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Initial geometrical configuration

I




Nonlinear elasticity. Notations

U°: Q3 x [0, T] — R? the displacement of the structure
For X € Q3, x = X+ U° (X, t) is in Q3.

F(X,t) =1+ VxU?® (X, t) the gradient of the deformation
J(X,t) =det F(X,t)

2 (X, t) the second Piola-Kirchhoff stress tensor

o°(x, t) the Cauchy stress tensor

o°(x, t) = F(X,t)Z (X, t)FT (X, 1)

1
J(X,t)
The structure is incompressible Neo-Hookean

o5(x,t) = —pS(x, )l + p° (F (X, t)FT (X, t) — |>

where p° is the structure pressure in the Eulerian coordinates,
us > 0 is a constant, | is the unity matrix, J (X, t) = 1.



Nonlinear elasticity equations

S
S0 T (X, ) - vk (FE)(X0) = pS(X)E in Q5 (0,7)

p ot2

U°(X,t) = 0, onlpx(0,T)
pg : Qg — R the initial mass density of the structure

g the acceleration of gravity vector and it is assumed to be
constant



Navier-Stokes equations

We denote by v/ the fluid velocity and by pf the fluid pressure.

0
P (8Vt + (vF V)VF)—2/J,FV'€(VF>+VPF = pfg, inQF

vl = 0, inQf

h,'n, on Zl
ofnf = hoyt, on X3
vl = 0, on3¥XoUXsUXsg
of = —pFl+2u°¢ (VF) the fluid stress tensor

e(vf)=1 (VVF + (VvF) T) the fluid rate of strain tensor

nf the unit outer normal vector to 9Qf



Interface and initial conditions

vF(X+U5(X,t),t) = 6;15()(71“), Mo x (0, T)
(UFnF>(X+US(X,t),t) B —(FZ) (X7 t)NS(X)’ o (07 T)

U°(X,0) = U°°(X), in Q3
ous
e %

vi(X,0) = vPO(X), in Qf

= V5O(X), in Qf

N° the unit outer normal vector to 8Q§



Total Lagrangian framework for structure equations

Let N € N* be the number of time steps and At = T /N the time
step. We set t, = nAt for n=0,1,...,N. Let V>"(X) and

U°>" (X) be approximations of V° (X, t,) and U® (X, t,). We also
use following notations for n > 0

F"=1+ VxUS’n,
i G GOSN (B GORI GRS

The structure problem will be approached by the implicit Euler
scheme

S.n _\/S,n
pg (X) Vvointl (X)At \) (X) ~ Vx - (Fn—i-lzn—i-l) (X) _ Pg (X)g

US,n+1 (X) _ US’" (X)
At

— VS,n+1 (X)




Weak form in Total Lagrangian framework

F7H = F" + AtVxV> "

Consequently, F"*1 and £"*! depend on the velocity V"1 but
not in the displacement U>:"+1.
Find Vo1 : Q8 — R2, VSl =0 on ¥, such that

VS,n+1 _ VS,n
/ pg———— -W?° dX+/ Frilzntl . vy W dX
z; At 2

:/ pgg-Wst—i-/ FrismHINS . W2 dS
Q3 o

for all W2 : Q5 — R2, WS =0on I'J , subject to
det (l L UxUST & AthVS’”H) =1, in QF.

We have assumed that the forces F"™T1E""INS on the interface Mo
are known.



Updated Lagrangian framework. |

XeQ) +xeQ°=05 »xeQ,
X=X+U>"(X), x=X+U>"1(X)
a(/i) — US,n+1 (X) _ US,n (X)

Putting F = | + Vi, J = detF and J" = det F", we get
F™1(X) = FR)F7(X), I (X) = J(%) I (X).

1 1 T
057n+1 (X) — (Jn+1 Fn+ zn+1 (Fn+1) > (X)
For an incompressible material, normally we have

Jr=Jml=J=1.



Updated Lagrangian framework. Il
Let us introduce ¥5™1: Q5 — R? and vS" : Q5 — R? defined by

vS,nJrl (/)Z) — VS,n+1 (X) 7 vS,n (3(\) — VS,n (X) ]

W°: Q3 - R% w’:Q° =R w:iQp, —R?

w® (%) = w® (x) = W° (X).

