(1.1)
(1.2)
(1.3)
(1.4)
(1.5)

Dedicated to Marius Tucsnak on the occasion of his 60" anniversary

TOPOLOGY OPTIMIZATION FOR THE STOKES SYSTEM

CORNEL MARIUS MUREA and DAN TIBA

Commumnicated by Sorin Micu

We discuss shape optimization problems associated to the Stokes system. Our
analysis includes both topology and boundary variations and it is based on

the functional variations approach.
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algorithms. Numerical examples are also indicated.
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1. INTRODUCTION

Let D C RY d € {2,3} be a bounded domain with Lipschitz boundary and
Q CC D be an unknown open set (the “obstacle”, not necessarily connected),
with Lipschitz boundary. We assume the decomposition 8D = I'p UT , where
I'p and I'y are relatively open subsets, mutually disjoint. Some results men-
tioned below are valid in arbitrary dimension.

The domain w = D \ Q is filled with a fluid governed by the Stokes
equations:

—nAyq + Vpg
V-ya

Oya

'uan

ya

pon

ya

f, in w,
0, in w,
¢, onI'p,
’l,b, on FNa
0, on 912,

where g > 0 is the constant viscosity, f € L?(D)? is given, yq : @ — R? denotes
the velocity and pq : @ — R is the pressure of the fluid, while ¢ : T'p — R¢
is the imposed velocity, ¢ € H3/2(I‘D)d and ¥ : I'y — R? is the imposed
traction, 9 € HY/?(I'y)?, n is the unit outward normal to dD. On 9Q we have
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no-slip boundary condition. According to [6], Lemma 2.2, p. 24, there exists
yp € H(w)4, V- yp =01in w, yp = 0 on 09, yp = ¢ on I'p and

H?J¢HH1(UJ)d < C(w) H¢HH1/2(FD)d

with C'(w) > 0 independent of ¢ and y4. We can take y4 such that its support is
in a neighborhood of 9D, then yg is independent of €, if d(Q,0D) = min{||x1—
xs|[;x1 € Q, %9 € D} > 6 > 0, where § is some constant.

For yo € H?(w)? and po € H'(w), the equalities (1.1)-(1.2) have sense
in L?(w)? and (1.3), (1.4) and (1.5) have sense in H*?(I'p)?, H'/?(T'y)? and
H3/2(09)?, respectively.

We denote by

ng{VGHl(w)d; V.-v=0inw, V:00nFDU8§2}

the Hilbert space of test functions. Multiplying (1.1) by v € Vg, integrating
over w, using Green formula and vg = 0 on I'p U 992, we get

0
,u/ Vya: VVQdX—/(V-VQ)deX = / f-dex—l—/ (,qu —pgn) -vads.
w w w I'n on

In (1.2) and above, we have denoted by “-” the scalar product in R% (“V.”

is the divergence operator) and by “:” the Frobenius matrix product (a;;) :
(bij) = szzl a;jbi; with the corresponding norm |[(a;)||r = v/(asj) : (aij).

Using V-vq = 0 in w and (1.4), the weak solution of (1.1)-(1.5) is defined
by:

(1.6) ,u/ Vyq: Vvqdx = / f-vodx+ P - vads, Yvq € Vo,
w w I'n

with yo € yp + Vo, po € L*(w) being defined in the distributional sense by
(1.1), see Temam [23], Lemma 2.1, p. 16, or [24]. The condition (1.4) has a
sense in the dual space of traces on I'; of functions from Vg, see [3], Chapter IV,
Section 7. The bilinear application (u,vg) € Vo x Vo — ,ufw Vu: Vvodx is
continuous and using the generalized Poincaré inequality, see [3], Prop. 111.2.38,
p. 179, it is elliptic, too. From [12], the application v € Vo — V-vq € L?(w)
is onto. Applying the result concerning the mixed variational problem, see [6],
Chap. 1, Sect. 4.1, we obtain the existence and uniqueness of yo € yg + Vo,
po € L?(w) and

lyoll gy + Ipell 2 < Cw) <||f”L2(w)d @l g2 pye + ”@[’Hp(rN)d) :

