, 22) with 23 =

1151}17 29 = Izgyz, we get
_ 1 — —x2 + ~
—07% [ j ( : 0 n 29 y2) U(y1, —y2)dyrdy:
R2
A x— To — _
= —9’2/ j < - 7 non 7 y2) U(y1, y2)dyrdys
RZ
= —ug(x1,22)
therefore ug(x1, —x2) = —g(x1, x2), then wp(x1,0) = 0 and Py(u) = 0 on I'p. a

Remark 3. The reqularization operator depends on the parameter 8 and the mollifier j, but
in order to simplify the notations, we use Py(u) in place of Py j(u). The value of C3(0) > 0
18 mot bounded when 6 > 0 goes to zero. We assume that 6 is fized in the following.

Corollary 1. If fF', g and £ verify
C3(0)Cs ((Cl + D) |7+ Cr llglljam, + ||fS||OVQE) < s,

where Cy, Ca, C3(0) are the constants from the Propositions 1, 2, 3, then the operator T
has at least one fized point in Bs.

Proof. Using the Propositions 1, 2, 3, it follows easily that T¢(Bs) C Bs. The nonlinear op-
erator TY is the composition of three operators: the fluid operator F.(u) = (v, p.) defined
by the equations (3.7)-(3.8), the structure operator S.(u, ve,p:) = u. defined by the equa-
tion (3.9) and the regularization operator Py, more precisely 79 (u) = Py (S: (u, F-(u))).
As in Halanay, Murea, Tiba [24], we can prove that F. and S. are continuous, then T is
continuous, also. Since Py is compact, then T? is compact and by Schauder fixed point
theorem, there exists at least a fixed point in Bs. a

Let ﬁﬁ be a fixed point of Tf . We use the notations
F(ul) = (vipd), 8- (ul,vlpl) =ul.
We have that
6! =T/ (@) = Py (S. (W, F-(@9))) = Po (S- (W, vE,pl)) = Py (u?)

€ €
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then G¢ = Pp(uf). The fixed point ¢ € (Wl"’o(Qg))2 has the physical meaning of struc-
tural displacement like u? € (H* (g ))2, but the smoothness of 0Y allow us to define the
deformed structure domain. From Evans [13], Theorem 1, p. 264, we have Pg(u?) — u?
strongly in (Hlloc(ﬂg))2 as 6 — 0, consequently, for small 6, @ is close to u?.

We can solve numerically the problem by using the fixed point iterations as in Halanay,

Murea, Tiba [22] and Murea, Halanay [25], or by a quasi-Newton iterative method as in
Halanay, Murea [23].

We notice that vaHl D Hngo D ||ugH1 s corresponding to the fixed point ﬁg of Tf,
’ ’ 3340

are bounded independent of ¢. Then, there exists v¥ € (Hl(D))2, p) € L*(D), vl €
(Hl(Qg))2 and, on a sub-sequence, we have v¢ — v weakly in (Hl(D))2, p? — p? weakly
in L2(D), v/ — u? weakly in (Hl(Qg))Q. Since Py is compact, then Pp(u?) — Py(uf)

€ €

strongly in (Wl’oo(ﬂg))2. To simplify the notation, we set

1! = Py(uf).

li
As in Dautray, Lions [11], chap. VII, page 1241, there exists js € (Héé2(I‘o)) defined
by

=ag (u?,w%) — 9. wdX, (5.9)

<j57’7F0(WS)>F <
2

0

I
for all w° € (Hl(Qg))Q, such that w® = 0 on T'p, where (-, ), is the duality (H§é2(I‘o)) ,

H%Q(Fo) and 7r, is the trace on I'g. We can interpret js as o°(u?)n® on I'o.

/
Similary, there exists jp € (Hé({Q(Fag)) defined by

= 2uF6(Vf) :e(WF) dx—/ (V-WF)pZdX—/ 7. whdx (5.10)
uf af Qgg

2
for all w’ € (Hl(Qgg)) , such that w = 0 on ¥; U (X3 \ I'p), where (-, '>FA9 is the
- u

*

*

I
duality (H&é2(rﬁ9)) , Hééz (T'ge) and yp_, is the trace on I'zg. We can interpret jr as
* * u

o (vl,pl)n" on g, see Boyer, Fabrie [5], p. 325.

Proposition 4. The restrictions of v? and pf to QL, together with u? € (Hl(Qg))2 verify
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2
Vx -0 (uf) € (L2(QS))2, V.ol (vf,pz)mF € (LQ(QgQ)) and the following system holds
af

~Vx oS (W) = £5, in (I3Q))° (5.11)
W = 0, onDp (5.12)
2

Vol (Vi) = £F, in (12(05) (5.13)
v-vl =0, inL*QL) (5.14)

vl = g on3 (5.15)

vl = 0, on¥\Tp (5.16)

vl = o, on T'ge (5.17)

<jp,71—\/\0(w)> = —<js,71—\0(wf)>1_‘0. (5.18)
u Ty

*

The equation (5.18) holds for all w € W and w? = = Wiag, © ©?, where ¢ (X) = X +

Po(u?) (X). In (5.18), js and jr are defined by (5.9) and (5 10), respectively. We can
interpret (5.18) as the action and reaction principle: the forces acting on the fluid-structure
interface are equal in size and opposite in direction.

