Mixed hybrid finite element for a three dimensional fluid structure interaction problem

Cornel Marius MUREA^∗ and Jean-Marie CROLET^†

Abstract

In this paper, we study the spatial discretization of a fluid structure interaction problem by using mixed hybrid finite elements. The aim is to prove that the fully discretized problem is well posed for suitable finite elements. In order to show that the inf-sup discrete condition holds, we construct a projection operator.

keywords. mixed hybrid finite element; fluid structure interaction

1 INTRODUCTION

A three dimensional fluid structure interaction problem is studied under the following hypotheses: the fluid is incompressible and limited by an elastic structure, the whole interior cavity of the structure is filled by the fluid, the structure is thick. A part of the external boundary is fixed.

This kind of fluid structure interaction concerns many important domains: biomechanics (blood cardiac wall interaction), aeronautical industry (the interaction between the tank and the fuel of the airship), energy industry (transport of the fluid using elastic tanks).

We are interested in computing the displacement of the structure, the velocity and the pressure of the fluid and the density of the forces on the interface.

We suppose that the structure is governed by the time dependent linear elasticity equations and the fluid is governed by the time dependent Stokes equations.

Based on the works [1] and [2, vol. 8, p. 795] and under the hypotheses above, a variational formulation is proposed in [3]. The existence and the uniqueness of the solution of this variational problem are proved in [4]. In this new formulation a Lagrange multiplier was used to relax the continuity of the velocities on the interface and it permits to split the fluid equations from the structure equations. The advantage lies in the fact that we can solve the

∗Université de Haute-Alsace, Laboratoire de Mathématiques et Applications, 4, rue des Frères Lumière, 68093 Mulhouse Cedex, France †Université de Franche-Comté, Equipe de Mathématiques, 16, route de Gray, 25030 Besançon Cedex, France

fluid structure interaction via partitioned procedures. Also, this model is well adapted for parallel computation.

In order to approximate the solution, we had first discretized in time using Finite Difference Method. The time discretization corresponds to the implicit Euler method for the fluid equations and Newmark method for the structure equations. In [5] it is proved that the time discrete problem is well posed. Also the stability in time of the semi-discrete algorithm is proved.

At each time step, we have to solve a mixed hybrid system with two Lagrange multipliers which treat the free divergence for the fluid and the continuity of the velocities on the interface.

In this paper we study the spatial discretization of this mixed hybrid variational problem.

The aim is to present the choice for the three dimensional mixed-hybrid finite element and to prove that the fully discretized problem is well posed. It is not our purpose to study the stability of the spatial discretization in this paper.

In order to approximate each component of the fluid velocity, we use the MIDI element (piecewise linear with bubble) introduced in [6]. The discrete solution for the pressure is piecewise linear. Also, each component of the structure velocity and each component of the forces on the interface are approximated by piecewise linear elements. All the discrete solutions are assumed to be globally continuous.

In order to prove that the inf-sup discrete condition holds, we construct a projection operator. The inf-sup discrete condition involves the free divergence for the fluid and the continuity of the velocities on the interface. The inf-sup discrete condition for the free divergence is a standard result (see for example [7]). The proof for the inf-sup discrete condition for coupling equations was already discussed in the papers [8], [9], [10] and [11], but unlike ours, it doesn’t involve fluid structure interaction.

2 GOVERNING EQUATIONS

Let Ω^F (respectively Ω^S ) be the domain in R^N of the fluid (respectively of the structure), where N = 3, such that ∂Ω^F = Γ ∪ Γ^1, ∂Ω^S = Γ ∪ Σ^1 ∪ Σ^2 and Ω^F ∩ Ω^S = Γ, where Γ, Γ^1, Σ^1 and Σ^2 are manifolds in R^{N−1} . The geometrical configuration is presented in the Figure 1.