We point out that the pressure is uniquely determined if meas(I'y) > 0.
In the case when w is a three dimensional polyhedron and on 9D we
impose Dirichlet boundary condition yo = ¢* on some faces I‘ZD of 0D and
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Neumann boundary condition u%’—f — pon = 1’ on the other faces Ffv of 0D,
keeping (1.5) on 052, then we have the regularity yo € W25(w)3, po € WhHs(w),
if f € L3(w)3, ¢ € W2 V/ss(TP)3, ot € WI=1/5(I'N)3, where 1 < s < 8/7
depends on the domain w, see [12], where the authors work in weighted Sobolev
spaces. When w is a two dimensional angle, regularity results using weighted
Sobolev spaces for Stokes equations with mixed boundary conditions can be
found in [22], Section 3.2.

For Stokes equations with Dirichlet boundary conditions on the whole
boundary of w, see [23], and for Stokes equations with Neumann boundary
conditions on the whole boundary of w, see [3], the existence, uniqueness and
regularity are obtained in arbitrary dimension w C R?, d > 2.

To the state system (1.1)-(1.5), some cost functional J(£2) may be asso-
ciated. For instance, the minimization of the dissipated energy:

(1.7 it {70) = [ ety ax}.
Q€0 w

where e(yq) = % (Vya + (Vya)?) is the symmetrized gradient and O is some

given family of open sets (obstacles), not necessarily connected.

Regularity conditions on the geometry, on the given mappings f, ¢, ¥
will be imposed in the sequel, as necessity appears. More constraints on the
geometry (for instance, prescribed volume for 2 € O, see [5]) or on the state
may be considered as well.

The literature on shape optimization problems associated to compressible
or incompressible fluid systems is very rich and we quote the papers by Am-
stutz [2], Masmoudi and his co-authors [9], the monographs of Plotnikov and
Sokolowski [20], Novotny and Sokolowski [18] and their references. Topological
optimization questions, including numerical experiments are, in general, dis-
cussed via the well known topological asymptotic expansion approach (for the
cost functional), also called topological sensitivity or topological gradient.

In this work, we use a different method, based on functional variations
as introduced in [16], [17], on Hamiltonian systems in dimension two and on
implicit parametrizations, [26]. These concepts have already been applied in
other shape optimization problems in [13] and allow the introduction of general
topological derivatives and the use of standard gradient methods. Applications
to optimal control or mathematical programming can be found in [28].

We also underline that functional variations combine in a natural way
boundary and topological variations. They are based on the use of level func-
tions as in the well known method of Osher and Sethian [19], but there are
essential differences: no Hamilton-Jacobi equation is necessary, no “evolution”
of the geometry is taken into account. Instead, simple ordinary differential
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Hamiltonian systems may be employed for the description of the unknown
geometry.

In Section 2 we collect some preliminary information on the functional
variations approach. Section 3 is devoted to the approximation method that we
apply here and its differentiability properties, while Section 4 discusses some
numerical examples.

2. FUNCTIONAL VARIATIONS

We consider that the family of admissible domains w C D C R? and,
implicitly, the family O of obstacles that appears in (1.7) are obtained as
follows, starting from an admissible family of level functions F C C(D), via
the relations: 2 = D \ @ and

(2.1) w=wy=int{x e D; g(x) <0}, geF.

Clearly, (2.1) defines open subsets of D, not necessarily connected. The family
of admissible functions F is a cone since we also impose the condition

(2.2) g(x) <0, xe€dD, VgeF

that ensures that 0D C wy for any admissible w,. We shall denote as the fluid
domain the component of w, that includes 0D in its boundary. This makes
sense due to (2.2). Its complement, D \ Wy = €1, is not necessarily connected
and defines the obstacles.

An important role is played by the set:

(2.3) G ={x€Qy g(x)=0}.