VS,n+1 _VS,n SaS,n+1 _ ,S,n R
/Spg~W5dX:/ Y- V7 &Sdx

03 At as Jn At
P

/ g -WodX= [ 2lg.wdx
s as J"

/ Frlyntl . vy WS dX = / o>t Tw® dx
Q3

S
Qn+1



Updated Lagrangian framework. Il

R =J®F (xS F T (%),

/ oML vw® dx = / FZ : Viw® dx.

Qs Qs

n+1

But u (x) = U>"1 (X) — U>" (X) = AtV "1 (X) then

F=1+AtvVusmtl

For the incompressible Neo-Hookean materiel, we have

s+l _ _ pSo+l (gt (g T S () (gt T (g T
= (F™5) " (F™) (F™) ~ (F™)

it follows that

ES 1 ~S.n+1p—-T MS cenemT _g-T
FE = 5 IF T+ L (PR (Fn)T —F )



Updated Lagrangian framework. IV

Since detF ~ 1, we get that F~7 ~ cof (?)
e 1 ~S5.n+1 1 ~S n+1 S,n+1
FX ~ VL - TP (At)cof (VAV )
S

+ (14 2ev@® 1) B (F)T — 1= (At)eot (V335741 ).

We introduce Ly (V> pn 1) =

_%5s,n+1, N /35 ((1+ 2evaso ) B EnT 1),



Weak form of the Updated Lagrangian framework
Knowing us": Qg — R?, QS = Q;,g and v : QS R2 find

vortl - QS 5 R2 v>™1 =0 on p and p>"t1: Q° — R, such
that

S 5S,n+1 S.n
v — Vv —~ ~
/ p0~w5dx+/

i: (vS,n+1 AS,nJrl) :VA\/I\\IS dx
& Jn At 5 1 y P X

S
:/ pog-wsdi+/ FTHIE NG . W2 dS
gs J" Mo

for all wS : Q5 — R2, w® = 0 on [p, subject to
Ve -vatl =0, in Q°.
The exact incompressibility condition J=1 gives

1+ (At)Vz -9 4 (A1) det(Vgu® ") = 1



Weak form: existence and uniqueness

WS — {ws c (Hl <§5))2; w> =0 on rD}v Q° =12 (§5>

Find v+ € WS, pSm+1 € QS such that

ES(VS,n-i-l ~S )+b5( AS n+1) — ﬁg(v/\\ls), va EWS

bW 5"“,65) =0, ¥§°eQ®
S GS,n+1
25(a5,n+1 =5 Vv ~5 e
a”(v> w = = -w> dx
( W) /Qs Jn At

as Jn
B5(wS,55) — —/QS 2 (V3 @°) 3z

Proposition The mixed problem has an unique solution.

S
+/ r (Atv S "+1) F?(ENT : Vew® dx
Q



Stability of the structure problem

Theorem The time advancing scheme for the structure verifies

S

1
2/93
1
2 s

3!
2 Qg

if the right hand side

IN

IN

1

2
V57n+1) dX + :

/ ,U’SFn+1 . Fn+1dx
a3

VS,n

2 SZS

1
2/ > FO : FOdX
f

2 2
is zero, where {VS’”‘2 = (\/157"> + (st,n> .

2
VS’O‘ dX +



1. (aS,n+1 =S,n 5S,n
/ﬁs L, (v , P +1) (At Vv dx
S
_ o ~S.n+1\ pn(pn
/Qs (1 2ev@S ) B (F)T) (A V5957 o
_ Sen+l .
F S,n+1 Sen n
/QS (AL VRVSTHLGX = /QS o+l (BT F7) dX.

. 2 2
Using 5 — % < (a— b)a, we get
/S SFI‘H-]. Fn+1dx _ / ,LLSFn . Fndx
Q 2 Jag

< n+1 . n n
< Qg P (L — F7) dX.

N =



Arbitrary Eulerian Lagrangian (ALE) framework for fluid
equations

95, VF’n, pF,n
QOF = QF, Api1: QF 5 R2 by

~ ~ ~n+l __
App1(R) =5+ A9 (X)

We shall construct 9" QF — R? by harmonic extension such
that the mesh velocity is zero on the fixed boundary and the mesh
velocity is equal to the fluid velocity on the fluid-structure
interface.