We suppose that the fluid is governed by the time-dependent Stokes equations: ρ_F ∂v ∂t − μ_F Δv + ∇p = f^1 in Ω^F ×]0, T [ (1)

div v = 0 in Ω^F ×]0, T [ (2)

where v : Ω^F × [0, T ] → R^N is the velocity vector, p : Ω^F × [0, T ] → R is the pressure, ρ_F > 0 is the density, μ_F > 0 is the viscosity and f^1 : Ω^F ×[0, T ] → R^N is the body force per unit mass.

Figure 1: The interface between the fluid and the structure is Γ.

The structure satisfy the linear elasticity equations: ρ_S ∂^2u_i ∂t^2 − N∑ j=1 ∂σ^S_{ij} (u) ∂x_j = f^2_i , in Ω^S ×]0, T [, i = 1, . . . , N (3)

where u = (u_1, u_2, u_3) : Ω^S × [0, T ] → R^N is the displacement of the structure, ρ_S > 0 is the density, σ^S_{ij} (u) = λ_S (∑_N k=1 ϵ_{kk}(u) ) δ_{ij} + 2μ_S ϵ_{ij} (u) is the structure stress tensor, ϵ_{ij} (u) =^1_2 (_{∂ui} ∂x_j + ∂u_j ∂x_i ) is the deformation tensor, λ_S ≥ 0, μ_S > 0 are the Lamé’s coefficients and f^2 = (f^2_1 , f^2_2 , f^2_3 ) : Ω^S × [0, T ] → R^N is the body force per unit mass.

We denote by n^1 (respectively n^2) the unit outward normal on the boundary of Ω^F (respectively Ω^S ). We impose the following boundary conditions:

v = g on Γ^1×]0, T [, (4) u = 0 on Σ^1×]0, T [, (5) σ^S · n^2 = 0 on Σ^2×]0, T [, (6)

where g is given such that ∫ Γ^1 g · n

1 dσ = 0 and on the interface, we have: v = ∂u ∂t on Γ×]0, T [, (7)

σ^F · n^1 = −σ^S · n^2 on Γ×]0, T [, (8)

where σ^F = −pI + 2μ_F D[v] is the fluid stress tensor and D[v]_{ij} =^1_2 (_{∂vi} ∂x_j + ∂v_j ∂x_i ) . The initial conditions are:

v(·, t = 0) = v^0 in Ω^F , (9) u(·, t = 0) = u^0 in Ω^S , (10) ∂u ∂t (·, t = 0) = ν^0 in Ω^S , (11)

where v^0 should be divergence-free, v^0 = g on Γ^1 and v^0 = ν^0 on Γ.

We are looking for the displacement of the structure u, the velocity and the pressure of the fluid v, p, such that (1)–(11) hold.

3 TEMPORAL DISCRETIZATION

Let Δt be the time step size. For the fluid equations (1)–(2), we use the backward Euler time discretization ρ_F v^{n+1} − v^n Δt − μ_F Δv^{n+1} + ∇p^{n+1} = f^1 (·, (n + 1)Δt) (12)

div v^{n+1} = 0 (13)

where v^n and p^n are the approximations of v and p at time t = nΔt.

For the structure equation (3), we use the Newmark scheme

ρ_S a^{n+1}_i − N∑ j=1 ∂σ^S_{ij} (u^{n+1}) ∂x_j = f^2_i (·, (n + 1)Δt) , i = 1, 2, 3 (14)

u^{n+1} = u^n + Δt 2 ( ν^n + ν^{n+1} ) (15)

a^{n+1} = ν^{n+1} − ν^n Δt (16)

where u^n, ν^n and a^n are the approximations of u,^{∂u}_{∂t} and^{∂2u}_{∂t2} at time t = nΔt.