In general, for g € C(D), it may happen that meas(G) > 0 and the boundary
of 24, may be very irregular (in principle, it satisfies just the segment property
[1], [25]). However, the regularity properties appearing in (1.1)-(1.6) require at
least Lipschitz properties for 0€}; and we impose the hypotheses F C CcY(D)
and

(2.4) IVg(x)| >0, x€G, VgeF.

By the implicit functions theorem, the condition (2.4) gives G = 09 is of class
C! (or even C% if F C C%(D), etc.) and we have

(2.5) wg ={x € D; g(x) <0}.

One may impose the supplementary condition g > 0 in D \ wy, for instance,
by adding to g some multiple of the distance function to G, at some power to
ensure smoothness. Let us assume that there is xg € D such that

(2.6) g(Xo) =0, Vg € F.
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Then, it is well known that G = 0§}, is locally parametrized, around xq, by
the solution of the Hamiltonian system:

(2.7) (z;)’(t) = —8gg(z;(t),z§(t)),telg,
(2.8) (2)(1) = g (2(t),22(1)) , t eIy,
(2.9) 2g(0) = (24(0),25(0)) = xo,

where I; is the existence interval around the origin, ensured by the Peano
theorem. The local representation (2.7)-(2.9) of the geometry G = 0§}, can be
extended to arbitrary dimension by using iterated Hamiltonian systems [26].
Moreover, an argument that again employs the implicit function theorem shows
that the solution of (2.7)-(2.9) is unique, although the right-hand side is just
continuous (and similarly in arbitrary dimension [26]). For these local results,
the condition (2.4) may be imposed just in xg € G.

Under hypothesis (2.4), in dimension two, it yields, as a consequence of
the Poincaré-Bendixson theorem [11], [21], that the solution of (2.7)-(2.9) is
periodic and we obtain a global representation of G = 0€},. This property
of Hamiltonian systems in dimension two is based on the knowledge of the
Hamiltonian functions g € F and on their assumed properties, in order to
show that the limit cycle situation is not possible here [27].

Functional variations of the (not necessarily simply connected) domain wy
are obtained by (2.5) starting with the perturbation g+ Ah, A € R, g,h € F C
CY(D). Tt is clear that the perturbed boundary G = {x € D; (g + Ah)(x) = 0}
includes perturbations of the boundary G, but also the number of holes of wy \p,
(the connectivity type) may change, depending on A. This allows the combined
boundary and topological optimization with respect to wy.

PROPOSITION 2.1 ([27]). Under the assumptions (2.2), (2.4), (2.6), G
s a finite union of disjoint closed curves, without self intersections and not
meeting 0D, parametrized by the unique periodic solution of the Hamiltonian
system (2.7)-(2.9), where xo is some point chosen on each component of G.

A similar statement is valid for G, for || "small”. For € > 0, we denote
Ve ={x € D; d(x,G) < €},

a neighborhood of G. Then, there is A(¢) > 0 such that Gy C V for |\| < A(e).
In particular, this shows that G, — G in the sense of Hausdorff-Pompeiu, [15].
Moreover, we have

COROLLARY 2.2. F is an open cone in C1(D).

F is clearly a cone. There is a constant ¢, > 0 such that |g(x)| > ¢, on D\ V
which is a finite union of compacts due to Prop. 2.1. Then, for any h € F, the
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perturbation g + Ak satisfies |(g + Ah)(x)| > 0 for |\| small enough in D\ V,
that is G C V. for |A\| < A(e). Similarly, (2.2) is also satisfied. By taking € even
smaller, hypothesis (2.4) gives |[Vg(x)| > Cy > 0 on V,, due to the Weierstrass
theorem. It follows that g+ Ah satisfies (2.4) as well, for |A| small. Due to this
corollary, functional variations are possible in F.

One of the most difficult points in investigating shape optimization prob-
lems, both from the theoretical and the computational points of view, is the
variable/unknown character of the open set 2 € O. For instance, in the stan-
dard numerical approaches, one has to remesh the domain and to recompute
the mass matrix in each iteration. This increases considerably the computa-
tional effort and, as a consequence, fixed domain approximation methods have
been developed and we quote [17] for a survey in this respect.

