Numerical approximation of a pulsatile flow through an flexible pipe

CORNEL MARIUS MUREA Laboratoire de Mathématiques, Université de Haute-Alsace, 4, rue des Frères Lumière, 68093 Mulhouse, France C.Murea@uha.fr

http://www.math.uha.fr/~edp/murea/

Content Approximation of the structure. Natural frequencies and normal mode shapes. Newmark method Approximations of the unsteady Navier-Stokes equations in a moving domain. ALE and time discretization. Mixed Finite Element Approximation of the coupled fluid-structure equations. Identification of the stresses on the interface using the Least Squares Method. Coupled fluid-structure algorithm by BFGS Method Numerical results

Example of an admissible domain �

�

�

ΩFt

x1 x2 u

Σ1

Σ2

Σ3 Γt

Strong equations of the structure

Find the transverse displacement u : [0, L] × [0, T ] → R such that

ρShS ∂2u ∂t2 (x1, t) +

E(hS)3 12(1 − ν2) ∂4u ∂x41

(x1, t) = η(x1, t),

u(0, t) = 0, ∂u ∂x1 (0, t) = 0, t ∈ (0, T )

u(L, t) = 0, ∂u ∂x1 (L, t) = 0, t ∈ (0, T )

u(x1, 0) = u0(x1), x1 ∈ (0, L) ∂u ∂t (x1, 0) = u̇0(x1), x1 ∈ (0, L)

Strong form of the unsteady Navier-Stokes equations

ρF �∂v ∂t + (v · ∇)v � − μΔv + ∇p = f F , ∀t ∈ (0, T ), ∀x ∈ ΩFt

∇ · v = 0, ∀t ∈ (0, T ), ∀x ∈ ΩFt v × n = 0, on Σ_1 × (0, T ) p = Pin, on Σ1 × (0, T ) v = g, on Σ_2 × (0, T ) v × n = 0, on Σ_3 × (0, T ) p = Pout, on Σ3 × (0, T )

v (x_1, H + u(x_1, t), t) = � 0, ∂u ∂t (x1, t) �T , ∀(x1, t) ∈ (0, L) × (0, T ) v(x, 0) = v^0(x), ∀x ∈ Ω^F_0

Strong form of the coupled equations

Find the transverse displacement u of the structure, the velocity v and the pressure p of the fluid such that

η(x1, t) = − � σF n · e2 � (x1,H+u(x1,t)) � � �1 + � ∂u ∂x1 (x1, t) �2

where σF = −p I + μ � ∇v + ∇vT � is the stress tensor of the fluid, e_2 = (0, 1)^T is the unit vector in the x_2 direction.

The displacement of the structure depends on the vertical component of the stresses exerced by the fluid on the interface. The movement of the structure changes the domain where the fluid equations must be solved. Also, on the interface we have to impose the equality between the fluid and structure velocity.

Natural frequencies and normal mode shapes We denote by 0 < s0 < · · · < si < . . . the solutions of the equation cos(s) cosh(s) = 1, s > 0.

We set ai = si/L. For each i ∈ N there exists an unique normal mode shape ϕi ∈ C4 ([0, L]) such that ϕ′′′′i (x1) = (ai)4ϕi(x1), x1 ∈ (0, L) ϕi(0) = ∂ϕi ∂x1 (0) = 0, ϕi(L) = ∂ϕi ∂x1 (L) = 0, � L 0 ϕ2i (x1) dx1 = 1.

Let ωi = � si L �2 � E(h_S)_3 12(1−ν2)ρShS be the ith natural frequency.

The normal mode shapes ϕi for i ∈ N form an orthogonal basis of L2(0, L).

η(x1, t) = � i≥0 αi(t)ϕi(x1), u(x1, t) = � i≥0 qi(t)ϕi(x1) where qi is the solution of the second order differential equation q′′i (t) + ω2i qi(t) = 1 ρShS αi(t), t ∈ (0, T ) qi(0) = � L 0 u0(x1)ϕi(x1) dx1 q′i(0) = � L 0 u̇0(x1)ϕi(x1) dx1.