Repeated application of the formula (15) enables us to write

u^{n+1} = u^0 + Δt 2 ( ν^0 + 2 n∑ i=1 ν^n + ν^{n+1} ) . Finally, substituting (16) and the above formula in (14), we obtain the scheme ρ_S ν^{n+1}_i − ν^n_i Δt − N∑ j=1 ∂σ^S_{ij} ( u^0 +^{Δt}_2 ( ν^0 + 2 ∑_n i=1 ν^n + ν^{n+1} )) ∂x_j = f^2_i (·, (n + 1)Δt)

(17) Now, we present the weak formulation of the semidiscretized problem. In [3], a Lagrange multiplier λ was used to relax the condition (7) which represents the continuity of the velocities on the interface. This Lagrange multiplier has the physical signification of the density of the forces on the interface (λ = σ^F · n^1 = −σ^S · n^2) and it permits to split the fluid equations from the structure equations.

We denote respectively by

W^1 = { w^1 ∈ H^1(Ω^F )^N , w^1 = 0 on Γ^1 } , W^2 = { w^2 ∈ H^1(Ω^S )^N , w^2 = 0 on Σ^1 } , Q = L^2(Ω^F ), M = H^{1/2}_{00} (Γ)^N ,

the spaces for the velocity of the fluid, for the velocity of the structure, for the pressure of the fluid and for the forces on the interface.

Let a_F and a_S be two bilinear applications, defined by:

a_F : W^1 × W^1 −→ R,

a_F (v, w^1) = 2 ∫ Ω^F

D[v] : D[w^1]dx = 2 N∑ i,j=1 ∫ Ω^F

D[v]_{ij} D[w^1]_{ij} dx (18) and a_S : W^2 × W^2 −→ R,

a_S (ν, w^2) = N∑ i,j=1 ∫ Ω^S

σ^S_{ij} (ν)ϵ_{ij} (w^2)dx. (19)

Remark 1 In [1] and [2, vol. 8, p. 795], it was used the bilinear form

a_F (v, w^1) = ∫ Ω^F ∇v · ∇w^1dx. In this case, the weak solution of the fluid beam interaction doesn’t satisfy (8) on the interface, but

−p n^1 + μ_F ∂v ∂n^1 = −σ^S · n^2, on Γ×]0, T [.

Let us denote by a and b the functions given by a : ( W^1 × W^2 ) × ( W^1 × W^2 ) −→ R, a ( (v, ν); (w^1, w^2) ) = 1 Δt (v, w^1)_{0,Ω}F + μ_F ρ_F a_F (v, w^1) + 1 Δt (ν, w^2)_{0,Ω}S + Δt 2ρ_S a_S (ν, w^2),

(20)

and b : ( W^1 × W^2 ) × (Q × M) −→ R, b (( w^1, w^2 ) ; (q, μ) ) = −(div w^1, q)_{0,Ω}F − ( γ^1_Γ(w^1) − γ^2_Γ(w^2), μ ) 1/2,Γ , (21)

where γ^1_Γ : W^1 −→ M, γ^2_Γ : W^2 −→ M

are the trace applications.

In [5] it was introduced a time discrete algorithm for the approximation of a three-dimensional fluid-structure interaction. This algorithm consists in solving at each time step a problem of the following form:

Find ( v^{n+1}, ν^{n+1}, p^{n+1}, λ^{n+1} ) ∈ W^1 × W^2 × Q × M, such that: { a ( v^{n+1}, ν^{n+1}; w^1, w^2 ) + b ( w^1, w^2; p^{n+1}, λ^{n+1} ) = ⟨f^{n+1}; w^1, w^2⟩ b ( v^{n+1}, ν^{n+1}; q, μ ) = 0,

(22) for all w^1 in W^1, w^2 in W^2, q in Q and μ in M, where

⟨f^{n+1}; w^1, w^2⟩ = (f^{n+1}_1 , w^1)_{0,Ω}F + (f^{n+1}_2 , w^2)_{0,Ω}S + 1 Δt (v^n, w^1)_{0,Ω}F + 1 Δt (ν^n, w^2)_{0,Ω}S − 1 ρ_S a_S ( u_0 + Δt 2 (ν^0 + 2 n∑ i=1 ν^i), w^2 )

In [5] it is shown that the time discrete problem is well posed and it is also proved the stability in time of the semi-discrete algorithm.