In the sequel, we take j : D x R? x R* — R to be a Carathéodory function
and

(2.10) J(Q) = / j (%, ya(x), Vya(x)) dx,

where yq € Vo is the solution (1.1)-(1.5). Other constraints on 2 € O, on the
state yq may be added as well. Regularity conditions on j(-) will be imposed
later.

We also notice that for any g € F, H(g) (here H(-) is the Heaviside
function) is the characteristic function of €, (under the convention, already
explained, that g > 0 in ).

The cost functional (2.10) may be written as an integral on D:

(2.11) J(g) = /D (1= H(g))j (%, y4(), Vy(x)) dx.

The cost functional (2.11) is not differentiable with respect to g € F
since H () is not smooth. A penalization of the state system is discussed in the
next section, again using the not differentiable Heaviside function. In order to
overcome such difficulties, we use a smoothing H¢(+) of the Heaviside function
and the study of the approximation properties for ¢ — 0 is necessary. Such
a fixed domain approach and some variants are discussed in [13], [27], in a
different context.

3. APPROXIMATION AND DIFFERENTIABILITY

We use a regularization of the Heaviside function adapted from [7]:
L, T2
(3.1) He(r) = 2897 g oy <,

0, r <0,
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with € > 0 and 1 — H(g) is a regularization of the characteristic function of
Wg.
The regularized optimization problem is

(32) it J(g) = [ (1= H(0))] (x.95(), Ty5(00) dx

where y§ € HY(D)?, V- yg=0in D, yg = ¢ on I'p, such that

1
(3.3) ,u/ Vyf]:Vvdx+/H€(g)y§-vdx:/f-vdx+/ P - vds,
D €JD D 'y

for any v € V where

(3.4) V={veH'(D)>’ V-v=0inD, v=0onTp}.
PROPOSITION 3.1. For fized g € F, f € L*(D)?, ¢ € H'/*(T'p)?, ¢ €

L*(T'y)? and e > 0, the problem (3.3)-(3.4) has a unique solution Yg € HY(D)?,

V- yg=01inD andyy, = ¢ onI'p, satisfying the inequality

(3.5) Hy;HHl(D)Q <C (HfHLQ(D)Q + @l gz, + HTPHH(FN)Z)

where C' > 0 is independent of €, g, £, ¢, .

Proof. Using generalized Poincaré inequality, see [3], Prop. II1.2.38, p.
179, we obtain

HVH?LII(D)z < Ci(D) /DVV : Vvdx

for any v € H'(D)?, v = 0 on I'p. This yields the ellipticity over V of the
bilinear functional from (3.3), since 0 < H¢(g) < 1,

a||v||?{1(D)2 < M/DVV:Vde

1
< u/ Vv:Vvdx—l—/H%g)v-vdx, VwveV
D €JD

with a > 0, independently of € and g. We also have its boundedness.

The extension by zero in Q4 of y, € H 1 (wg)Q, also denoted by yg, ver-
ifies yy € H'(D)?, V-ys = 0in D, yy = ¢ on I'p and HY¢>HH1(D)2 <
C(D) |19l fr1/2(9py2- Subtracting p [, Vyy + Vvdx from both sides of (3.3),
using L [, H(g)ye - vdx = 0, since supp(ys) N Qg = 0 and H*(g) = 0 in
D\ Qg, we obtain

(3.6) M/DV(y;—y¢)rVVdX+1/})H6(9)(y;—y<¢>)‘vdx

= /f-vdx—l— ¢-vds—,u/ Vyg : Vvdx
D I'n D
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and from the Lax-Milgram theorem, we obtain the existence and uniqueness
of y; € yp + V. Moreover, taking v = y; — y, and using ellipticity and
Cauchy-Schwarz inequalities, we get

aHYE _y¢H§{1(D)2

< <HfHL2(D)2 + H¢”L2(FN)2 tu HY¢>HH1(D)2> Hyf, - Y¢>HH1(D)2 .
After some computations, using the triangle inequality
HY§HH1(D)2 <lvg - y¢HHl(D)2 +1yell g py
and Hy¢||H1(D)2 < C(D) |l g1/2(9py25 We obtain (3.5). O