Proof. We use the same arguments as in the proof of Proposition 5 from Halanay, Murea,
Tiba [22] or Theorem 6.2 from Halanay, Murea, Tiba [24]. When ¢ — 0, we have that
Qﬁg — Q§9 in the complementary Hausdorff-Pompeiu metric. And similarly Qfg — QAQ in

the same topology
Since v? = g on X7 and v? = 0 on X1 \ I'p then (5.15) and (5.16) hold by passing to
the limit £ — 0. From (5.5), we have v/ = 0 a.e. in Q2, and we obtain (5.17).

Using in (3.7)-(3.8) some test functions w € (Cg° (D))* and ¢ € C§° (D), Jpadx =0
with their support in Qgg and passing to the limit € — 0, we get

/ 2,uF6(Vf):6(W) dx—/ (V-w)pldx = 5 wdx,
or, ar,

QF
af

—/F (V v)qu = 0
ar,

for all w € (C§° (D))?, supp(w) C QF a0 and for all ¢ € C§° (D), [padx =0, supp(q) C QL.

From the first equality, we get (5.13). We point out that [, p?dx =0, but [,» p?dx is not
o

fnp q' dx

JQF ldx*

necessary zero. Let ¢’ be in C§° (Qgg) and we set ¢ = ¢/ —

*

We have [, gdx = 0.
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Then

0\ s 0 foe ¢ dx 0
V-vl)ddx = / AR dx—l—u*i/ V-vY) dx
|, (9-¥) L (T ader T [ (7o)

a0
fﬂgfz i / 0 L F fﬂgz i / F s =0
= ———— | vin'ds=—"—— [ g-n"ds=0.

fszggldx b3} fszgeldx o

‘We obtain

/F (V-vz)q'dx: , V¢ ecy (Qgg).
Q

But C§° (Qf;@) is dense in L? (Qf;@) and we get (5.14).

*

From (3.7), with u = Pp(u?), we have

/ 2,uFe(vg):e(W) dx—/
035, ¢

(V~W)pgdx—/ £ wdx

lge Qge
1
+_/ (vg-w—i—va:VW)dx
€ Jas,
= —/ 2" e (v?) 1 e(w) dx+/ (V- w)pldx
of, Qf,
F
+/ " - wdx (5.19)
QF,

The left-hand side above is equal to the sum of the last three terms in (3.9) after the change
of variable ©? : QF — Q3,, ¢? (X) = X + Py(uf) (X). More precisely, we have

/ 2uFe(vg):e(W)dx—/ (V-W)pgdx—/ 5 wdx
a3, 23,

¢ s,
€

1
+—/ (v? - w+ Vvl Vw)dx
as,

€
= / T (o (v0,p)) 0 ) F T : VxwSdX — [ J (£ ogl) wdX
Qs os
+§ /S J ((Vg °© ‘Pg) w (va o wg) F7. waf) dX (5.20)
Qf

where w2 = Wiqs, © ©f.
€
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From (3.9), (5.19) and (5.20), we obtain

as (ug,wf) — 9. w2 dX
Qs
_ _/ 2uFe (v0) s e (w) dx+/ (V- w) pl dx
Qge 959
—|—/ . wdx. (5.21)
Qr,

For supp(w) C Qgg, the right-hand side of the above equation vanishes and we get
as (ug,wf) :/ fS~WES dX
Qs
for all supp(wf) C Qg. By passing to the limit € — 0 we can obtain that
as (0, w®) = 9. wdX, vw® e (Cgo(Qg))Q
g

which implies (5.11). Also, from u? =0 on I'p, then (5.12).
It remains to interpret (5.18). By passing to the limit ¢ — 0 in (5.21), we get

0 .S S oS
as (u*,w*)— Sf -w dX
Qs

= —/ QMFe(vz):e(w)dx—i—/ (V- w) pldx
or,

F
QGQ

+/ . wdx. (5.22)
ar,
where w2 = Wiqs, © ©? and ¢? (X) = X + Py(u?) (X).

From (5.22), (5.9), (5.10), we get

<j57 Mo (Wf)>r‘0 = <jFa M0 (W)>
* af

for all w € W and w2 = Wgs, © ©?, which could be interpreted formally by

/ (aSnS) -zdS = —/ (cFn") - (zo (gpf)_l) ds, Vze (L2(F0))2.
To Tso

*

Remark 4. The system (5.11)-(5.18) is similar to (2.1)-(2.8). The unknown 1% appears
in (5.11), (5.12), while in (5.13), (5.14), (5.17), (5.18), the fluid domain depends on Gf =
Py(uf).
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