Remark 2 At each time step, we have to solve the system with Lagrange multipliers (22). This is a Babuska-Brezzi type variational problem (see [12] and [13]), where the Lagrange multipliers are p and λ, which treat respectively the free-divergence for the fluid and the continuity of the velocity on the interface.

4 THE CHOICE OF THE MIXED-HYBRID FI- NITE ELEMENT

We construct four finite-dimensional spaces using mixed-hybrid finite elements, such that the inf-sup discrete condition holds.

Let us suppose that Ω^F and Ω^S are two bounded polyhedrons of R^3 . We consider the finite element like triangulations

Ω^F = ⋃ K∈T^F_h K and Ω^S = ⋃ K∈T^S_h K

where each element K is an open nondegenerate tetrahedron and meshes T^F_h and T^S_h are matching on the interface Γ = Ω^F ∩ Ω^S . The diameter of each element is less than h > 0.

Before presenting the finite element chosen, let us recall the barycentric coordinates of a point from R^3 with respect to the vertices of a tetrahedron.

Let K be a nondegenerate tetrahedron of vertices a_i ∈ R^3 , 1 ≤ i ≤ 4. We denote by P_1 (respectively P_1 (K)) the space of all polynomials defined on R^3 (respectively on K) of degree less than or equal to one.

The barycentric coordinates λ_i : R^3 −→ R, 1 ≤ i ≤ 4, with respect to the vertices a_i ∈ R^3 , 1 ≤ i ≤ 4, are defined by λ_i ∈ P_1, 1 ≤ i ≤ 4, λ_i (a_j ) = δ_{ij} , 1 ≤ i, j ≤ 4. For the tetrahedron K, one can define (see [7, p. 147]) the bubble function b_K : K −→ R, b_K (x) = λ_1 (x) λ_2 (x) λ_3 (x) λ_4 (x) .

We denote

P_1 (K) + b_K = {q : K → R, q (x) = p_1 (x) + αb_K (x) , p_1 ∈ P_1 (K) , α ∈ R} .

Let a_5 denote the barycentre of K, i.e.

a_5 = 1 4 (a_1 + a_2 + a_3 + a_4) .

Classical results assert that the following 3-uples

(K, {a_1, a_2, a_3, a_4} , P_1 (K)) , (K, {a_1, a_2, a_3, a_4, a_5} , P_1 (K) + b_K )

are finite elements.

If T is a non degenerate triangle in R^3 , we denote by P_1 (T ) the space of all polynomials defined on R^3 of degree less than or equal to one.

Now, we can introduce the finite element spaces:

W^1_h = { w^1_h = ( w^{1,1}_h , w^{1,2}_h , w^{1,3}_h ) ; w^{1,i}_h ∈ C^0 ( Ω^F ) , w^{1,i}_h |_K ∈ P_1 (K) + b_K , 1 ≤ i ≤ 3 } , W^2_h = { w^2_h = ( w^{2,1}_h , w^{2,2}_h , w^{2,3}_h ) ; w^{2,i}_h ∈ C^0 ( Ω^S ) , w^{2,i}_h |_K ∈ P_1 (K) , w^{2,i}_h |_Σ1 = 0, 1 ≤ i ≤ 3 } , Q_h = { q_h ∈ C^0 ( Ω^F ) ; q_h |_K ∈ P_1 (K) } , M_h = { μ_h = ( μ^1_h, μ^2_h, μ^3_h ) ; μ^i_h ∈ C^0 ( Γ ) , μ^i_h |_T ∈ P_1 (T ) , 1 ≤ i ≤ 3 } . In a standard way (see for example [14, p. 27]), we have the inclusions

W^1_h ⊆ W^1, W^2_h ⊆ W^2, Q_h ⊆ Q, M_h ⊆ M.