Remark 3.2. Let us introduce W = {w € H'(D)?>; w =0onT'p}. The
bilinear application (u,w) € WxW — u [, Vu: Vwdx+ % Jp H(g)u-wdx
is continuous and elliptic. The application w € W — V -w € L?(D) is onto.
Applying the results from [6], Chap. 1, Sect. 4.1, we obtain the existence and
uniqueness of pj € L%(D) such that

1
,u/ Vy;:VWdX—f—/ He(g)y;-wdx—l—/(v.w)p;dx
D €JD D

= /f-wdx+/ Y -wds, YweW,
D I'n

where yg is the solution of (3.3). Moreover, we have

1
HPZHLQ(D) <C <||f||L2(D)2 + ||¢||H1/2(FD)2 + ||'¢||L2(rN)2 + . HHE(Q)Y;HLQ(D)2>

depending on e. In [8], using an H' penalization term and the Heaviside
function without regularization, it is obtained that the pressure in the L?(D)
norm is bounded independently of e.

PROPOSITION 3.3. For g fized, lime0ygw, = Yo
where yq, is the solution of (1.6) for Q = Q.

in H'(wg)? weakly,

g

Proof. From (3.5) there exists y, € H'(wy)? such that y§ — 4, on a
subsequence, in H!(D)?, weakly, when ¢ — 0.
Putting v = y; —y4 in (3.6), we obtain

1 € € €
- /DH (9(yg —¥o)  (vg — ¥o)dx
< <||fHL2(D)2 + ||¢||L2(FN)2 +p ||Y¢>HH1(D)2) Hy§ - Y¢HH1(D)2
and using (3.5), we get

; HE(Q)YE'YEdXZ/DHE(g)(YE—w)'(YE—w)dXSeC
g
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since supp(y )Ny = 0 and Hé(g) = 0in D\, where C > 0 is independent of
e. Let K C 4 be a compact. There exists ex > 0 such that ex < minkex g(x).
Then H¢(g(x)) =1for x € K, 0 < e <ex. We get

/y;-y;dxgeC’, Ve € (0, ex].
K

But y§ — y, weakly in H'(D)? and the inclusion H'(D) C L*(D) is compact
from the Sobolev theorem, then yy — ¥, strongly in L?(D)?. By passing to
the limit in the above inequality, we obtain that [y,]| ;- (k)2 = 0, then y, =0
in K, for all compact K C Q4. From the trace theorem, we get that y, = 0 on
09y.

Let vq, be in Vo, and let v be the extension of vo, by zero in ;. We
have v € V and putting it in (3.3), it follows

u/ Vy;:Vde:/f-de—i- P - vds,
D D I'n

since H(g) = 0 in D \ §2,. Passing to the limit, we get

I V§QZVVdiX:/ f.vq,dx+ P - vo,ds.

Wy Wy FN

Also, V-yg; =0in D and y; = ¢ on I'p, then V-3, =0in D and y, = ¢
on I'p. Finally, we get that ¥, = yq, the unique solution of (1.6), for Q = Q.
O

PROPOSITION 3.4. For € > 0 fized, g,v € F fized, limy_sg yfﬁ/\r) =Y
in HY(D)? strongly.

Proof. From (3.5), yfg+/\r) is bounded in H'(D)?2, independently of \.

Then there exists y such that yf ) — y weakly in H'(D)? and strongly in

g+Ar
L?(D)?, on a subsequence A\, — 0. From (3.3), we have

1
'“/ vyEng/\r):VVdX“’/ Hs(g‘i‘)\?“)YEng,\r)-vdx:/ f-vdx+/ p-vds,
D €JD D r

N
for any v € V. As H(g + Ar) — H(g) uniformly, for A — 0, one can pass
to the limit in the above equality. We obtain that y verifies (3.3). We have
V~yfg+/\r) =01in D and yfg+)\r) =¢onlp,then V- y=0inDandy = ¢
on I'p. Finally, we get y = yg, consequently lim) oy Eg+)\7‘) = yg weakly in
H'(D)?, without subsequence. Again, limy_,q Y{g+ar) = Yg strongly in L?3(D)2.
Subtracting (3.3) written for g from (3.3) written for g + Ar, we get