WF (%) = WF (Api1(®), x = Ana (%)

The Jacobian of the ALE map is

-~ ~n+1

Tni1(®) = det(Vedn1 (X)) = 1+ AtV (X)H(At)2 det(Ved" (X)).



The time advancing scheme for fluid equations
- N ~n+l
Find vFnt1, pFontl 9" such that

FVF,n—H F
-w'dx
/QFp At
n

n /Q (- 3 v5) ) ok

At) [ e -
+80 zt)/ o det (V") WFHL LG g
o

+/ 2uF e (VF’”‘H) D6 (WF) dx
Qf

—/F[/J\F’"+1(V§'WF)d§:£F(WF)+/ (gF(/\;F7"+1,ﬁF7”+1)nF).
Qn

- / " (Vz-vFrhdx =0,
of

A9"" =0in Qr, 9" =W on n, 3" = 0 on OQf\ T,



Stability of the fluid sheme

oF,n

Lr(@F) = / pF".de2+/ Fg - wF d
QFf At QF

+/ hf;fl-vAdes—k/ hotl . whds
21 :3

Theorem The time advancing scheme for the fluid verifies

1 2 . - - -
/ pF‘VF,n-i-l‘ dx+(At)Z/ 2uF (WK1 1 ex(§F K1) dx
2 Jar k=07 %

2
< 1/ pF‘vF,O‘ dX
2 Q(IJ-'

if g, hj,, hoyr and the forces acting on I, are zero in the
right-hand side and leuz3(VF’”+1 -nF)uFrt112 > 0, where

- <F,n+1 “F,n+1
WErER = (U (0



Proof

wf = (At)VF’""'l

/ of (vF,n—f—l _ v/—',n) GF R
Qf

n (At)/FpF (((vF,n—l—l B 3n+1) 'Vi> VF,n+1) Pl g
Q5

At)? ~nt1\ N ~
+ (2)/ pf det (VgﬁnJr ) vhntl . ghntlgs
Qp

+ (At)/ 2uf e (VF’"H) D ex (VF’"+1> dx =0.
Qf



By using [(W - VxV] -V = 1w - (Vg[V[?), we get

~ ~n+1 ~ —~
[((VF,n+1 ,19"+ ) . V;)VF’nJrl] . vF,n+1 dx
QF

1 ~ - 1 ~n+1, .
_ / vF,nJrl . nF’VF,n+1‘2ds 4= / (V§ . ,19" )’VF,n+1|2dx_
2 1UX3 2 Qﬁ

For the last equality, we have used the fact that Vg - vF"t1 =0 in
Qf, and the boundary conditions: vhirtl =0 on X, UX, UXs,
vEntl = 9™l on I, and 9" =0 on I U 3.



At ~n+1

295

At)? ~n ~ ~
( t) / pF det (V;ﬁ +1) |vF,n+1|2dx
QF

n

vF’”H‘ Jnp1dx = 2/ of )VF’”H‘ dx.

1 - 2 ~
[ axs 5F [ F (v 9" e e
QF



Global moving domain
Q,=0Nur,uQ>

Global velocity and pressure
vl Q, - R? piQ, =R

GF.n+l 0 OF
v in QF A,,H:{

oF,n+1 F
vn+1 — p p "in Qn
vortlin QF

ﬁS,n—}—l in Q}S,

S




Monolithic formulation for the fluid-structure equations
Find: the velocity v € (H!(R,))% ¥ =0 on ¥, U¥,4 U s,
the pressure p"*! € 12(Q,), the fluid mesh velocity
9" e (H! (Qﬁ))2 9" = F T on h, 9" =0 on U, X

on+1 ~nt1
/pFVA -de/ oF (= 9")  vx) vt oz
QFf t QF

At -~ ~ ~ ~ ~
+(2) / pF det (V;’ﬂnﬂ) vl wdx + / 2uf e (v”+1) s e (W)
Qf Qf

- [ (e priak
Qn

pg/‘;n+1 N "
== W dXx L3 (V) : Vgw dx
+/Q% Y +/Q§ 3 (@) 1 vy

n
_/ pFZ-WdiJr/ ng-WdiJr/ h7n+1.wcf§+/ hol
QFf t QFf ) Y3

S yn S
vt p PO
—F/QSJ?IAt-wdx—i—/QsJ?Ig‘wdx7



- / (Vs 9™)GdR =0,

n

/ (V59™) - (Veh)dz = 0
Qf

for all W € (H! ()%, W =0 on £ U ¥4 U s, for all § € L2(Q,)
and for all ¥ € (H3 (Q,’f))2 where L is obtained from Ly by
deleting the term with the pressure, i.e.