The continuity of the elements of M_h seems not to be appropriate, at least when edges or corners appear. But it is necessary for the internal approximation of H^{1/2}_{00} (Γ)^N , that is, having discontinuous trial functions, we lose the inclusion M_h ⊆ M. One way to check the inf-sup discrete condition is by using that the inf-sup continuous condition holds and by constructing a bilinear operator Π_h from W^1 × W^2 to W^1_h × W^2_h , such that { ∃c > 0, ∀ ( w^1, w^2 ) ∈ W^1 × W^2, ‖ ‖Π_h (w^1, w^2) ‖ ‖_{W 1 ×W 2} ≤ c ‖ ‖(w^1, w^2) ‖ ‖_{W 1 ×W 2} (23)

and { ∀ ( w^1, w^2 ) ∈ W^1 × W^2, ∀ (q_h, μ_h) ∈ Q_h × M_h, b (( w^1, w^2 ) − Π_h ( w^1, w^2 ) ; (q_h, μ_h) ) = 0.

(24)

Remark 3 Let us remark that in general the constant c depends on the mesh size h, which implies that the discrete problem is well posed. If the interpolation operator Π_h is uniformly continuous with respect to h, then the stability of the spatial discretizations holds. It is not our purpose to study the stability in this paper.

In [5], it is proved that the inf-sup continuous condition holds. In order to prove that the inf-sup discrete condition holds too, it is sufficient to construct an operator with the above properties.

5 CONSTRUCTION OF THE INTERPOLA- TION OPERATOR

In this section, we construct an interpolation operator Π_h, such that the equalities (23) and (24) hold.

We search an operator Π_h of the form

Π_h : W^1 × W^2 → W^1_h × W^2_h , Π_h ( w^1, w^2 ) = ( Π^{11}_h w^1, Π^{21}_h w^1 + Π^{22}_h w^2 ) where the operators

Π^{11}_h : W^1 → W^1_h , Π^{21}_h : W^1 → W^2_h , Π^{22}_h : W^2 → W^2_h

are linear.

The condition (24) could be rewritten as follows

∀w^1 ∈ W^1, ∀w^2 ∈ W^2, ∀q_h ∈ Q_h, ∀μ_h ∈ M_h, ( div ( w^1 − Π^{11}_h w^1 ) , q_h ) 0,Ω^F = 0, ( γ^1_Γ ( w^1 − Π^{11}_h w^1 ) + γ^2_Γ ( Π^{21}_h w^1 ) , μ_h ) 1/2,Γ = 0, ( γ^2_Γ ( w^2 − Π^{22}_h w^2 ) , μ_h ) 1/2,Γ = 0.

(25)

Proposition 1 If the mesh T^F_h is uniform, there is a linear operator Π^{11}_h from W^1 to W^1_h and a positive constant c_{11} independent of h, such that

∀w^1 ∈ W^1, ‖ Π^{11}_h w^1 ‖ W^1 ≤ c11 ‖ w^1 ‖ W^1 (26) and ∀w^1 ∈ W^1, ∀q_h ∈ Q_h, ( div ( w^1 − Π^{11}_h w^1 ) , q_h ) 0,Ω^F = 0. (27)

Proof. We can find a proof of this standard result in [6] for instance.

Before constructing the operators Π^{21}_h and Π^{22}_h , let us introduce same notations.

We denote by I_F = {A_i}^{NSF}_{i=1} the set of the vertex of the triangulation T^F_h , I_S = {B_i}^{NSS}_{i=1} the set of the vertex of the triangulation T^S_h , I_Γ = {C_i}^{NSG}_{i=1} the set of the common vertex of T^F_h and T^F_h , I_Σ1 the set of the vertex of T^S_h ∩ Σ^1.

We will denote

Θ_h = { θ_h ∈ C^0 ( Ω^F ) ; θ_h |_K ∈ P_1 (K) , ∀K ∈ T^F_h } . (28)

It is clear that for each vertex A_i ∈ I_F , there exists a unique function ϕ_i ∈ Θ_h, such that ϕ_i (A_j ) = δ_{ij} , ∀A_j ∈ I_F .

Moreover, {ϕ_i}^{NSF}_{i=1} represents a basis for Θ_h (see [14, p. 107]).