,u/DV (yEng/\T) —y;) : Vvdx
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1 € € € €
= o [ [H 0+ A5y~ @] - vax

Clearly, the above parenthesis strongly converges to 0 in L?(D)?, as A —
0, since € is fixed. We may fix above v = yEgH\T) —yg and the ellipticity
property gives the desired conclusion. O

The next proposition summarizes differentiability properties proved in
[14, Prop. 3], [13], that remain valid for divergence free functions. See [7] as
well.

PropoSITION 3.5. For g,r € F, there exists { € V such that
limy_,g M = ¢ weakly in H(D)? and ¢ is the unique solution of

1 1
(3.7) ,u/ V¢ :Vvdx + / Hé(g)¢ -vdx = —/ (H) (g)ry; - vdx,
D €JD €JD

He(g+Ar)—H*(g)
A

for any v € V. Moreover, since — (H(g)r uniformly in

C(D), then limy_,o M = ¢ strongly in H'(D)?.

As a consequence, we obtain:

PROPOSITION 3.6. Assume that j(x,-,-) is in C}(R? x R*), such that
(3.8) j (x,y,2)| < ax)+c(|y[ze + |2[3), ae.in D, Vy,z
(3.9)  [02) (x%,y,2)| < aa(x)+c2(|lylre + |2|lge) a.e. in D, Vy,z
(3.10) |05 (x,y,2)| <

where a € LY(D) as,a3 € L*(D), ¢,c2,c3 € Ry. Let Yy € HY(D)? be the
solution of (3.3) and let { € V' be the solution of (3.7). Then, the directional
derivative of the objective function (3.2) in the direction r € F is:

(311) J(gr = — /D (HY (9)r § (%, ¥5(x), Ty (x)) dx

az(x) + 3 (|y|lge + |z|gs) a.e. in D, Vy, =z

" /D (1= H(g)) Buj (%, ¥5(x), V5 () - C(x)dx

+ / (1 - He(g)) 85 (x, y5(x), Vy5(x)) : VE(x)dx.
D

Here, 027,035 denote the derivatives with respect to the second group of vari-
ables, respectively to the third group of variables.

Proof. We employ the Lebesgue dominated convergence theorem, see
y59+/\/\r) Yy

[4], p. 54. For A — 0, we have yfg+/\r) - Yo — ¢ strongly in
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V(ye €
L?(D)? and VyEngM) — Vyg, M — V¢ strongly in L2(D)*. On a

subsequece, see [4], Theorem IV.9, p. 58, we have
Yigtan (%) = ¥5(%), [¥{4am (%) |2 < h'(x), a.e.in D,
vYEg-i—)\r) (X) — Vy;(x), |VYEQ+)\T) (X)’R‘l < hQ(X)¢ a.e. in D7

Y(gtan (%) = ¥g(x) Yi{gran) (¥) = ¥5(x)
S =€) :

< h3(x), a.e.in D,
R2
v(yEng)\r) - y;)(x)
A

v(yEng)\r) - y;) (X)
A

— V{({(x), < h'(x), a.e. in D,

R4

where h!, h? € L?(D)? and h? h* € L*(D)%.
Adding and subtracting one term, we obtain
/ (L=H(g+ X5 (X ¥gar V¥ ) — (1= H(9))] (x,¥5, V¥5)
A
D

dx

—HE(Q—FAT)—FHE(Q) . € €
- /D b\ J <X’y(9+/\r)’vy(g+/\r)> dx

j Xaye T’vye r _] Xayevv}’E
+/D(1_H€(g))< (g+r) (g+;\\)> (%,¥5: Vvg)

We have _H6(9+);\T)+H€(g) — —(H®)(g)r uniformly in C(D),
—H* Ar)+H€
(g+ 3 )+H<(g) <M (

dx.

due to the Lipschitz property of H). Since j(x,-, ) is
in C!(R? x R%), on a subsequence
J (X,yfﬁm (%) VY (gan) (X)) —j (x,y5(x), Vyg(x))
and from (3.8), we get
5 (%3 (3 V¥ gy (39) | < () ¢ ([0} (922 + [W2(0)[24) . ae. in D.

