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Initial geometrical configuration
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Intermediate geometrical configuration

A D

B rt C
=

zl Qt Z3

22

o0 =¥y U, UT3UT,.



Linear elasticity equations

Find the displacement u = (uy, u2)" : Q% x [0, T] — R2 of the
structure such that
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p at2_v"’5 = 5, inQ°x(0,7)

0° = A (V-u)l +2u°¢(u)

cw) = 3 (Vut (Vo))
K

g

b =[ABJU[CD], Ty = [DA].



Navier-Stokes equations

Find the velocity v and the pressure p of the fluid such that

pF <% _|_ (v . V)v> — v . O'F = fF, vt S (0, T),VX € Qf

N

v = 0, Yte(0,T),vxeQf
Fo= —p]I2+2uFe(v)
F = hjp, onX;x(0,7)
F= hou, onX3x(0,T)
v-nf = 0, onX,x(0,T)
) — 0, on¥,x(0,T)



Interface and initial conditions
The interface I'; is the image of the boundary 'y by the map

T(X) =X +u(X,t).

Interface conditions

V(X+U(X,t),t) = %(X)t)7V(X,t)€r0X(O,T)
F_F _ s s
(U " )(X+u(x,t),r)w(x’ ) = (G " )(X,t , V(X,t) €Tox (0, T)

where w (X, t) = ||cof (VT) n® | .

Initial conditions

u(X,t=0) = u’(X), inQ°
— (X, t=0) = a®(X), inQ°

vix,t=0) = v%(x), in QF



Weak formulation of the structure

Find the displacement u of the structure

62
/ps—g-ws—kas(u,ws):/ fs'w5+/ (asns)-ws
Qs ot Qs r

0

Yw® =0on p

as (u,ws) :/QS)\S(V-U) (V‘ws) —i—/ﬂs2use(u) : e(ws)



Arbitrary Lagrangian Eulerian (ALE) framework. Notations

Let QOF be a reference fixed domain.
Let A;, t € [0, T] be a family of transformations such that

.At(/)Z) = ;(\, VXEXUYoUX3
At (ro) — rt
At (ﬁF) - Qf

%= (x1,%)7 € QF the ALE and x = (x1,x2) T = A; (%) the
Eulerian coordinates.

Let v be the velocity of the fluid in the Eulerian coordinates. The
corresponding function in the ALE framework v : QF x [0, T] — R?
is defined by v (X, t) = v (A: (X),t) = v (x, t)

We denote the ALE time derivative by 8t| X, t) = a" Y (x,t) and
the domain velocity by 9(x,t) = %(x).

)



Navier-Stokes equations in the ALE framework

Find the velocity v and the pressure p of the fluid such that
ov

F —_

P < ot

vVt € (0,T),vx € Qf

—|—((v—19)-V)v>—2pFV'e(v)+Vp = fF,
Vv = 0,

X

= hj,, onX;x(0,T)
= hoy, onX3x(0,7)
= 0, onX,x(0,7)

0, onX;x(0,7)
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Weak formulation of the Navier-Stokes equations
Find v-nf =0on X, x (0, T) and p such that

ov
F_
/pr ot g

W [ (v 9)- D)) T
QL’
+af (V,WF) + be (wF,p) :/QFfF-wF

+/ hin'WF+/ hout’WF+/ (aFnF)-wF
XY Y3 It

Yw-nf =00n %, x (0,T) and

bF (Vv q) = Oavq

a,:(v,wF) = /QF2MF6(V)26<WF)
w(v0) - -], (7)o




Weak formulation of the fluid-structure interaction

Structure
o /r (05n5> -w®, vw>=0onTpx(0,T)
JTo
Fluid
+/r (anF>-wF, vwF -nf =00n %, x(0,7)

bF (V7 q) = 07 vq
Interface conditions

viX+u(Xt),t) = %(X,t), on g x(0,T)

F._F _ s s
<U " )<X+u(x,t),t)w(x’ t = (" n )(x n " Mo x (0,7)

)

wh (X +u(X,t),t) = w®(X,t), on Ty x (0, T)



Partitioned procedures by Lagrange multiplier

Findu=0onTlp, v- n =0on 22, p and 1) such that

582“ S = S S WS
PP oW —i—as(u,w)— n-ww= f°-w
Qs Ot Jro Qs
vw® =0on p
Fov F F F
P Wi [ ((v=9)-V)v)-w
+ar (v,wF)—l—bF (WF,p)+/ n.wF

I
:/ fF-wF—l—/ h,-,,-wF—i—/ hout - wh

Qf PR X3

vwf -nf =0o0n X,

b (v, Vq

q) =
[o 2o v

7



Newmark algorithm

At > 0 the time step, tp+1 = (n+ 1)At,
u"t a™1 Gt are approximations of

2 .
u ('7 tn-l-l) ot ( tn-l-l) % (‘v tn-i-l) respectlvely.