We set

(P_1 + b) ( Ω^F ) = { w ∈ C^0 ( Ω^F ) ; w |_K ∈ P_1 (K) , ∀K ∈ T^F_h } . (29)

According to the definition of the bubble function, the set {ϕ_i}^{NSF}_{i=1} ∪{b_K }_{K∈T} F_h is a basis for (P_1 + b) ( Ω^F ) . We denote

Ψ_h = { ψ_h ∈ C^0 ( Ω^F ) ; ψ |_Σ1 = 0, ψ |_K ∈ P_1 (K) , ∀K ∈ T^S_h } . (30)

For each vertex B_i ∈ I_S \ I_Σ1 there exists a unique function ψ_i ∈ Ψ_h, such that

ψ_i (B_j ) = δ_{ij} , ∀B_j ∈ I_S .

It follows that {ψ_i}^{NSS}_{i=1} is a basis for Ψ_h.

We define the set

Υ_h = η ∈ C^0 ( Γ ) ; η |_T ∈ P_1 (T ) , ∀T ∈ ⋃ K∈T^F_h ( K ⋂ Γ ) . (31)

For each vertex C_i ∈ I_Γ, there exists a unique function η_i ∈ Υ_h, such that

η_i (C_j ) = δ_{ij} , ∀C_j ∈ I_Γ.

Moreover, {η_i}^{NSG}_{i=1} represents a basis for Υ_h.

Since T^F_h and T^S_h are matching on the interface Γ, we have ∀i ∈ {1, . . . , NSG} , ∃! r (i) ∈ {1, . . . , NSF } , ∃! s (i) ∈ {1, . . . , NSS} , such that C_i = A_{r(i)} = B_{s(i)}

(32)

and η_i = ϕ_{r(i)} |_Γ= ψ_{s(i)} |_Γ . (33)

Now, we can construct the linear operator Π^{21}_h .

Proposition 2 There is a linear operator Π^{21}_h from W^1 to W^2_h and a positive constant c_{21}(h) depending of h, such that

∀w^1 ∈ W^1, ‖ ‖Π^{21}_h w^1 ‖ ‖_{W 2} ≤ c_{21}(h) ‖ ‖w^1 ‖ ‖_{W 1} (34) and ∀w^1 ∈ W^1, ∀μ_h ∈ M_h, ( γ^2_Γ ( Π^{21}_h w^1 ) + γ^1_Γ ( w^1 − Π^{11}_h w^1 ) , μ_h ) 1/2,Γ = 0

(35)

Proof. We define M_h, F and α by M_h ∈ M_{NSG} (R) , M_h = (η_i, η_j )_{1/2,Γ} , 1 ≤ i, j ≤ NSG, F : H^1 ( Ω^F ) → R^{NSG} , F (w) = (F_1 (w) , . . . , F_{NSG} (w))^t ,

F_i (w) = ( γ^1_Γ ( −w + Π^{11}_h w ) , η_i ) 1/2,Γ and α : H^1 ( Ω^F ) → R^{NSG} , α (w) = (α_1 (w) , . . . , α_{NSG} (w))^t ,

α_i (w) = M^{−1}_h F (w) .

We set π^{21}_h : H^1 ( Ω^F ) → Ψ_h, π^{21}_h w =^{NSG} ∑ i=1 α_i (w) ψ_{s(i)} where s : {1, . . . , NSG} → {1, . . . , NSS} is the application given by (32).

Let us define

Π^{21}_h : W^1 → W^2_h

Π^{21}_h w^1 = ( π^{21}_h w^{1,1}, π^{21}_h w^{1,2}, π^{21}_h w^{1,3} ) where w^1 = ( w^{1,1}, w^{1,2}, w^{1,3} ) is an element of W^1.

Since the application trace and the operator Π^{11}_h are linear and continuous,

the operator Π^{21}_h has the same properties.

For w ∈ H^1 ( Ω^F ) we have

π^{21}_h w = NSG∑ i=1 α_i (w) ψ_{s(i)} and consequently

γ^2_Γ ( π^{21}_h w ) = NSG∑ i=1 α_i (w) ψ_{s(i)} |_Γ .