By the Lebesgue dominated convergence theorem, we obtain

_H6<9+AT)+H6(9) . € €
/D b\ J (X’y(g+)\r)> Vy(g-}—)\r)) dx

- - /D(He)/(g)rj (x,y5, Vyj) dx
which is the first line of (3.11).
Since j(x, -, -) is in C*(R? x R*), by the Mean Value Theorem we get

j (ijEgHT)(X), V¥ {giar) (X)> —J (%, y5(x), Vyg(x))
)
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¥y () — ¥5(x)
A

V(¥{gian — Yo (%)

A

= 02j (x,y5(x), Vyg(x)) - ¢(x)
+037 (x,y5(x), Vy§(x)) : VE(x), a.e. in D

where yx = (1—0)yg(x) +0Y {4 ar) (x) and zx = (1-0)Vyg(x) FOVY(yiam (x),
0 < # < 1 depending on x. Using the hypotheses (3.9), (3.10) and the above
estimates involving h', h? h3 h* we get
¥, o () = ¥5(%)

A

= 0o (XaYXaZx) :

+83.7 (X7 Yx, ZX) :

an (X7 Yx, ZX) :

V(YEg+/\r) - YZ)(X)
A
< [aa(x) + ez (0! (x) |2 + [0?(x)|pe) | 1 (x)
+  [as(x) + ¢5 (b (x)|g2 + |h*(x)|gs)] h*(x).
Moreover, |1 — H¢ (g(x)) | < 1 for x € D, using again the Lebesgue dominated

convergence theorem, we obtain the 2nd and the 3rd terms of (3.11). Since

the limit is unique, then the convergence is valid without taking subsequences.
O

+

a3j (X7 YX7 ZX) :

Let us introduce the adjoint state system: find z; € V' such that

(3.12) /VZ Vvdx + — /H6 -vdx
- /D 1~ He(g)) oj (x,¥5(x), V5 () - v(x)dx

+ [ (1= 1) 235 (3500, Ty 3) : Tvlxdx, W e
D
As in Proposition 3.1, the adjoint state system has a unique solution in V.

PROPOSITION 3.7. Assume that j(x,-,-) is in C*(R? x R%) and (3.8)-
(8.10) hold. Let y§ be the solution of (3.3) and let z be the solution of (5.12).
Then, the directional derivative of the objective function (3.2) in the direction
reF is:

(3.13) T = - /D (HY (g)r (%, ¥5(x), Ty (x)) dx

1 / € €
- /D (HY (g)r y5(x) - 25 (x)dx.

€
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Proof. Putting v = zg in (3.7) and v = ¢ in (3.12), we get
[ 0= 1) 20 (x5 ), V5 ) - Gl

+ / (1—H(g)) 055 (%, y4(x), Vyg(x)) : V{(x)dx
D

=~ [0y -zylxiax

€
Using Proposition 3.6, we get (3.13). O

We close this section with some examples and comments on special cases.
Since (H€)’ > 0 in D, we can use as descent direction

€

T =ej(xy5(x), Vy;(x) +y5(x) -z
if 7 € F. In the case of minimization of the dissipated energy
7 (%, ¥5(x), Vyg(x) = [le(yg(x))l[7, we get
(3.14) 7= cle(yp)lE + vy - zg-
Next, we present a different descent direction, without using the adjoint state,
when ¢ = 0. If

(3.15) J(g):/Df-yf]dx+/F P - ygds

we can deduce that J'(g)r = [, f-¢{dx + pr ¥ - (ds. Putting v =y in (3.7),
(we are working with ¢ = 0) and v = ¢ in (3.3), we get
1
Ty =7 [ @Y @ry;-viix
and then

(3.16) T = y; . y;
is a descent direction for (3.15).