Find u"*1, 0", i"*1 such that

Sen+l S +1 .,,S
/ pou"mt - w +as<u" ,w)—/
Qs I

vw® =0on p

AT WSy = / S wS
0 Qs

a"tt o= 0"+ At ((1-6)i" + 5"
1
™l = u"+Atﬁ"+(At)2<<——0> +9u"+1)

1st order if § # %
2nd order if § = l and 6 # 1—12
4th order if 6 = 5 and 0= 1

NI



Implementation of Newmark algorithm: the v-form

Find 0" such that

As (ﬁ”+1,w5) =Ls <w5> +/ 7™ wiw, Yw®=0onTp
r

0

l-jn-l—l —
un—|—1



Time integration shema for fluid equations

Find v?*1 and p"*! such that

/‘ F<vn+1_vn> 'WF
Qf+1 At
+/ F (((Vn _ ’19n+1) . v) Vn+1) X WF
QF
+3F< mwh +bF( F7P"+1>
F +/ hn-‘rl w +/ hg:—tl X WF
X} Y3

— nt.wf, vwf.nf =00n 3,

br (v'*1,q) =0, Vg
where V7(x) = v" (A, o -Atnﬂ( x))



Concise form

Find v?*1 and p"*! such that

Ar (Vn+1ij) + bF (WF7pn+1)

be (vn+1’ q)

Cr (WF) _/r ™. wr,

tht1
vwl .nf =0on 25



Augmented Lagrangian Method

Step 1. Solve fluid problem: find v/ and pf such that

AF(VF,WF>+b,:<wF,pF) = .C,:(WF>—/ A-wh
r

u

—f/ (VF _Vgld) -wh,
s
bF (VF7q) = 07
Step 2. Solve structure problem: find v° such that
As (VS7WS> =Ls (WS) +/ X'wsw—kr/ (VF —VS> Swrw
r Mo

Step 3. If ||vF —VSHFO < tol then break
else A\ =X+p (vF —v®°); v3; = V°; goto Step 1.

0



Semi-implicit time advancing scheme. From nto n+1

Step 1. Explicit prediction u"! =u” + Atu" + %ﬁ”

Step 2. Harmonic extension Ad™1 =0, d™1 = @™t on I,
d"t1 =0 on Y1UXoUXg

Step 3. Build mesh 7,/ =T (ﬁ,) where T (%) = % + d™()
Step 4. Mesh velocity 1~9n+1(x) = w

Step 5. v3, = 0", A=7"

Step 7. Solve fluid-structure problem by the Augmented
Lagrangian Method in the fixed mesh 7,""!

Step 8. Update

Vn—:ll — ‘LF' pn+1 — PF

~n

nT=A

amtl =S, Gt = utl =



Physical and numerical parameters

The length is L =6 cm.
The inflow 27 and outflow ¥ 3 sections are segments of length 1.

The thickness of wall h = 0.1 cm, the Young's modulus
=0. 75 10° g = the Poisson’s ratio v = 0.3 and the mass
denS|ty p° =1 1 -

m3

The viscosity of the fluid u = .
is ff = (0,0)7, the outflow traction h,,: = (0,0)7 and the inflow

traction h,(t) = (2000 (1 — cos(22L)),0) " if 0 < t < 0.025 and
hin(t) = (0,0)7 if t > 0.025.
Newmark parameters: § = 0.5, 6 = 0.25

At=5-10"2, N =1000, T = 0.05
Penalization parameters r = p = 10°

Triangular finite elements: fluid velocity P1+bubble and pressure
P, structure: P



Computed HVF—VSHFO

error

° . . . . . . . . .
0 0005 001 0015 002 0025 003 0035 004 0045 005
time (s)

No of iterations at one time step: 20, but the fluid and structure
matrices do not change.



Concluding remarks

» Semi-implicit time advancing scheme is attractive.

» The equality of the velocities on the interface was treated by
the Augmented Lagrangian Method.

» Investigate the dissipation source.
» Study the stability of the algorithm.