From (32) we obtain

γ^2_Γ ( π^{21}_h w ) = NSG∑ i=1 α_i (w) η_i and it follows that ( γ^2_Γ ( π^{21}_h w ) , η_j ) 1/2,Γ = (_{NSG} ∑ i=1 α_i (w) η_i, η_j ) 1/2,Γ , ∀j = 1, . . . , NSG.

If we write this equality in matrix form and use that M_h is symmetrical, we

have ( γ^2_Γ ( π^{21}_h w ) , η_1 ) 1/2,Γ . . ( γ^2_Γ ( π^{21}_h w ) , η_{NSG} ) 1/2,Γ = M^{th}α (w) = M^hM^{−1}h F (w) = F (w)

and the equality (35) is proved. □

Proposition 3 There is a linear operator Π^{22}_h from W^2 to W^2_h and a positive

constant c_{22}(h) depending on h, such that

∀w^2 ∈ W^2, ‖ ‖Π^{22}_h w^2 ‖ ‖_{W 2} ≤ c_{22}(h) ‖ ‖w^2 ‖ ‖_{W 2} (36) and ∀w^2 ∈ W^2, ∀μ_h ∈ M_h, ( γ^2_Γ ( w^2 − Π^{22}_h w^2 ) , μ_h ) 1/2,Γ = 0.

(37)

Proof. We define G and β by G : { w ∈ H^1 ( Ω^F ) ; w |_Σ1 = 0 } → R^{NSG} , G (w) = (G_1 (w) , . . . , G_{NSG} (w))^t ,

G_i (w) = ( γ^2_Γ (w) , η_i ) 1/2,Γ and β : { w ∈ H^1 ( Ω^F ) ; w |_Σ1 = 0 } → R^{NSG} , β (w) = (β_1 (w) , . . . , β_{NSG} (w))^t ,

β_i (w) = M^{−1}_h G (w) .

We set π^{22}_h : { w ∈ H^1 ( Ω^F ) ; w |_Σ1 = 0 } → Ψ_h, π^{22}_h w =^{NSG} ∑ i=1 β_i (w) ψ_{s(i)} where s : {1, . . . , NSG} → {1, . . . , NSS} is the application given by (32).

Let us define

Π^{22}_h : W^2 → W^2_h

Π^{22}_h w^2 = ( π^{22}_h w^{2,1}, π^{22}_h w^{2,2}, π^{22}_h w^{2,3} ) where w^2 = ( w^{2,1}, w^{2,2}, w^{2,3} ) is an element of W^2 .

According to the definition of G, β, π^{22}_h and using the fact that the trace

operator γ^2_Γ is linear and continuous, we obtain that the operator Π^{22}_h is linear

and continuous.

For w ∈ { w ∈ H^1 ( Ω^F ) ; w |_Σ1 = 0 } , we have

π^{22}_h w = NSG∑ i=1 β_i (w) ψ_{s(i)}, hence

γ^2_Γ ( π^{22}_h w ) = NSG∑ i=1 β_i (w) ψ_{s(i)} |_Γ .

From (32) we obtain

γ^2_Γ ( π^{21}_h w ) = NSG∑ i=1 β_i (w) η_i and infer that ( γ^2_Γ ( π^{22}_h w ) , η_j ) 1/2,Γ = (_{NSG} ∑ i=1 β_i (w) η_i, η_j ) 1/2,Γ , ∀j = 1, . . . , NSG. Writing this equality in matrix form and using that M_h is symmetrical, we deduce that ( γ^2_Γ ( π^{22}_h w ) , η_1 ) 1/2,Γ . . ( γ^2_Γ ( π^{22}_h w ) , η_{NSG} ) 1/2,Γ = M^{th}β (w) = M^hM^{−1}h G (w) = ( γ^2_Γ (w) , η_1 ) 1/2,Γ . . ( γ^2_Γ (w) , η_{NSG} ) 1/2,Γ and the equality (37) is proved. □ We conclude from the Propositions 1, 2 and 3 that the interpolation operator Π_h verifies the conditions (23) and (24), where the constant c depends on h and consequently the discrete version of the problem (22) is well posed.