If yo € H*(w)? and using that V - yq = 0 in w, we can obtain that
2V -e(yq) = Ayq in w. If we replace (1.4), by

(3.17) 2ue(yq)n — pon = 1, on 'y,
the weak variational formulation (1.6) has to be replaced by: find yo € yg+ Vo

(3.18) 2,u/ e(yq) :e(vq)dx = / f-vq dx+/ P -vads, Vvq € Vo.
w FN

w

If ¢ =0, we can put v = yq before and get

2u/ le(ya)||3 dx = / £.yodc+ [ -yods.
w w I'n

Since yg is “almost” zero in €, the objective function (3.15) may be also used
for minimizing the dissipated energy.
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4. NUMERICAL RESULTS

We have employed the software FreeFem++, [10]. The computational
domain is D = {(z1,22) € RE -5 <2y < &, =L < 29 < L} with L = 1.5,
I = 1, the viscosity is ¢ = 1 and the body forces are f = (0,0). On the left
and right sides, we impose Neumann boundary condition (1.4) with ¢ = (30, 0)
and on the top and bottom sides, we impose Dirichlet boundary condition (1.3)
with ¢ = (0,0).

We use a mesh of 34020 triangles and 17261 vertices. The Stokes equa-
tions are solved using mixed finite element formulation, see [6]. For the velocity,
we employ the finite elements Py + bubble and for the pressure, we employ P .
The penalization parameter is € = 0.0001. As descent direction, for minimizing
the dissipated energy j = [le(y§(x))||%, we use (3.14). The algorithm is g, 11 =
9n + An T, Where 7, is the descent direction and \,, € argminy~g J(gn + A7y).
Practically, we use A = p, p € (0,1), i =0,1,...,9 and p = 0.6.

cost function

0 20 40 60 80 100

iterations

Fig. 1 — Convergence history of the objective functions.

The initial domain is given by go = —0.3 — sin(4nrz) sin (37(z2 — 0.5)) .
The initial value of the objective function is 1.35046 and the value after 100
iterations is 0.0688113. The history is plotted in Figure 1. We notice a signifi-
cant decrease before iteration 20. After that, the decrease is slow. The initial,
intermediate and the final obstacle domains are presented in Figure 2. We
observe that the final obstacle is connected and there exist two zones where
the fluid is confined.

We have also tested for the the objective function (3.15) and the descent
direction (3.16) with the same numerical parameters as before. The evolu-
tion of the objective function and the obstacle domain after 100 iterations are
presented in Figure 3. We point out that (3.15) is an approximation of the
previous objective function multiplied by the factor 2u (see the equality after
(3.18)).
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The volume of the initial obstacle is 0.422077 and after 100 iterations it
grows to 0.543312 in the case of objective function (3.15) (more than 0.47344
obtained for the domain obstacle presented in Figure 2, at the bottom, right).

000 0400

0.300 0.300

0.200 o200 -

0000 o100

2necrr 2780017

000 200

0200 0200 “

030 -a%0

0400 0400

70 QM0 040 ON0 QIR -27e0MIS 00 04 Q&0 0780 070 060 040 00 -0IS0 278000 00 0480 060 0750
Q400 0400
0.300 0.300
o 7’ ~ g ~

o100 0100
228007 2017
~o.100 ~0.100
o0 ~ 4 ~ 4 o
~0.300 ~0.300
~0.400 -0.400

0780 0600 0480 0300 OIS0 -27800NIS0 030 0450 0600 0JSO a70 0400 0480 0300 01D 27e-0NISY 030 0480 0400 0980

Fig. 2 — Initial (top, left), intermediate and final (bottom, right, after 100
iterations) obstacle domains.

cost function

0 20 40 60 80 100
iterations @I 060 04 000 0D 270NN 030 040 060 00

Fig. 3 — Convergence history of the objective function (3.15) and the obstacle
domain after 100 iterations using the descent direction (3.16).
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