Newmark method

Knowing qni , q̇ni , q̈ni and αn+1i , find qn+1i , q̇n+1i , q̈n+1i such that:

q̈n+1i + ω2i qn+1i = 1 ρShS αn+1i ,

q̇n+1i = q̇ni + Δt � (1 − δ)q̈ni + δq̈n+1i � , qn+1i = qni + Δtq̇ni + (Δt)2 �1 2 − θ � q̈ni + θq̈n+1i �

where δ and θ are two real parameters. � 1 + ω2i (Δt)2θ � q̈n+1i = 1 ρShS αn+1i −ω2i � qni + Δtq̇ni + (Δt)2 �1 2 − θ � q̈ni � . This method is unconditional stable for 2θ ≥ δ ≥ 1/2. It is first order accuracy if δ ≠ 1/2. If δ = 1/2, it is second order accuracy in the case θ ≠ 1/12 and forth order accuracy is achieved if θ = 1/12.

Arbitrary Lagrangian Eulerian (ALE) coordinates

^ΩF = (0, L) × (0, H), ^Γ = (0, L) × {H}

At (^x1, ^x2) = � ^x1,

H + u (^x1, t) H ^x2 �T

ϑ^{n+1}(x)^{def}= ∂At ∂t (^x)|t=t_{n+1} = � �0, ∂u ∂t � x1, tn+1

� x2 H + u � x1, tn+1 � � � T .

V^n(x) = v^n � At_n ∘ A−1t_{n+1}(x) �

ρF � v^{n+1} Δt + � (Vn − ϑn+1) · ∇ � v^{n+1} �

−μΔvn+1 + ∇pn+1 = ρF

V^n Δt + f F

in ΩFt_{n+1} ∇ · vn+1 = 0 in ΩFt_{n+1} v^{n+1} × n = 0 on Σ_1 pn+1 = Pin(·, tn+1) on Σ1 v^{n+1} = g(·, t_{n+1}) on Σ_2 v^{n+1} × n = 0 on Σ_3 pn+1 = Pout(·, tn+1) on Σ3

v^{n+1} � x1, H + u(x1, tn+1), t � = � 0, ∂u ∂t (x1, tn+1) �T , 0 < x1 < L.

The optimization approach

If the starting point is not chosen “sufficiently close” to the solution, fixed point or Newton like methods diverge.

The continuity of the stresses on the interface will be treated by the Least Square Method and at each time step we have to solve an optimization problem which is less sensitive to the choice of the starting point. This is the main advantage of this approach.

Another attractive point is that the fluid and structure meshes do not necessarily match on the interface.

Our approach is to minimize Jn+1(α) = 1 2 ‖α − β‖2 = 1 2 ‖α − F ∘ S(α)‖2

The fixed point framework is to solve F ∘ S(α) = α.

Identification of the stresses on the interface using the Least Squares Method The stresses on the interface at the current time step tn+1 will be approached by ηn+1m (x1) =

�m−1

i=0 αn+1i ϕi(x1).

The parameters αn+1i for 0 ≤ i ≤ m − 1 will be “identified” solving an optimization problem, more precisely α^{n+1 def}= � αn+10 , . . . , αn+1m−1 � ∈ arg min

α∈R^m

Jn+1(α).

Let α = � α0, . . . , αm−1 � ∈ Rm.