6 FINAL REMARKS

In this paper we have presented an algorithm for solving a three dimensional fluid structure interaction problem. At each time step, we have to solve a mixed hybrid system. We have proved that the discrete problem is well posed by constructing an interpolation operator.

The error analysis follows a standard way as in the abstract framework for the mixed hybrid problem, see for example [11].

Numerical tests have been performed.

At each time step, we solve numericaly the mixed hybrid linear system using the algorithm presented in [15] (which is a Uzawa like algorithm), where the fluid and structure equations are solved separately at each iteration. The Lagrange multiplier method was used to treat the continuity of the velocity on the interface.

The meshes are obtained by using MODULEF [16]. The fluid mesh has 336 tetrahedrons and the structure mesh has 366 tetrahedrons. The meshes are matching on the interface.

The fluid is solved numericaly by the software NSP1B3 [17] and the structure by MODULEF.

The numerical tests performed by us show that the computed fluid and structure velocities are almost equal at the interface.

References

[1] Lions JL. Quelques Méthodes de Résolution des Problèmes aux limites Nonlinéaires. Dunod: 1969.

[2] Dautray R, Lions JL. Analyse mathématique et calcul numérique pour les sciences et les techniques. Masson: 1988.

[3] Murea CM. Modélisation mathématique et numérique d’un problème tridimensionnel d’interaction entre un fluide incompressible et une structure élastique. Ph.D. thesis, University of Franche-Comté, France, 1995.

[4] Murea CM, Crolet JM. Hybrid formulation for a fluid structure interaction problem. Revue Roumaine de Mathématiques Pures et Appliquées 1999; 44(3):435–445.

[5] Murea CM, Crolet JM. A stable algorithm for a fluid structure interaction problem in 3D. In Contact Mechanics II, Computational Techniques, Aliabadi MH, Alessandri C (eds). Computational Mechanics Publications: Southampton, Boston, 1995; 325–332.

[6] Arnold DN, Brezzi F, Fortin M. A stable finite element for Stokes equations, Calcolo 1984; 21:337–344.

[7] Girault V, Raviart PA. Finite Element Methods for Navier-Stokes Equations. Theories and Algorithms. Springer Verlag: 1986.

[8] Agouzal A, Thomas JM. Une méthode d’éléments finis hybrides en décomposition de domaines. Modélisation Mathématique et Analyse Numérique 1995; 29:749–764.

[9] Babuska I. The finite element method with Lagrangian multipliers. Numerische Mathematik 1973; 20:179–192.

[10] Bramble JH. The Lagrangian multiplier method for Dirichlet’s problem.

Mathematics of Computation 1981; 37:1–11.

[11] Brezzi F, Fortin M. Mixed and Hybrid Finite Element Methods. Springer Verlag: 1991.

[12] Babuska I. Error Bounds for Finite Elements Method. Numerische Mathematik 1971; 16:322–333.

[13] Brezzi F. On the Existence, Uniqueness and Approximation of Saddle- Point Problems Arising from Lagrangian Multipliers. RAIRO Modélisation Mathématique et Analyse Numérique 1974; 8:129–151.

[14] Raviart PA, Thomas JM. Introduction à l’analyse numérique des équations aux dérivées partielles. Masson: Paris, 1992.

[15] Murea CM. Sur la convergence d’un algorithme pour la résolution découplée d’un système de type Kuhn-Tucker. Analele Universităţii din Bucureşti Matematică 1997; 46:35–40.

[16] MODULEF. A modular finite element library. http://wwwrocq.inria.fr/modulef/english.html [5 March 2001].

[17] Hecht F, Parés C. NSP1B3 un logiciel pour résoudre les équations de Navier-Stokes incompressible 3D. Raport de Recherche no 1449, INRIA, 1991.