L (@) = & ((1+ aevgesm ) B (F)T —1).

Jn



Algorithm 1

We assume that we know 2, [, v".
Step 1: Solve the non-linear system written in Q, and get the

~ ~ . . ntl
velocity V"1, the pressure p"il and the fluid mesh velocity '19’7+
Step 2: Define the map T, : Q, — R? by:

~ -~ ~n+l ~n
Ta(X) =X+ (A0 (R)xqr (%) + (A" (R)xqs(X)
where xqor and Xqs are the characteristic functions of fluid and
structure domains.
Step 3: We set Q11 = Th(Q2n), Tht1 = Th(l,). We define
vitl Q1 = R? p" Qa1 — R by:
V(x) = 0(R), pT(x) = FTHR), VK € Q, and x = To(X)

and 9" QF L — R? by 9" (x) = 9" (X). The Lagrangian

structure displacement and velocity are defined by
US,n—l—l (X) — US,n (X) + At/\n—i—l ( ) ’ VS,n—l—l (X) — vn—&—l (S(\)
for all X € Q5 and X = X 4 U>" (X).



Stability of the semi-implicit monolithic scheme

Theorem. The Algorithm 1 verifies

1/ oF )VF,nJrlr dx
2 QF

n+1

+(At) Z/ 2uf (WKL) eg(vF AL dx

1 1
+2/ pg’Vs,nJrl‘ dX+2/ SFn+1 Fn+1dx
Qg QS

1 2 1 2 1
< / pF‘vF’()’ dX+/ pg‘vsvo} dX+/ 4SFO  FOdX
2 Qg 2 Qg 2 QOS

if g, hip, hoys are zero and leuz3(VF’”+1 nf)wF 112 > 0.



Algorithm 2
Step 1-1: Find the velocity vt € (H!(Q,))°, ¥ = 0 on
Y5 U X4 UYs, the pressure p™ "1 € [2(QF), such that:

on+1
/ F"—t -Wd2+/QF pF (v = 9") - V) U™ - Wdx

—I-/ 2uf e (V"H) D eg (W) dx
Qn

PN - [ 1 - PUNPS
- / (Vy : W) pF’n+1dX—‘r / - (V; : Vn+1) (V; : W) dx
QF Qs €

Wk [ Ly(@): Ve R
t Qs

PFZ-VA\Id/)E-l-/ ng'vAvd?Jr/ h,-”n+1~vTId§+/ L
Qf t Qf pu| 23

vt PN
+/ pg-wdx—i—/ pgg-wdx7
Qs At Qs



where

Ly (V1) = 1S ((l + AtV;V57”+1> F" (F")7 — cof (l + AtVﬁS’”“))

Step 1-2: Find the fluid mesh velocity 9" € (H! ()%,
3”“ =v"lonl,, ﬁnﬂ =0on U?:l Y ; such that

/ (V59") - (Vsd)dx = 0
QF

for all ¢ € (HE (2F))%.
The Steps 2, 3 are the same as in Algorithm 1.



Numerical test

The numerical tests have been produced using FreeFem++. We
have tested the benchmark FSI3 from Turek 2006.

The fluid: length L =2.5 m, width H = 0.41 m, dynamic viscosity
uF =1 Kg/(ms), mass density pf = 1000Kg/m?3.

The flexible structure: length ¢ = 0.35 m, thickness h = 0.02 m,
mass density p° = 1000Kg/m® and p° = 2 x 10 Kg/(ms?). It is
attached to the fixed cylinder of center (xc,yc) = (0.2,0.2) m and
radius r = 0.5 m.

The boundary condition at the inflow X1 is v = v;,, with

15 Uil Coesnl2) o) o< <2

Vin(x1, X2, t) = i (H—x)
1.5 U202, 0),

and U =1.8.



For At = 0.005, the amplitude is 0.022 m, the frequency 4.72 Hz,
for At = 0.002, the amplitude is 0.025 m, the frequency 4.77 Hz,
for At = 0.001, the amplitude is 0.027 m, the frequency 5 Hz.
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Thank you!