Structure sub-problem For i = 0, . . . , m − 1, knowing qni , q̇ni , q̈ni , find Qi, Q̇i, Q̈i such that: � 1 + ω2i (Δt)2θ � Q̈i = 1 ρShS αi − ω2i � qni + Δtq̇ni + (Δt)2 �1 2 − θ � q̈ni �

Q̇i = q̇ni + Δt � (1 − δ)q̈ni + δQ̈i � , Qi = qni + Δtq̇ni + (Δt)2 �1 2 − θ � q̈ni + θQ̈i �

Set U(x1) =

m−1� i=0 Qiϕi(x1), U̇(x1) =

m−1� i=0 Q̇iϕi(x1), Ü(x1) =

m−1� i=0 Q̈iϕi(x1).

Fluid sub-problem Wh = � w_h ∈ � C0 � ΩFh �2 ; ∀K triangle of Th, wh|K ∈ P 1 + bubble, w_h × n = 0 on Σ_1 ∪ Σ_3, w_h = 0 on Σ_2 ∪ Γ_h} , Qh = � qh ∈ C0 � ΩFh � ; ∀K triangle of Th, qh|K ∈ P 1 � . Find the velocity vh satisfies the boundary conditions v_h × n = 0, on Σ_1 ∪ Σ_3, v_h ≈ g(·, t_{n+1}) on Σ_2, v_h (x_1, H + U(x_1)) ≈ � 0, U̇(x1) �T , 0 < x1 < L and the pressure ph ∈ Qh such that � an+1F (vh, wh) + dn+1F (vh, wh) + bn+1F (wh, ph) = ℓn+1 (wh) , ∀wh ∈ Wh bn+1F (vh, qh) = 0, ∀qh ∈ Qh

Definition of the cost function Let us define for i = 0, . . . , m − 1 βi = − � L 0 ϕi(x1) � σF (vh, ph) n · e2 � (x1,H+U(x1)) � � 1 + � ∂U ∂x1 (x1) �2 dx1.

βi = � L 0 ϕi(x1) � ph − μ � ∂vh,1 ∂x2 + ∂vh,2 ∂x1 � � − ∂U ∂x1 � − 2μ

∂vh,2 ∂x2 � (x1,H+U(x1))

dx1.

Set the cost function Jn+1(α) = 1 2 m−1� i=0 (αi − βi)2 .

βi = � L 0 ϕi(x1)ph (x1, H + U(x1)) dx1, i = 0, . . . , m − 1.

Numerical results

The computation has been made in a domain of length L = 6 cm and height H = 1 cm.

The viscosity of the blood was taken to be μ = 0.035 gcm·s, its density ρF = 1 gcm_3 . The thickness of the vessel is h = 0.1 cm, the Young modulus E = 0.75 · 106 gcm·s_2 , the Poisson ratio ν = 0.5, the density ρS = 1.1 gcm_3 .

The numerical tests have been produced using freefem++ v1.34.

We have performed the simulation for N = 500 time steps with a time step Δt = 0.0005 s which gives a time duration T = NΔt = 0.25 s.

Case of a sine wave of the pressure input in a less compliant vessel

The Young modulus: E = 3 · 106 gcm·s_2 . The pressure at the inflow:

Pin(x, t) = � 103(1 − cos(2πt/0.025)), x ∈ Σ1, 0 ≤ t ≤ 0.025 0, x ∈ Σ1, 0.005 ≤ t ≤ T

Δt h N T maxn Jn+1(αn) maxn Jn+1(αn+1) Test A 0.0005 0.25 200 0.1 1.8 · 105 0.00060 Test B 0.0010 0.17 100 0.1 5 · 105 0.00055 Test C 0.0025 0.10 40 0.1 1.4 · 106 0.00055

We have performed 10 iterations of the BFGS algorithm and 5 iterations in the method for the line search.

Conclusions

The continuity of the stresses at the interface was treated by the Least Squares Method and at each time step we have to solve an optimization problem which is less sensitive to the choice of the starting point and it permits us to use moderate time step. This is the main advantage of this approach.

In order to solve the optimization problem, we have employed the BFGS method which is successful from farther starting point. The gradient of the cost function was approached by the Finite Difference Method.

The coupled fluid-structure algorithm has good stability properties.